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Abstract. Let X̄ be a smooth projective connected complex curve, D Ă X̄ be a finite
set of reduced points, and X “ X̄zD. We give a moduli-theoretic construction of an
exact equivalence between logarithmic flat bundles on pX̄,Dq with nilpotent residues and
semistable logarithmic Higgs bundles of degree zero with nilpotent residues. This extends
the tame Simpson-Mochizuki correspondence on polystable bundles.
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1. Introduction

On a smooth projective variety, by equipping the underlying C8-vector bundles with a
harmonic metric, Simpson gave a correspondence between semisimple flat connections and
polystable Higgs bundles with vanishing Chern classes. He also extended this to an equiv-
alence of categories between (not necessarily semisimple) flat connections and semistable
Higgs bundles with vanishing Chern classes. This full correspondence was crucial in Cao’s
[Cao19] proof that the Albanese map is locally trivial for projective manifolds with nef an-
ticanonical bundle.

Now let X̄ be a smooth projective curve, D Ă X̄ a reduced divisor, and put X “ X̄zD.
Write ConnnilppX̄,Dq for the category of logarithmic flat bundles on pX̄,Dq with nilpotent

residues, and Higgs0,ssnilppX̄,Dq the category of semistable degree 0 logarithmic Higgs bundles
with nilpotent residues. The tame harmonic theory gave an equivalence of the polystable
bundles; in the curve case this was due to Simpson [Sim90], and in general a theorem of
Mochizuki [Moc09]. Our main result is an equivalence for iterated extensions, i.e., non-
polystable bundles:

Theorem 1.1. There exists a C-linear exact equivalence of abelian categories

SM : ConnnilppX̄,Dq Ñ Higgs0,ssnilppX̄,Dq

extending the Simpson-Mochizuki equivalence SMps on polystable bundles.

1.1. Simpson’s approach in the projective case. The bridge from the polystable cor-
respondence to the one above requires control of extensions and compositions of morphisms,
or equivalently cup products. In the projective case, i.e. D “ H, Simpson [Sim92, Lemmas
2.2 and 3.3-3.5] gave these categories the structure of differential graded categories, where
morphisms and extensions are computed using the following resolutions of the De Rham and
Dolbeault complexes (3.4) (see also the notation of Definitions 2.9 and 2.10)

RΓpX,CDRpE,F qq »

”

A0
pHompE,F qq

D
ÝÑ A1

pHompE,F qq
D
ÝÑ . . .

ı

RΓpX,CDolpE,F qq »

”

A0
pHompE,F qq

B̄h`θ
ÝÝÝÑ A1

pHompE,F qq
B̄h`θ
ÝÝÝÑ . . .

ı

by HompE,F q-valued C8-differential forms. He then used the analytic inputs of BB-lemma
and Kähler identities to prove a formality result giving an explicit cup-product-compatible
quasi-isomorphism of the two complexes of differential forms. This then allows for a corre-
spondence of all extensions by the theory of differential graded categories. It is worth noting
that an abstract quasi-isomorphism

RΓpX,CDRpE,F qq » RΓpX,CDolpE,F qq

is not sufficient.

In the quasi-projective case, we have similar resolutions by C8 logarithmic forms. How-
ever, Simpson’s Kähler formality argument does not give the desired logarithmic comparison
here. In the context of this paper, one would need a much stronger refinement of Propo-
sition 4.5 which is compatible with cup products on the resolutions by logarithmic smooth
forms. We sidestep this issue, only requiring compatibility with identity and composition
on H0. Instead, our approach is moduli-theoretic, treating a non-polystable bundle as a
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deformation of its semisimplification with respect to the canonical socle filtration (see Sec-
tion 4.1).

1.2. A sketch of the proof. More concretely, given Ē P ConnnilppX̄,Dq, pick a frame to get
a point in the framed moduli space RDR (see Section 3.2). Consider the socle filtration S‚Ē,
the Rees construction gives a family over A1 with the fiber over 0 being the semisimplification
Ēss “ grSĒ. Equivalently, we have a Gm-equivariant arc α

DR
Ē

: A1 Ñ RDR. Completing at 0

we get a formal arc pαDR
Ē

: Spf Crrtss Ñ pRDR,Ēss . As a consequence of [BBT24, Lemma 8.11]
we get a formal isomorphism

τEss : pRDR,Ēss
»
ÝÑ pRDol,SMpspĒssq

which we prove is Gm-equivariant in Proposition 3.7. Hence we end up with a Gm-equivariant

formal arc pαDol
Ē

: Spf Crrtss Ñ pRDol,SMpspĒssq, which can be algebraized by Lemma 5.6 to an

arc αDol
Ē

: A1 Ñ RDol,SMpspĒssq. Forgetting the framing, let

SMpĒq “ αDol
Ē p1q

which is well-defined by Proposition 5.9. To define SM for a morphism f : Ē Ñ F̄ , the natural

idea is to construct a moduli space parametrizing framed triples pĒ, F̄ , fq called pRtrip
DR (see

Section 3.4) and run the previous argument for triples. The proof of [BBT24, Lemma 8.11]
cannot be repeated here, as they relied on RB being smooth when X “ X̄zD is an affine

curve; the moduli of triples Rtrip
B is not. Instead, we use the theory of twistor modules with

artinian coefficients to identify the deformation functors of triples. More concretely, we have
a pro-twistor algebra ΛEss,F ss where

SpfP1 ΛEss,F ss |λ“1 » pRDR,pĒss,F̄ ssq, SpfP1 ΛEss,F ss |λ“0 » pRDol,SMpspĒss,F̄ ssq

Any such twistor algebra is trivializable away from λ “ 8 (Lemma 2.7), and the formal
isomorphism of pairs

τEss,F ss : pRDR,pĒss,F̄ ssq

»
ÝÑ pRDol,SMpspĒss,F̄ ssq

is given by this trivialization. Furthermore, there is a universal ΛEss,F ss-admissible variation

of mixed twistor structures p pE , xF q where the fibers over 1, 0 give universal logarithmic flat

pair p pE |λ“1, xF |λ“1q and universal logarithmic Higgs pair p pE |λ“0, xF |λ“0q over pRDR,pĒss,F̄ ssq

and pRDol,SMpspĒss,F̄ ssq respectively. Proposition 4.5 then gives a quasi-isomorphism

Φ : KDRp pE |λ“1, xF |λ“1q
»
ÝÑ KDolp

pE |λ“0, xF |λ“0q

whose H0 identifies the flat morphisms with the Higgs morphisms. For arbitrary artinian
local A, we get the corresponding quasi-isomorphism for A-deformations by universality and
pulling back. Thus, we have a Gm-equivariant formal isomorphism (Theorem 4.6)

ΨEss,F ss,f ss : pR
trip

DR,pĒss,F̄ ss,f ssq

»
ÝÑ pRtrip

Dol,SMpspĒss,F̄ ss,f ssq

and a similar algebraization argument allows us to define SMpfq. This ΨEss,F ss,f ss is compat-
ible with composition on universal families, hence SM as defined is actually a functor, see
Theorem 5.11. On the other hand, an equivariant algebraization result for complexes on A1

gives a quasi-isomorphism (5.1)

ΦSM
Ē,F̄ : RΓpX̄, CDRpĒ, F̄ qq

»
ÝÑ RΓpX̄, CDolpSMpĒq, SMpF̄ qqq
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by pulling back the universal logarithmic DR/Dol complexes (Section 3.4) along the equi-
variant arcs. Taking H0 gives

H0
pΦSM

Ē,F̄ q : HomConnnilppX̄,DqpĒ, F̄ q
»
ÝÑ HomHiggs0,ssnilppX̄,Dq

pSMpĒq, SMpF̄ qq

and by Lemma 5.10, SMpfq “ H0pΦSM
Ē,F̄

qpfq. Consequently, SM is fully faithful. Then a

categorical argument, Proposition 5.13 implies that SM is exact, preserves the socle filtration,
and the filtration on SMpĒq “ αDol

Ē
p1q associated to the algebraized Rees arc αDol

Ē
is actually

the socle filtration on SMpĒq. Then, by symmetry, we can do all the constructions in the
reverse direction to get a quasi-inverse functor to SM.

Remark. The curve assumption is mainly used for the comparison Proposition 4.5. If this
can be generalized to higher dimensions, perhaps using a multi-V-filtration, one should get
the full correspondence in all dimensions.

1.3. Acknowledgement. The author would like to thank his advisor, Benjamin Bakker,
for suggesting this project, numerous conversations and suggestions, as well as his enduring
support. The author is also grateful to Izzet Coskun for conversations around moduli of
vector bundles, and Yohan Brunebarbe for his interest and comments toward a previous
version.

2. Preliminaries on twistor theory

We largely follow [BBT24] for the conventions. For the following definitions, our pX̄,Dq

is a pair of a projective smooth complex connected curve X̄ with a set of reduced points D.

2.1. Logarithmic flat connections and Higgs bundles. Let Ω1
X̄

plogDq be the line bun-
dle of logarithmic one-forms.

Definition 2.1. A logarithmic connection pE,∇q is a vector bundle E on X̄ with a C-linear
map ∇ : E Ñ E b Ω1

X̄
plogDq satisfying the product rule ∇pfsq “ df b s ` f∇s for local

sections f P OX̄ and s P E. Locally, using a holomorphic frame around p P X̄, one can write

∇ “ d ` Apzq
dz

z

and the residue is defined to be

Resp∇ – Ap0q P EndpEpq

which is independent, up to conjugacy, of the choice of coordinate and frame.

Definition 2.2. A logarithmic Higgs bundle pE, θq is a vector bundle E on X̄ with a OX̄-
linear map θ : E Ñ E b Ω1

X̄
plogDq. Locally, θ is a matrix of logarithmic one-forms, and its

residue Respθ is defined to be the coefficient of dz{z, valued at p.
We say that E is stable (resp. semistable) if for every nonzero proper subbundle F Ă E,

with θpF q Ă F b Ω1
X̄

plogDq, we have µpF q ă µpEq (resp. µpF q ď µpEq) where µ “

deg { rank.
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Consider pE,∇q a flat connection on X “ X̄zD with open immersion j : X ãÑ X̄. By the
Riemann-Hilbert correspondence, this corresponds to a local system on X. Suppose that
the local monodromy Tp around every p P D is unipotent, and set

Np “
´1

2πi
log Tp “

´1

2πi

ÿ

kě1

p´1qk`1

k
pTp ´ Iq

k

then Np is nilpotent, and we have the functorial Deligne’s canonical extension pĒ,∇q, see
[Del06], which is the logarithmic flat connection on pX̄,Dq satisfying

‚ the residue at p is Np with eigenvalues 0;
‚ j˚E » ĒbOX̄

OX̄p˚Dq, hence we also call Ē a logarithmic lattice for the meromorphic
extension.

More explicitly, if s is a multivalued flat section on the punctured disk around p, then
exppN log zqs is single-valued, and we can form a local basis of Ē using these single-valued
sections.

If E,F have nilpotent residues NE, NF at p P D, then

NEbF “ NE b 1 ` 1 b NF , NE_ “ ´N_
E , NHompE,F q : ϕ ÞÑ NF ˝ ϕ ´ ϕ ˝ NE

and consequently, Deligne’s canonical extension commutes with tensor products, duals, and
internal Hom.

2.2. Mixed twistor structures and algebras. Mixed twistor structures were introduced
by Simpson in [Sim97] as a generalization of Hodge structures.

Definition 2.3. A complex mixed twistor structure (MTS) is a pair pV,W‚q, where V is
a vector bundle on P1, and W‚V is a locally split increasing filtration, called the weight
filtration, by subbundles such that

grWk V » OP1pkq
‘mk k P Z

We say that pV,W‚q is pure of weight k if V » OP1pkq‘m. A morphism of MTS is an
OP1-linear filtered map.

These form an abelian, rigid tensor categoryMTSC where every morphism is automatically
strict with respect to the weight filtration. In MTSC, tensor products add weights, duals
reverse weights, and we have an unit

T p0q – OP1

pure of weight 0.

Lemma 2.4 ([BBT24, Lemma 4.15]). Fix a point λ P P1. Every mixed twistor structure
admits a functorial splitting of its weight filtration when restricted to P1ztλu. Furthermore,
the splitting is compatible with tensor products and duals.

Definition 2.5 (T p0q´MTS-algebra). A T p0q-MTS-algebra is a commutative unital algebra
object A in MTSC, i.e., A P MTSC with morphisms of MTS

T p0q
u
ÝÑ A, A b A µA

ÝÝÑ A
satisfying the usual unit, associativity, and commutativity diagrams. Similarly, we can define
a Λ´MTS-algebra (and module) from a T p0q´MTS-algebra Λ.
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Now, A is also a coherent commutative OP1´algebra, so we can view it as a relative affine
scheme SpecP1 A Ñ P1. Then it makes sense to define |A| – A|λ“1, which is a complex
algebra.

Definition 2.6 (Artinian local T p0q´MTS-algebra). An artinian local T p0q-MTS-algebra
is a T p0q´MTS-algebra A for which |A| is a local artinian C-algebra with residue field C,
together with a morphism A ↠ T p0q.

Since MTSC is abelian, mA – kerpA ↠ T p0qq is a locally free sheaf on P1. We have a
splitting coming from the unit morphism T p0q Ñ A, hence a decomposition A “ T p0q‘mA.
Morphisms of artinian local T p0q-MTS-algebras preserve the unit and residue morphisms,
and together these form a category MTS-Art.

We have the following affine splitting, essentially as a consequence of [BBT24, Lemma
4.35].

Lemma 2.7. Let A be an artinian T p0q´MTS-algebra and K “ pK‚, d‚q a bounded complex
of A-MTS-modules. On A1

λ – P1zt8u we have a functorial isomorphism of complexes of
|A| bC OA1

λ
-modules

φK : K|A1
λ

» OA1
λ

bC |K|
which is compatible with morphisms, derived tensor products, and artinian T p0q-MTS-algebra
coefficient base change.

Proof. The functorial splitting of Lemma 2.4 gives

ϕA : A|A1
λ

»
ÝÑ

`

grWA
˘

|A1
λ

Since grWk A is pure of weight k, evaluation gives an isomorphism

evk : H
0
`

P1, grWk A b OP1p´kq
˘

bC OP1pkq
»
ÝÑ grWk A

Now, notice that we also have an isomorphism coming from evaluation at λ “ 1:

H0
`

P1, grWk A b OP1p´kq
˘ »

ÝÑ grWk A|λ“1 “
∣∣grWk A

∣∣
thus we can trivialize OP1pkq|A1

λ
to get τA : grWk A|A1

λ

»
ÝÑ OA1

λ
bC |grWk A| which is also func-

torial (since evaluations are functorial) and just the identity at λ “ 1. Collecting these
isomorphisms, we end up with

φA – p1 b ϕ´1
A,1q ˝ τA ˝ ϕA : A|A1

λ

»
ÝÑ OA1

λ
bC |A|

which is functorial, and compatible with tensor products. Then functoriality with respect
to the multiplication A b A Ñ A and unit T p0q Ñ A implies that φA is an isomorphism
of algebras. Let M be a A´MTS-module, then we have the same isomorphism φM, and
functoriality with respect to the module map AbM Ñ M gives that φM is an isomorphism
of OA1

λ
bC |A|-modules.

Moving on to a complex K “ pK‚, d‚q, for each i we have

φKi : Ki
|A1

λ

»
ÝÑ OA1

λ
b |Ki|

and since each di is a morphism of A´MTS-modules, functoriality assembles these φKi into
a isomorphism φKof complexes. Clearly φK is functorial. Now suppose we have another
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complex M “ pM‚, d‚q, then individual tensor compatibility and flatness of OA1
λ
over C

implies
`

K b
L
A M

˘

|A1
λ

» K|A1
λ

b
L
A|A1

λ

M|A1
λ

since open restriction is exact

»

´

OA1
λ

bC |K|
¯

b
L
OA1

λ
bC|A|

´

OA1
λ

bC |M|
¯

» OA1
λ

bC
`

|K| b
L
|A| |M|

˘

since OA1
λ

bC |A| is flat over |A|

Finally, for f : A Ñ A1 a morphism of artinian T p0q´MTS-algebras,
`

A1
b

L
A K

˘

|A1
λ

» OA1
λ

bC
`

|A1| b
L
|A| |K|

˘

as complexes of |A1| bC OA1
λ
´modules, giving compatibility with artinian base change. □

Definition 2.8 (Pro-MTS and pro-T p0q-MTS-algebra).

(1) A pro-MTS is a pro-object in MTSC.
(2) A pro-T p0q-MTS-algebra is a T p0q-algebra object in the category of pro-MTS. Equiv-

alently, it’s an inverse system of T p0q´MTS algebras.
(3) A pro-T p0q-MTS-algebra A is complete, noetherian, artinian, or local when |A| is as

a C-algebra.
(4) If Λ is a pro-T p0q-MTS-algebra, we define a pro-Λ-MTS-module to be a pro-Λ-

module object in MTSC.

Remark. In this paper, every pro-T p0q-MTS-algebra Λ is complete noetherian with

Λ “ lim
ÐÝ
n

Λn, Λn – Λ{mn`1
Λ

where each Λn is an artinian local T p0q´MTS-algebra, with quotients Λn`1 Ñ Λn being
morphisms in MTSC. In this situation, a pro-Λ-MTS-module can be defined levelwise. We
can also define a formal scheme Spf|Λ|.

2.3. Harmonic bundles and variations of twistor structures. We first review har-
monic bundles, following [BBT24, Section 7.3]. This theory was developed by Corlette in
[Cor88], Simpson in [Sim90; Sim92], and by Mochizuki in [Moc06; Moc09].

Definition 2.9. Let E be a complex C8-vector bundle on a complex manifold X equipped
with a flat C8-connection D. For h a hermitian metric on E , we have a decomposition

D “ Dh ` Ψ

where Dh is unitary with respect to h, and Ψ is self-adjoint for h. Take a further type
decomposition into p1, 0q and p0, 1q components

Dh “ Bh ` B̄h, Ψ “ θ ` θ˚

We say that h is pluriharmonic if pθ` B̄hq2 “ 0. A harmonic bundle pE , D, hq, equivalently
pE , B̄h, θ, hq, is then a smooth complex vector bundle E with a flat smooth connection D and
a pluriharmonic metric h.

Remark. A harmonic bundle pE , D, hq can be recovered from the data pE , B̄h, θ, hq since Dh

is the unique Chern connection on pE, B̄hq compatible with h, and θ˚ is just the adjoint of θ.
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Definition 2.10. Given a harmonic bundle pE , B̄h, θ, hq with the above decomposition, the
associated holomorphic flat connection is

`

EDR,∇
˘

“
`

pE , D0,1
“ B̄h ` θ˚

q, D1,0
“ Bh ` θ

˘

i.e., the holomorphic structure of EDR is given by B̄h ` θ˚, and the holomorphic connection
is given by Bh ` θ. The associated Higgs bundle is

`

EDol, θ
˘

“
`

pE , B̄hq, θ
˘

i.e., the holomorphic structure on EDol is given by B̄h and the Higgs field is θ.

Definition 2.11. Let pX̄,Dq be a smooth projective complex variety X̄ with a simple normal
crossing divisor D. A harmonic bundle pE , B̄h, θ, hq on X “ X̄zD is tame if pEDol, θq is the
restriction of a logarithmic Higgs bundle on pX̄,Dq.

A tame harmonic bundle pE , B̄h, θ, hq is purely imaginary (resp. nilpotent) if the eigenvalues
of the residues of θ in a logarithmic extension

`

ĒDol, θ
˘

are purely imaginary (resp. zero).

We say that pE , B̄h, θ, hq has unipotent local monodromy if the local system corresponding
to

`

EDR,∇
˘

has unipotent local monodromy.

Remark. These are independent of the choice of log smooth compactification pX̄,Dq of X,
and of the logarithmic extension

`

ĒDol, θ
˘

.

Theorem 2.12 ([Moc09, Theorem 1.1]). Let
`

X̄,D
˘

be a log smooth curve. There is an
equivalence of categories, via purely imaginary tame harmonic bundles with unipotent local
monodromy,

SMps : ConnssnilppX̄,Dq
„
ÝÑ Higgs0,polynilp pX̄,Dq

between semisimple logarithmic flat vector bundle with nilpotent residues, and degree 0 polystable
logarithmic Higgs bundles with nilpotent residues.

Let AX – C8
X bOP1 be the sheaf of C8-functions on XP1 – XˆP1 which are holomorphic

in the P1-direction, and choose generating sections x0, x8 P H0pP1,OP1p1qq vanishing at 0
and 8 respectively. Then we get a derivative

x0BXP1{P1 ` x8B̄XP1{P1 : AX Ñ AX b Ω1
XP1{P1p1q

with Ω1
XP1{P1p1q – Ω1

XbOP1p1q, where Ω1
X is the sheaf of C8-one-forms onX. Let

`

E , B̄h, θ, h
˘

be a tame harmonic bundle on X, and define EP1 – E b OP1 . Then we have a x0BXP1{P1 `

x8B̄XP1{P1-connection

D – x0pBh ` θ˚
q ` x8pθ ` B̄hq : EP1 Ñ EP1 b Ω1

XP1{P1p1q, D2
“ 0

where we abuse notation so that Bh ` θ˚, θ` B̄h really mean their natural extensions to EP1 .

Definition 2.13. The resulting pEP1 ,Dq is the variation of pure twistor structures (C´VTS)
of weight 0 associated to the tame harmonic bundle

`

E , B̄h, θ, h
˘

. We get the weight k C-VTS
associated to

`

E , B̄h, θ, h
˘

by instead taking EP1,k – E b OP1pkq.

Remark. Every semisimple complex local system on X underlies a purely imaginary tame
harmonic bundle, hence a variation of pure twistor structures.
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Definition 2.14. A graded-polarized variation of mixed twistor structures (C-VMTS) on
X is a triple pV ,W‚,Dq such that

‚ V is an AX-module on XP1 ;
‚ D : V Ñ V b Ω1

XP1{P1p1q is a x0BXP1{P1 ` x8B̄XP1{P1-connection with D2 “ 0;

‚ W‚V is a D´flat increasing weight filtration of EP1 ;
‚ each

`

grWk V , grWk D
˘

has a pluriharmonic hermitian metric hk making it a C´VTS
of weight k associated to a purely imaginary tame harmonic bundle.

Morphisms are AX-linear morphisms which preserve W‚ and commutes with D.

Remark. The data of a C-VMTS gives a family of holomorphic λ-connections, as follows.
Look at the chart P1zt8u, with x8 being the trivializing section for OP1p1q. The restriction
of pV ,Dq to a fiber λ “ x0{x8 gives a C8-connection

Dλ – x´1
8 D|Xˆtλu : Vλ Ñ Vλ b Ω1

X

Taking the type decomposition Dλ “ D1,0
λ ` D0,1

λ , since Dλ is a λB ` B̄-connection,

D0,1
λ pfsq “ fD0,1

λ s ` B̄f b s, D1,0
λ pfsq “ fD1,0

λ s ` λBf b s

and if f is holomorphic, D1,0
λ pfsq “ fD1,0

λ s`λdfbs. Then D0,1
λ gives holomorphic structure

on Vλ, and D1,0
λ D0,1

λ `D0,1
λ D1,0

λ “ pD2
λq1,1 “ 0 implies that D1,0

λ is a holomorphic λ-connection

with respect to pVλ, D0,1
λ q.

2.4. Twistor modules and admissible variations with coefficients. We treat the the-
ory of twistor modules as a blackbox. For concrete details and proofs, see [Moc15; Sab05].

Let DY be the sheaf of differential operators on a smooth complex variety Y , with its
order filtration F‚. We then define RY –

À

kě0 FkDY λ
k. Locally this is generated over

OY ˆA1
λ

“ OY rλs by tλByiu
dimY
i“1 . An RY ´module structure should be thought of as the data

of a λ´connection, so a RY ´module which is locally free over OY rλs gives a flat connection
and a Higgs bundle by taking the fibers λ “1 and 0 respectively.

Definition 2.15. An RY -triple pM 1,M 2, Cq consists of two coherent RY -modules and a
sesquilinear pairing along |λ| “ 1, see [Moc15, Section 2.1]. Mochizuki’s category MTMpY q

of graded-polarized mixed twistor D-modules is a full subcategory of the category of filtered
RY ´triples, defined by imposing certain technical conditions on the nearby and vanishing
cycles, see [Moc15, Section 7.1 and 7.2].

Example 2.16. A polarized C´VTS (resp. graded-polarized C´VMTS) on Y gives a
smooth polarized pure (resp. graded-polarized mixed) twistor D-module on Y . For the pure
case, see [Moc04, Theorem 1.2], and for the mixed case, see [Moc15, Proposition 10.2.11 and
10.3.1] applied to empty boundary.

Remark. The category MTM is abelian [Moc15, Proposition 7.2.5] and enjoys nice functo-
rialities. In particular, there are formalisms of derived pushforward, tensor products, and
internal Homs [Moc15, Section 14.3].

Definition 2.17. Let pX̄,Dq be a projective log smooth curve withX “ X̄zD, an admissible
variation of mixed twistor structure (C-AVMTS) on X is a mixed twistor D´module on X̄
whose restriction to X underlies a tame purely imaginary graded-polarizable C´VMTS.
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Example 2.18. A C´VTS, associated to a tame purely imaginary harmonic bundle, has a
canonical admissible extension [Moc04, Theorem 19.2].

Definition 2.19. For a C-algebra A, an A-local system is a locally constant sheaf of finitely
generated A-modules. We say that a A-local system is free if its stalks are finite free A-
modules.

In the following, we will abuse notation to let A be both a T p0q-MTS-algebra, which is a
vector bundle over P1, as well as the constant variation on X.

Definition 2.20. Let A be an artinian local T p0q-MTS-algebra. An A-AVMTS is an
AVMTS T on X̄ with a C-VMTS V “ j˚T and an action morphism A bT p0q V Ñ V
which satisfies the unit and associativity diagrams. The underlying local system of V is a
|A|´local system. It’s free if the underlying |A|´local system is.

If Λ is a pro-T p0q´MTS-algebra, then a pro-Λ´AVMTS is of the form

V “ lim
ÐÝ
n

Vn, Vn “ V {mn`1
Λ V

where V has an underlying |Λ|´local system, with each Vn a C-AVMTS for which the
quotient map Vn`1 Ñ Vn is a morphism of C-AVMTS, and for which Λ{mn`1

Λ Ă EndpVnq is
a sub C´MTS. We have a similar notion of freeness here.

Definition 2.21 (artinian T p0q-MTS-algebra coefficient base change). It suffices to make

sense of the tensor product A1bA for A ϕ
ÝÑ A1 a morphism in MTS-Art. For an A-AVMTS

V , define

VA1 “ A1
bA V “ coker

´

A1
b A b V

α´β
ÝÝÑ A1

b V
¯

where α : A1 bAbV
1bϕb1
ÝÝÝÝÑ A1 bA1 bV

µA1 b1
ÝÝÝÝÑ A1 bV , and β : A1 bpAbV q Ñ A1 bV . The

resulting A1 bA V is still an AVMTS since the category of C-AVMTS is abelian. Fiberwise
this is just the regular tensor product.

Let T be a C´AVMTS on projective log smooth curve pX̄,Dq with j : X ãÑ X̄, and
V “ j˚T be the C-VMTS on X with unipotent local monodromy. Then we have the
direct image j˚V P MTMpX̄q, with M r˚Ds the underlying RX̄´module on the affine patch
A1
λ “ P1zt8u (for its construction, see [Moc15, Lemmas 3.1.1-3.1.4]). For every p P D with

local equation pz “ 0q, there is a canonical Kashiwara-Malgrange V-filtration V‚M r˚Ds such
that we have

λBz : gr
V
b M r˚Ds

»
ÝÑ grVb`1M r˚Ds b ą ´1, z : V0M r˚Ds

»
ÝÑ V´1M r˚Ds (2.1)

where the two isomorphisms comes from [Sab05, Remark 3.3.9(5) and Section 3.4.a].

Definition 2.22. Suppose that T is a freeA-AVMTS with unipotent local monodromy, then
one has a notion of functorial Deligne’s extension pV ,W‚V , V̄ , V̄ 1,Dq for pV ,W‚,Dq “ j˚T
as well, see [BBT24, Lemma 8.7 and Corollary 8.8]. We can view pV ,Dq as a family of
λ´connections (see the remark following Definition 2.14), and V̄ and V̄ 1 are logarithmic
extensions on the charts A1

λ,A1
λ´1 , respectively. The A-action on V extends to |A| b OA1

λ

and |A| b OA1
λ´1

-actions on V̄ and V̄ 1.
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Remark. Over λ ‰ 0,8, these are just the normal Deligne’s canonical extensions (we can
scale each of these by λ´1 to get a flat connection). SinceDˆt8u andDˆt0u are codimension
2 in X̄ˆA1

λ and X̄ˆA1
λ´1 , these extensions V̄ , V̄ 1 can be classified as the unique locally free

logarithmic extensions which agree with the Deligne’s canonical extensions over λ ‰ 0,8.

Lemma 2.23. Let A be an artinian local T p0q´MTS-algebra, and V “ j˚T a free A-
AVMTS with unipotent local monodromy. Let M r˚Ds be the underlying RX̄-module of j˚V .
Then, for every p P D with local equation pz “ 0q, then we have identifications

V´1M r˚Ds “ V̄ , V0M r˚Ds “ z´1V̄

which are functorial in V and commute with artinian T p0q-MTS-algebra coefficient base
change.

Proof. For λ0 P A1
λ, the superscript

pλ0q will denote taking a smaller family of λ´connections
with λ in a small neighborhood of λ0. Let M “ RX̄p˚DqbRX̄

M r˚Ds then [Moc15, Morphism
(5.15)], with I “ tpu, J “ K “ H, simplifies to

V0RX̄ bV0RX̄

´

V0RX̄ ¨ Q
pλ0q

b`1M
¯

Ñ M pλ0q
r˚Ds (2.3)

with the image defined to be V
pλ0q

b M pλ0qr˚Ds. Notice that Q
pλ0q

b M is a logarithmic lattice
[Moc15, Equation (5.2)], and V0RX̄ is generated by zλBz which preserves logarithmic lattices.
Furthermore, by [Moc15, Lemma 5.3.8] the morphism (2.3) is injective, and we get

V
pλ0q

´1 M pλ0q
r˚Ds “ Q

pλ0q

0 M

Finally, Q
pλ0q

0 M has nilpotent residues due to the fact that the relevant KMS datum is
p0, 0q and [Moc15, Section 5.1.2] , so it agrees with the Deligne extension for λ ‰ 0. After
gluing we get V´1M r˚Ds “ Q0M where Q0M is a locally free extension of V which agrees
with V̄ over λ ‰ 0, i.e., they agree except for a codimension 2 locus. As a result they must
actually agree, and we get the first equality; the second follows from (2.1).

By functoriality of the V-filtration and the Deligne extension V̄ , both are Arλs-submodules
of M r˚Ds. So the first equality is that ofArλs´submodules. Since this is an equality, to prove
that the identification commutes with artinian T p0q´MTS-algebra base change, it suffices
to show that is true for the Deligne extension V̄ , i.e., for A Ñ A1 in MTS-Art with A1 “ |A1|
we need V̄A1 “ V̄ bArλs A

1rλs. Over λ “ 1, the local system VA1 |λ“1 is by construction
(Definition 2.21) just A1 b V |λ“1. Hence the new local monodromy operator around p P D
is Tp,A1 “ 1 b Tp,A. The same is true of Np,A1 “ ´1

2πi
log Tp,A1 since it’s a finite polynomial

of Tp,A1 , and thus the exponential lattice also commutes with A Ñ A1. Over λ ‰ 0, the
Deligne extension is defined via scaling by λ´1, so we get that V̄A1 “ V̄ bArλs A

1rλs over
X̄ ˆ A1

λ ´ D ˆ t0u. Again, these are locally free and D ˆ t0u is codimension 2 in X̄ ˆ A1
λ,

so we get a global isomorphism. Functoriality of the Deligne extension over X̄ ˆ A1
λ gives

agreement as A1rλs´modules. □

3. Constructions of moduli spaces and deformation theory

For the rest of this section, we work with pX̄,Dq consisting of a smooth projective curve
X̄, and a finite set of reduced points D; X – X̄zD.
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3.1. The framed Betti character variety and universal deformation algebra.

Definition 3.1. For a rank r ě 1 and a base point x P XpCq, we define the framed character
variety to be the affine scheme

RBpX, x, rq – Hompπ1pX
an, xq,GLrq

Theorem 3.2 ([BBT24, Theorem 4.2]). Let pV, ϕq be a framed rank r local system underlying

a C-AVMTS V , then the completed local ring ÔRBpX,x,rq,pV,ϕq has a pro´T p0q´MTS-algebra
structure ΛV with

|ΛV | “ ÔRBpX,x,rq,pV,ϕq

and the universal formal local system V̂ underlies a free pro-ΛV -AVMTS V̂ . The universal
framing ϕ̂ : V̂x Ñ ÔRBpX,x,rq,pV,ϕq bC Cr is the fiber over 1 of a morphism of pro-ΛV -MTS-

modules ϕ̂ : V̂x Ñ ΛV bT p0q T p0q‘r.
These structures are uniquely determined by the following universal property: For any

artinian local T p0q´MTS-algebra A and any A-AVMTS U with a framing ψ : Ux Ñ A bA
T p0q‘r which restricts to pV , ϕq mod mA, there is an unique morphism ΛV Ñ A of local
pro-T p0q-MTS-algebras such that

pA, pU , ψqq » A bΛV

´

ΛV , pV̂ , ϕ̂q

¯

or, in other words, ΛV represents the functor

A ÞÑ tframed free A-AVMTS deformations of pV , ϕqu{ »

For each p P D, choose a boundary loop γp around p. RBpX, x, rq carries a universal
representation

ρuniv : π1pXan, xq Ñ GLrpOpRBqq

and we have a universal local monodromy T univ
p – ρunivpγpq P GLrpOpRBqq.

Definition 3.3. The unipotent locus is defined to be the closed subscheme

Runip
B pX, x, rq – V pdetpu ´ T univ

p q ´ pu ´ 1q
r

“ 0q

3.2. The framed De Rham, Dolbeault, and Hodge moduli spaces. Fix x P XpCq

again. For a C´scheme T , denote geometric points to be t̄ Ñ T . Let X̄T – X̄ ˆ T,DT –

D ˆ T with πT : X̄T Ñ T , and consider the moduli functors

RDolprqpT q “

$

’

’

’

’

&

’

’

’

’

%

pET , θT , ϕq ET locally free of rank r on X̄T ,
OX̄T

´ linear θT : ET Ñ ET b Ω1
X̄T {T

plogDT q,

θT ^ θT “ 0,
pEt̄, θt̄q semistable of degree 0 on X̄ ˆ tt̄u,
ϕ : ET |xˆT » Or

T

,

/

/

/

/

.

/

/

/

/

-

M

»

RDRprqpT q “

$

’

’

’

’

&

’

’

’

’

%

pET ,∇T , ϕq ET locally free of rank r on X̄T ,
π´1
T OT ´ linear ∇T : ET Ñ ET b Ω1

X̄T {T
plogDT q,

∇2
T “ 0, ∇T pfsq “ dX̄T {Tf b s ` f∇T s,

pEt̄,∇t̄q semistable of degree 0 on X̄ ˆ tt̄u,
ϕ : ET |xˆT » Or

T

,

/

/

/

/

.

/

/

/

/

-

M

»
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RHodprqpT q “

$

’

’

&

’

’

%

pλ,ET ,∇λ,T , ϕq ET locally free of rank r on X̄T , λ P ΓpT,OT q,
π´1
T OT ´ linear ∇λ,T : ET Ñ ET b Ω1

X̄T {T
plogDT q,

∇2
λ,T “ 0, ∇λ,T pfsq “ λdX̄T {Tf b s ` f∇λ,T s

ϕ : ET |xˆT » Or
T

,

/

/

.

/

/

-

M

»

Definition/Proposition 3.4.

(1) RDolprq is representable by a quasiprojective scheme RDolpX̄,D, x, rq parametrizing
degree 0 semistable logarithmic Higgs bundles with a framing.

(2) RDRprq is representable by a quasiprojective scheme RDRpX̄,D, x, rq parametrizing
degree 0 semistable logarithmic connections with a framing.

(3) RHodprq is representable by a separated, locally of finite type over A1
λ, algebraic space

RHodpX̄,D, x, rq
λ
ÝÑ A1

λ parametrizing logarithmic λ´connections with a framing.

With no risk of confusion, we will simplify notation Rlprq – RlpX̄,D, x, rq for l P

tDol,Hod,DRu.

Proof. For (1), see [BBT24, Theorem 7.2] and [Sim94, Theorem 4.10]. For (2), see [Nit93,
Theorem 3.3]. Finally, for (3), see [Sim22, Proposition 2.1] □

Remark. The restriction to λ “ 1, 0 of RHodpX̄,D, x, rq gives all logarithmic connections
and all logarithmic Higgs bundles, respectively. These are bigger than RDRprq and RDolprq.
However, we do have

pRHodprq|λ“0q
semistable,deg“0

“ RDolprq, pRHodprq|λ“1q
semistable,deg“0

“ RDRprq (3.2)

Remark. Notice that we have an algebraic GLr action on all these moduli spaces. For a
T -flat bundle pET ,∇T , ϕq, g P GLrpT q acts by g ¨ pET ,∇T , ϕq – pET ,∇T , g ˝ ϕq. The action
Dolbeault and Hodge spaces are similarly defined, and the action on the Betti space is via
conjugation.

Definition 3.5. Similar to the Betti case, we can define the unipotent loci as closed sub-
schemes/algebraic space

Rnilp
l prq Ă RlpX̄,D, x, rq

for l P tDol,Hod,DRu. Furthermore, we have restrictions

Rnilp
Hodprq|λ“1 “ Rnilp

DR prq,
´

Rnilp
Hodprq|λ“0

¯semistable,deg“0

“ Rnilp
Dol prq

3.3. The nilpotent Deligne-Hitchin germ and preferred sections. LetRnilp,loc
Hod pX̄,D, x, rq

be the germ of an open neighborhood of Rnilp
HodpX̄,D, x, rqan in RHodpX̄,D, x, rqan. Consider

the complex conjugate variety pX̄c, Dcq, we can similarly define Rnilp,loc
Hod pX̄c, Dc, x, rq and we

have a holomorphic isomorphism

Rnilp,loc
Hod pX̄,D, x, rq|Gm » Rnilp,loc

Hod pX̄c, Dc, x, rq|Gm

and there is a gluing procedure to get the nilpotent Deligne-Hitchin germ Rnilp,loc
DH prq Ñ

P1, which is a countably finite-type complex analytic space. There is a functor of points
description, and Rnilp,loc

DH prq Ñ P1 parametrizes exactly the extensions in Definition 2.22,
after forgetting the weight W‚ and adding a framing. Thus a C´AVMTS V “ j˚T with
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unipotent local monodromy gives an analytic morphism P1 Ñ Rnilp,loc
DH pX̄,D, x, rq.

If we add an artinian local A-action on V , then the extended actions on V̄ , V̄ 1 turns them
into vector bundles on X̄ˆA1

λˆSpec|A| and X̄ˆA1
λ´1ˆSpec|A|, respectively. These assembles

into a SpecP1 A-point of Rnilp,loc
DH prq Ñ P1, hence a P1-morphism SpecP1 A Ñ Rnilp,loc

DH prq. For
more details, see [BBT24, Section 8.2 and Corollary 8.8].

Definition 3.6. If V “ j˚T is a C-AVMTS, and V is C´VTS on X, then the resulting
map P1 Ñ Rnilp,loc

DH pX̄,D, x, rq is called a preferred section.

More concretely, if pV, ϕq P Runip
B pX, x, rqss is a semisimple local system with unipotent

local monodromy, then it underlies a C-VTS with unipotent local monodromy, giving a
preferred section

spV,ϕq : P1
Ñ Rnilp,loc

DH pX̄,D, x, rq

with s1 – spV,ϕqp1q being the framed Deligne’s canonical extension of pV, ϕq to a logarithmic
flat bundle, and s0 – spV,ϕqp0q “ SMps

ps1q, i.e., the logarithmic polystable Higgs bundle
which we get via the Mochizuki’s correspondence in Theorem 2.12.

Proposition 3.7. Recall the pro-T p0q´MTS-algebra ΛV in Theorem 3.2.

(1) [BBT24, Lemma 8.11] We have a classifying map for the canonical logarithmic ex-

tension of the universal pro-ΛV -AVMTS V̂ :

ŝpV,ϕq : SpfP1ΛV
»
ÝÑ

{

Rnilp,loc
DH prqspV,ϕq

which is an isomorphism onto the completion of Rnilp,loc
DH prq along the preferred section.

(2) Specializing at λ “ 1, 0 we get

SpfP1ΛV |λ“1
»
ÝÑ {RDRprqs1 , SpfP1ΛV |λ“0

»
ÝÑ {RDolprqs0

where the targets are completions at s1 and s0 respectively. As a consequence of
Lemma 2.7, we get a trivialization φΛV

of ΛV , and

τV – pŝ|λ“0q ˝ φΛV ,0 ˝ φ´1
ΛV ,1

˝ pŝ|λ“1q
´1 : {RDRprqs1

»
ÝÑ {RDolprqs0 (3.3)

(3) Let H Ă GLr be an algebraic group fixing rpV, ϕqs P RBpX, x, rq. Then H also

fixes rs0s P RDolprq, rs1s P RDRprq, and induces HDR and HDol actions on {RDRprqs1
and {RDolprqs0 respectively. The isomorphism τV (3.3), as well as its inverse τ´1

V are
equivariant.

Proof. Recall that

pRHodprq|λ“0q
semistable,deg“0

“ RDolprq, pRHodprq|λ“1q
semistable,deg“0

“ RDRprq

and s0, s1 are polystable bundles of degree 0. Since semistability and degree 0 are open
conditions, we get the following identifications of completions

{

Rnilp,loc
DH prqspV,ϕq

|λ“1 » {RDRprqs1 ,
{

Rnilp,loc
DH prqspV,ϕq

|λ“0 » {RDolprqs0

giving (2).
For (3), let’s first prove that H fixes rs0s and rs1s. Let pE,∇, ϕq be the framed flat bundle

on X associated to pV, ϕq, V is the sheaf of flat sections of pE,∇q and we can canonically
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identify the fibers Vx » Ex thus justifying the same framing ϕ. Furthermore if pĒ,∇q is the
Deligne extension then the framing at x R D is the same ϕ (so s1 “ pĒ,∇, ϕq). Suppose
that g P H fixes rpV, ϕqs, then gx – ϕ´1 ˝ g ˝ ϕ : Vx Ñ Vx commutes with all monodromy

operators thus extends to an automorphism ag : V
»
ÝÑ V satisfying ϕ ˝ ag “ g ˝ ϕ. Now,

gx commutes with local monodromy hence it preserves the Deligne’s lattice, thus ag extends

to an automorphism āg : Ē ÝÑ Ē. And since the framing is the same, āg : pĒ,∇, ϕq
»
ÝÑ

pĒ,∇, g ˝ ϕq, i.e., g fixes rs1s.
Via Theorem 2.12, we get an automorphism SMps

pāgq of SMps
pĒ,∇q. The functor is

defined via a tame nilpotent harmonic bundle E so we have Ēx “ Ex “ SMps
pĒ,∇qx. It

follows that g fixes rs0s “ rpSMps
pĒ,∇q, ϕqs.

Since pV, ϕq is semisimple, we get an automorphism ag of the weight 0 C-VTS V as well,
thus the change of framing pU , ψq ÞÑ pU , g ˝ ψq gives an automorphism of the functor of
framed free AVMTS deformations of pV , ϕq. By Theorem 3.2, we get an automorphism
ãg : ΛV » ΛV of pro-T p0q-MTS-algebras. We have a commutative diagram

SpfP1ΛV SpfP1ΛV

Rnilp,loc
DH prq Rnilp,loc

DH prq

cg

ŝ ŝ

g

since change of framing commutes with logarithmic extension. By functoriality of Lemma 2.7,
we have

SpfA1

´

ΛV |A1
λ

¯

SpfA1

´

ΛV |A1
λ

¯

SpfA1

´

ÔRB ,pV,ϕq b OA1
λ

¯

SpfA1

´

ÔRB ,pV,ϕq b OA1
λ

¯

cg

φΛV

g

φΛV

and together they give the desired equivariance of τV and τ´1
V . □

3.4. Moduli spaces of triples. We give a slightly generalized exposition of the ideas in
[Nit05, Theorem 3.3-3.5]. Let B be a C-scheme.

Definition 3.8. A complex K‚ P Dě0pOBq is perfect if, affine-locally on U Ď B, K‚ is
quasi-isomorphic to a bounded complex of finite rank locally free OU -modules. We denote
H0pK‚q P QCohpBq to be the zeroth cohomology object of K‚.

Definition 3.9. For K‚ P Dě0pOBq a perfect complex, denote

M0
pK‚

q – SpecB SymOB
pH0

ppK‚
q

_
qq

where pK‚q_ – RHomOB
pK‚,OBq.

Lemma 3.10 ([Sta26, Tag 08JX]`ϵ). Let f : T Ñ B be a morphism of schemes and
K‚ P Dě0pOBq a perfect complex, then we have functorial bijections

HomBpT,M0
pK‚

qq » H0
pT,Lf˚K‚

q

https://stacks.math.columbia.edu/tag/08JX
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Proof. By the proof of [Sta26, Tag 08JX], pT
f
ÝÑ Bq ÞÑ H0pT,Lf˚K‚q is a fppf sheaf. On

the other hand, pT
f
ÝÑ Bq ÞÑ HomBpT,M0pKqq is clearly a fpqc sheaf (representable by

M0pKq), so by [Sta26, Tag 04U0], we can reduce to the case where B “ SpecR and K‚

is quasi-isomorphic to pP ‚, d‚q a complex of projective R´modules with no negative term.
Then

H0
ppK‚

q
_

q “ coker
´

P 1,_ d0,_
ÝÝÑ P 0,_

¯

and

HomBpT,M0
pK‚

qq » HomOB´alg

´

SymOB

´

coker
´

P 1,_ d0,_
ÝÝÑ P 0,_

¯¯

, f˚OT

¯

» HomOT ´alg

´

f˚SymOB

´

coker
´

P 1,_ d0,_
ÝÝÑ P 0,_

¯¯

,OT

¯

» HomOT ´alg

´

SymOB

´

f˚ coker
´

P 1,_ d0,_
ÝÝÑ P 0,_

¯¯

,OT

¯

» HomOT

´

f˚ coker
´

P 1,_ d0,_
ÝÝÑ P 0,_

¯

,OT

¯

» HomOT

´

coker
´

f˚P 1,_ d0,_
ÝÝÑ f˚P 0,_

¯

,OT

¯

» H0
´

T, ker
´

f˚P 0 f˚d0
ÝÝÝÑ f˚P 1

¯¯

» ker

ˆ

H0
pT, f˚P 0

q
H0pf˚d0q
ÝÝÝÝÝÝÑ H0

pT, f˚P 1
q

˙

» H0
pT,Lf˚K‚

q

where all these isomorphisms are functorial in T Ñ B. □

Definition 3.11. For π : M0
BpH‚q Ñ B, the universal section is u P H0pM0

BpK‚q,Lπ˚K‚q

corresponding to the identity in HomBpM0
BpK‚q,M0

BpK‚qq.

Corollary 3.12. For ϕ : B1 Ñ B, there is a canonical isomorphism

M0
BpK‚

q ˆB B
1 »

ÝÑ M0
B1pLϕ˚K‚

q

which is compatible with universal sections, i.e., for π1 : M0
B1pLϕ˚K‚q Ñ B1, π : M0

BpK‚q Ñ

B, and universal sections u1 P H0pM0
B1pLϕ˚K‚q,Lpϕ ˝ πq˚K‚q, u P H0pM0

BpK‚q,Lπ˚K‚q, we
have u1 “ Lϕ˚puq.

Proof. For T
f 1

ÝÑ B1, denote f : T
f 1

ÝÑ B1 ϕ
ÝÑ B. We have

HomB1pT,M0
BpK‚

q ˆB B
1
q » HomBpT,M0

BpK‚
qq » H0

pT,Lf˚K‚
q

On the other hand,

HomB1pT,M0
B1pLϕ˚K‚

qq » H0
pT,Lpf 1

q
˚
pLϕ˚K‚

qq “ H0
pT,Lf˚K‚

q

so by Yoneda we get both statements. □

Corollary 3.13. Let A be an artinian T p0q-MTS-algebra, and K P Dě0pA´MTS ´ moduleq
is perfect. Write K_ – RHomApK,Aq. Then for every morphism of artinian local T p0q-
MTS-algebras A Ñ B we have a bijection

HomA´algpSymAH0
pK_

q,Bq » HomDpB´MTS´moduleqpB,B b
L
A Kq

which is functorial in B.

https://stacks.math.columbia.edu/tag/08JX
https://stacks.math.columbia.edu/tag/04U0
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Proof. First,

HomA´algpSymAH0
pK_

q,Bq » HomA´MTS´modulepH0
pK_

q,Bq

and since K_ P Dď0, we have by degree reason

HomDpA´MTS´moduleqpK_,Bq » HomA´MTS´modulepH0
pK_

q,Bq

Finally, by push-pull adjunction and duality we get

HomA´algpSymAH0
pK_

q,Bq » HomDpA´MTS´moduleqpK_,Bq

» HomDpB´MTS´moduleqpB b
L
A K_,Bq

» HomDpB´MTS´moduleqppB b
L
A Kq

_,Bq

» HomDpB´MTS´moduleqpB,B b
L
A Kq

as desired. □

Let b : SpecC Ñ B be a closed point, then a C-point of M0pK‚q lying over b is the same
as a C´linear map

H0
ppK‚

q
_

q bOB
Cb Ñ C

which, since pK‚q_ P Dď0, is an element of

H0
ppK‚

q
_

b
L
OB

Cbq
_

» H0
ppK‚

b
L
OB

Cbq
_

q
_

» H0
pK‚

b
L
OB

Cbq » HomDpCqpC, K‚
b

L
OB

Cbq

where the first isomorphism comes from [Sta26, Tag 0A6A].

Definition 3.14. Suppose that Λ “ lim
ÐÝ

Λn is a pro-T p0q-MTS-algebra, with Λ “ |Λ|. Let
B “ Spf Λ, K “ tKnu P Dě0pΛn-MTS-moduleq. Then, for K – |K|, one can form a
formal scheme M0

BpKq Ñ B. By the previous discussion, a C-point of M0
BpKq lying over

SpecC b
ÝÑ B is the same as a morphism C Ñ K bL

Λ C. We say that this is a Tate point if it
underlies a morphism in DpC ´ MTSq

T p0q Ñ K b
L
Λ T p0q

Proposition 3.15. In the setting above, if s is a Tate point of M0
BpKq Ñ B “ SpfΛ,

then the completed local ring ÔM0
BpKq,s underlies a pro-Λ-MTS-algebra Γ. This construction

commutes with pro-T p0q-MTS-algebra coefficient base change, and fiber products over a pro-
T p0q-MTS-algebra base.

Proof. We can work levelwise, and notice that the coordinate algebra ofM0
SpecΛn

pKnq, which

is SymΛn
H0pK_

n q, underlies SymΛn
H0pK_

n q which is a Λn-MTS-algebra (the differentials of
K_ are MTS-morphisms, and the category is abelian). A Tate point gives a morphism of
Λn´MTS-algebras SymΛn

H0pK_
n q Ñ T p0q, hence is defined by a MTS-ideal (equivalently,

the quotient still has a MTS structure).
Coefficient base change follows from being bounded above by 0. Indeed, by the argument

in Lemma 3.10, we can pick a locally free quasi-isomorphic P ‚, where

H0
pK_

n q “ cokerpP 1,_
Ñ P 0,_

q

https://stacks.math.columbia.edu/tag/0A6A
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hence given Λn Ñ A, using right exactness of tensor product we get

H0
pK_

n q bΛn A » H0
ppKn b

L
Λn

Aqq

Finally, notice that due to being bounded above by 0, H0pK_
n ‘L_

n q » H0pK_
n q ‘H0pL_

n q

and we have

M0
pKnq ˆSpecΛn M

0
pLnq » M0

pKn ‘ Lnq

so compatibility with fiber products follows. □

Remark. In this setting where Kn P Dě0pΛn ´ MTS-moduleq, restriction is exact, so

M0
Λn

pKnq “ M0
Λn

pKnq|λ“1

by Corollary 3.12. The universal section on M0
Λn

pKnq is the restriction of the universal
section on M0

Λn
pKnq.

For l P tDR,Dolu, denote B “ Rpair
l pr, sq – Rlprq ˆ Rlpsq the moduli of pairs. Let

X̄B – X̄ ˆB, DB – DˆB with projection πB : X̄B Ñ B, and Euniv
l , F univ

l be the universal
bundles. We can form the complexes

CDRpEuniv
DR , F univ

DR q –

”

HompEuniv
DR , F univ

DR q
∇
ÝÑ HompEuniv

DR , F univ
DR q b Ω1

X̄ˆB{BplogDBq

ı

CDolpE
univ
Dol , F

univ
Dol q –

”

HompEuniv
Dol , F

univ
Dol q

θ
ÝÑ HompEuniv

Dol , F
univ
Dol q b Ω1

X̄ˆB{BplogDBq

ı

KlpEuniv
l , F univ

l q – RπB,˚ClpEuniv
l , F univ

l q (3.4)

Proposition 3.16. KlpEuniv
l , F univ

l q is perfect in DpOBq with no negative cohomology sheaf.
For any f : T Ñ B, we have corresponding families El,T , Fl,T on X̄ ˆ T and we can form
similar complexes. Then the formulation of Kl commutes with base change, i.e.,

Kl,T pEl,T , Fl,T q “ Lf˚KlpEuniv
l , F univ

l q

As a consequence, Kl,T pEl,T , Fl,T q is perfect in DpOT q and base change works for T 1 Ñ T
over B as well.

Proof. For the Dolbeault complex, this follows from [Sta26, Tag 0A1G] and that relative
logarithmic Kahler differentials commutes with base change. For the De Rham complex, the
same proof as in [Sta26, Tag 0FM0] works. □

Proposition 3.17. The schemes

Rtrip
l pr, sq – M0

pKuniv
l q Ñ Rpair

l pr, sq

represents the functor of framed triples pE,F, fq where E,F are semistable degree 0 loga-
rithmic flat connections (resp. logarithmic Higgs bundle), and f is a flat/Higgs morphism.
If pE,F, fq is a closed point, and A is artinian local, then we have the framed deformation
functor

Deftrip
l,pE,F,fq

“

"

pEA, FA, fAq pEA, FAq P Defpair
l,pE,F q

pAq

fA P H0pKl,ApEA, FAqq, fA mod mA “ f

*

M

»

https://stacks.math.columbia.edu/tag/0A1G
https://stacks.math.columbia.edu/tag/0FM0
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Proof. Let B “ Rpair
l pr, sq. By Lemma 3.10, for T

f
ÝÑ B,

HomBpT,Rtrip
l pr, sqq » H0

pLf˚Kuniv
l q

» H0
pKl,T pEl,T , Fl,T qq

» H0
pCl,T pEl,T , Fl,T qq

which gives the flat/Higgs morphisms between El,T and Fl,T . □

We also have the Betti moduli space of triples Rtrip
B pr, sq, where instead of a univer-

sal logarithmic DR/Dol complex, we work with K‚ being just the locally constant sheaf
HompEuniv, F univq with Euniv, F univ being the universal framed local systems pulled back to
X ˆ RBprq ˆ RBpsq.

Proposition 3.18. Let pE, ϕEq, pF, ϕF q be framed semisimple complex local systems of rank
r, s on X, with unipotent local monodromy, and f : E Ñ F a morphism of local systems.
Fix the canonical weight 0 C-VTS E ,F ; f then extends to a morphism of C-VTS. Denote

ΓE,F,f – pORtrip
B pr,sq,pE,F,fq

, ΛE,F – pORpair
B pr,sq,pE,F q

» pORBprq,E pb
pORBpsq,F

then we have a pro-T p0q-MTS-algebra ΛE,F on ΛE,F (Theorem 3.2) and the following are
true:

(1) There is a pro-T p0q-MTS-algebra ΓE,F,f with |ΓE,F,f | “ ΓE,F,f , and ΛE,F Ñ ΓE,F,f
is a morphism of pro-T p0q´MTS-algebras.

(2) There is a universal triple p pE , xF , pfq where pE , xF are free pro-ΓE,F,f -AVMTS and pf
a morphism of ΓE,F,f -AVMTS, such that for every artinian local T p0q-MTS-algebra
A, pullback gives a functorial bijection

HomT p0q´algpΓE,F,f ,Aq
»
ÝÑ

$

&

%

framed free A ´ AVMTS triples pEA,FA, fAq

with fA a morphism of A ´ AVMTS
pE ,F , fq » pEA,FA, fAq mod mA

,

.

-

M

»

(3) Let Ē, F̄ be the Deligne extensions of E,F . Then we have identifications

ΓE,F,f |λ“1 » pORtrip
DR ,pĒ,F̄ ,fq

, ΓE,F,f |λ“0 » pORtrip
Dol ,SM

pspĒ,F̄ ,fq

and restrictions of p pE , xF , pfq give corresponding DR/Dol universal families.

Proof. Let aX : X Ñ pt and q : X̄ ˆ A1
λ Ñ A1

λ be the projection. We will repeatedly make
use of the following lemma

Lemma 3.19. Let A be an artinian local T p0q-MTS-algebra, and E ,F free A´AVMTS.
Then

HomA´AVMTSpE ,F q » HomDpA´MTS´modqpA, paXq˚HomApE ,F qr´1sq (3.5)

Proof. Let A – paXq˚Ar1s. Since E ,F are free we have HomApE ,F q » E _ bA F . By
tensor-hom adjunction,

HomA´AVMTSpE ,F q » HomA´AVMTSpA ,HomApE ,F qq
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We have a fully faithful embedding A-AVMTS ãÑ A-MTM, and by push-pull adjunction
in A-MTM we get

HomA´AVMTSpA ,HomApE ,F qq » HomA-MTMppaXq
˚Ar1s,HomApE ,F qq

» HomDpA´MTS´modqpA, paXq˚HomApE ,F qr´1sq

as desired. □

Let Λn – ΛE,F {mn`1
Λ , and Λn – |Λn|. From Theorem 3.2, we have universal pair p pE , xF q

on ΛE,F . Pulling back gives universal pair pEn,Fnq of Λn´AVMTS. Let (see Section 4.2.2
for the relevant definitions)

Kn – paXq˚HomΛn
pEn,Fnqr´1s, Ktw

n “ Rq˚DRRpMHomΛn
pEn,Fnqr˚Dsq

then Kn P Dě0pΛn ´ MTS-moduleq, with Ktw
n being the restriction of Kn to the chart A1

λ.
As a result, LιcKn » LιcK

tw
n for c P A1

λ. Let K “ tKnu then we can form

M0
ΛE,F

pKqf “ SpfP1 ΓE,F,f

where f is a morphism of C´VTS hence a morphism of C-AVMTS, and by (3.5),

HomC´AVMTSpE ,F q » HomDpC´MTSqpT p0q, paXq˚HomT p0qpE ,F qq

f is a Tate point. We then have that ΓE,F,f is a pro´ΛE,F -MTS-algebra by Proposition 3.15,
giving (1). Next denote

p pEΓ, xFΓq – ΓE,F,f bΛE,F
p pE , xF q

By Corollary 3.13, the universal section pf P HomΛE,F ´algpSymΛE,F
H0pK_q,ΓE,F,f q, given

by composing the universal section of M0
ΛE,F

pKq with the completion at f , corresponds to a

morphism in DpΓE,F,f´MTS ´ moduleq

ΓE,F,f Ñ ΓE,F,f b
L
ΛE,F

K » paXq˚HomΓE,F,f
p pEΓ, xFΓqr´1s

where the last equality comes from p pE , xF q being free (hence Hom commutes with tensor

product). By (3.5), we get a corresponding morphism pf : pEΓ Ñ xFΓ of ΓE,F,f -AVMTS. Now
let pEA,FA, fAq be a framed free A-AVMTS deformation of pE ,F , fq. By Theorem 3.2,
there is a unique ΛE,F Ñ A such that

pEA,FAq » A bΛE,F
p pE , xF q

and since fA is a morphism of A´AVMTS, (3.5) gives a corresponding

A Ñ paXq˚HomApEA,FAqr´1s » A b
L
ΛE,F

K

which, by Corollary 3.13, is the same as an ΛE,F -algebra morphism SymΛE,F
H0pK_q Ñ A.

Since A is artinian, hence complete, we get a factorization ΓE,F,f Ñ A, finishing (2).
Next, by Proposition 4.5 and the De Rham comparison, we have

Lι1Kn » RΓpCDRpEn,1,Fn,1qq » RΓpHomΛn
pEn, Fnqq
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where En, Fn are the universal local systems over Λn. Thus Corollary 3.12 gives that the

fiber over 1 of ΓE,F,f is isomorphic to pORtrip
B ,pE,F,fq

. The other two remaining identifications

in (3) follow from a similar argument, where by Theorem 3.2,

ΛE,F |λ“1 » pORpair
DR ,pĒ,F̄ q

, ΛE,F |λ“0 » pORpair
Dol ,SM

pspĒ,F̄ q

by Proposition 4.5,

Lι1K » RΓpCDRp pE1, xF1qq, Lι0K » RΓpCDolp
pE0, xF0qq

with p pE1, xF1qq universal over pORpair
DR ,pĒ,F̄ q

and p pE0, xF0q universal over pORpair
Dol ,SM

pspĒ,F̄ q
, and

finally that the universal section commutes with restriction due to Corollary 3.12. □

4. Equivariant formal De Rham - Dolbeault correspondence for triples

4.1. The socle filtration and Rees cocharacter. The categories ConnnilppX̄,Dq and

Higgs0,ssnilppX̄,Dq are C-linear abelian of finite length, and extension-closed in the bigger cat-
egories of DX̄plogDq and SymTXp´ log T q-modules. Their simple objects are, respectively,
irreducible logarithmic flat connections and stable degree 0 logarithmic Higgs bundles.

Definition 4.1 ([Eti+15, Definition 1.13.1]). Let C be either of the above categories. For
E P C, denote socpEq the sum of all simple subobjects of E, i.e., the unique maximal
semisimple subobject. We have the socle filtration S‚E

S0E “ 0, S1E “ socpEq, Si`1E{SiE “ socpE{SiEq

satisfying, for f : E Ñ F ,

(1) fpSiEq Ď SiF ;
(2) SipE ‘ F q “ SiE ‘ SiF ;
(3) grSE is semistable;
(4) pgrSgq ˝ pgrSfq “ grSpg ˝ fq.

Definition 4.2. Let π : X̄ ˆ A1
λ Ñ X̄ be the projection. Define the Rees family associated

to S‚E to be
ReesSpEq –

ÿ

iPZ

tiπ˚
pSiEq Ă π˚E bOX̄ rts OX̄rt, t´1

s

which is locally free on X̄ ˆ A1
t , and

(1) ReesSpEq has a flat connection (resp. Higgs field) from restricting π˚∇ (resp. π˚θ);
(2) ReesSpEq|t“1 » E and ReesSpEq|t“0 » grSE, equipped with either grS∇ or grSθ;
(3) for f : E Ñ F we have ReesSpfq : ReesSpEq Ñ ReesSpF q from restricting π˚f , and

ReesSpfq|t“1 » f, ReesSpfq|t“0 » grSf, ReesSpg ˝ fq “ ReesSpgq ˝ ReesSpfq

Taking framing into account, ReesSpEq corresponds to a morphism A1
t Ñ Rlprq which

agrees (we can adapt the proof of [HL10, Lemma 4.4.3]) with the following arc coming from
a Gm-action on Rlprq. Let the framed fiber be ϕ : Ex » Cr and choose an adapted splitting

Ex “
à

i

Gi, SiEx “
à

jďi

Gj

and γ1 : GmpCq Ñ GLpExq where γ1ptq|Gi
“ t´iidGi

. Define γE – ϕ ˝ γ1 ˝ ϕ : GmpCq Ñ

GLrpCq. In fact this can be defined as an algebraic action, and for artinian local A, the
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action γE : GmpAq Ñ GLrpAq can be defined in exactly the same way. The arc is defined
via the change-of-framing action:

αE : A1
t Ñ Rlprq, αEpt ‰ 0q – γEptq ¨ pE, ϕq, αEp0q “ pgrSE, grSϕq

By definition, αE is equivariant with respect to γE. One can also check that rαEp0qs is
fixed by γE, thus we have an induced action on ORlprq,αEp0q.

4.2. A logarithmic De Rham - Dolbeault cohomology comparison with coeffi-
cients. We strengthen a result of Sabbah [BBT24, Lemma 8.12] by adding artinian coeffi-
cients, and composition-compatibility.

4.2.1. Internal Homs with coefficients. Let A be a local artinian T p0q-MTS-algebra, and
A “ |A|. Let H be a free A-AVMTS, and M A

H r˚Ds the underlying RX̄´module of j˚H on
the chart A1

λ; this has an Arλs action coming from functoriality of the prolongation, hence the
A superscript. Also denote X̄λ “ X̄ ˆ A1

λ, Dλ “ D ˆ A1
λ, and put RX̄,Arλs – Arλs bCrλs RX̄ .

Locally, RX̄,Arλs is generated over Arλs bCrλs OX̄λ
by λBz; the same is true for RX̄,Arλsp˚Dq

over ArλsbCrλsOX̄λ
p˚Dq. Then M A

H r˚Ds is a RX̄,Arλs´module. Let E ,F be free A-AVMTS,
we can define

HomApE ,F q – ker
`

HomT p0qpE ,F q Ñ HomT p0qpA bT p0q E ,F q
˘

to be the internal Hom in the category of A-AVMTS. This is a C-AVMTS because the
category of C-AVMTS is abelian, and the A-action comes from definition. For the underlying
local system this is just HomA of A-local systems. Next define, for meromorphic extensions
which also carry Arλs-action,

M C
E ,F p˚Dq – HomOX̄λ

p˚DqpME p˚Dq,MF p˚Dqq “ MHomT p0qpE ,F qp˚Dq

M A
E ,F p˚Dq – HomArλsbOX̄λ

p˚DqpME p˚Dq,MF p˚Dqq

Proposition 4.3. Define a morphism

∆E ,F p˚Dq : M C
E ,F p˚Dq Ñ M C

AbE ,F p˚Dq, ϕ ÞÑ pa b e ÞÑ ϕpa ¨ eq ´ a ¨ ϕpeqq

then ∆E ,F p˚Dq commutes with Arλs´multiplication and λBz, hence a RX̄,Arλsp˚Dq-linear.
We have

MHomApE ,F qp˚Dq “ ker∆E ,F p˚Dq “ M A
E ,F p˚Dq

and a corresponding RX̄,Arλs´linear map ∆E ,F r˚Ds for which

M A
E ,F r˚Ds – MHomApE ,F qr˚Ds “ ker

ˆ

MHomT p0qpE ,F qr˚Ds
∆E ,F r˚Ds
ÝÝÝÝÝÝÑ MHomT p0qpAbE ,F qr˚Ds

˙

Furthermore, this is compatible with the V-filtration,

VbM
A
E ,F r˚Ds “ ker

ˆ

VbMHomT p0qpE ,F qr˚Ds
Vb∆E ,F r˚Ds
ÝÝÝÝÝÝÝÑ VbMHomT p0qpAbE ,F qr˚Ds

˙

Proof. That ∆E ,F p˚Dq is RX̄,Arλsp˚Dq-linear can be checked locally. We get the identification
of MHomApE ,F qp˚Dq essentially by uniqueness of meromorphic extension. The existence of
∆E ,F r˚Ds comes from [Moc15, Lemma 3.1.19] which also gives Arλs-linearity. By [Moc15,
Proposition 9.1.8], ∆E ,F r˚Ds is strict with respect to KMS-structure, hence the V-filtration.
Finally, [Moc15, Lemma 3.1.20 and 3.1.21] gives the remaining identifications. □
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Corollary 4.4. We have functorial and artinian-base-change-compatible identifications

V´1MHomApE ,F qr˚Ds “ HomArλsbOX̄λ

`

Ē , F̄
˘

V0MHomApE ,F qr˚Ds “ z´1HomArλsbOX̄λ

`

Ē , F̄
˘

Proof. By Lemma 2.23 and the previous proposition, it remains to show that Deligne’s
extension commutes with taking Hom, but this is straightforward from a local monodromy
calculation. □

4.2.2. The comparison. From now on, assume that the A-AVMTS we work with always have
unipotent local monodromy. We have a De Rham complex

DRRpH q – DRRpM A
H r˚Dsq “

”

M A
H r˚Ds

∇λ
ÝÝÑ M A

H r˚Ds b Ω1
X̄λ{A1

λ

ı

Let q : X̄λ Ñ A1
λ be the projection. Set Ktw

A pH q – Rq˚DRRpM A
H r˚Dsq P DbpArλsq.

Since q is a projective morphism, this underlies a twistor object in DbpA ´ MTS-moduleq.
As a result, we get a splitting from Lemma 2.7, and a fiber identification

φH : Lι˚0K
tw
A pH q

»
ÝÑ Lι˚1K

tw
A pH q

On the other hand, we also have the functorial logarithmic extension H̄A, also equipped
with an Arλs´action, and a logarithmic De Rham complex

C log
A pH q –

”

H̄A
∇λ
ÝÝÑ H̄A b Ω1

X̄λ{A1
λ
plogDλq

ı

with K log
A pH q – Rq˚C

log
A pH q P DbpArλsq. For free A-AVMTS E ,F , define

C log
A pE ,F q – C log

A pHomApE ,F qq, DRRpE ,F q – DRRpHomApE ,F qq

and similarly K
log {tw
A pE ,F q. Let ιc : SpecA Ñ SpecArλs be the λ´restriction, but remem-

bering the A´action.

Proposition 4.5. There is a canonical quasi-isomorphism in DbpArλsq

ΦA
H : Ktw

A pH q
»
ÝÑ K log

A pH q (4.1)

which commutes with artinian T p0q´MTS-algebra coefficient base change, and restricts to
quasi-isomorphisms

Lι˚0K
tw
A pH q » RΓ

´

X̄,
”

H̄A,0
θ
ÝÑ H̄A,0 b Ω1

X̄plogDq

ı¯

— K log
A,0pH q

Lι˚1K
tw
A pH q » RΓ

´

X̄,
”

H̄A,1
∇
ÝÑ H̄A,1 b Ω1

X̄plogDq

ı¯

— K log
A,1pH q (4.2)

in DbpAq, over λ “ 0, 1. For A-AVMTS E ,F , let

ϕ0
E ,F :H0

´

X̄,
”

HomApE ,F qA,1
∇
ÝÑ HomApE ,F qA,1 b Ω1

X̄plogDq

ı¯

H0pLι˚0ΦqH0pφqH0pLι˚1Φq´1

ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ H0
´

X̄,
”

HomApE ,F qA,0
θ
ÝÑ HomApE ,F qA,0 b Ω1

X̄plogDq

ı¯

be the A-linear H0-isomorphism. Then it preserves identity and composition, i.e., for E ,F ,G ,

ϕ0
E ,E pidE1q, ϕ0

E ,G pv ˝ uq “ ϕ0
F ,G pvq ˝ ϕ0

E ,F puq
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as well as zero, addition, and A-scalars. Equivalently, we have a commutative diagram of
A-modules

H0
´

K log
A,1pF ,G q

¯

bA H
0
´

K log
A,1pE ,F q

¯

H0
´

K log
A,1pE ,G q

¯

H0
´

K log
A,0pF ,G q

¯

bA H
0
´

K log
A,0pE ,F q

¯

H0
´

K log
A,0pE ,G q

¯

˝

ϕ0F,G bϕ0E ,F ϕ0E ,G

˝

(4.3)

These H0-compatibilities also commute with artinian T p0q´MTS-algebra coefficient base
change.

Proof. Work locally near p P D with equation pz “ 0q. First we check that the isomorphisms
in (2.1),

λBz : gr
V
b M A

H r˚Ds
»
ÝÑ grVb`1M

A
H r˚Ds b ą ´1, z : V0M

A
H r˚Ds

»
ÝÑ V´1M

A
H r˚Ds

are compatible with theArλs´action. Functoriality of V-filtration gives that each VbM A
H r˚Ds

has a Arλs´action. Functoriality of the prolongation gives that the Arλs´action on M A
H r˚Ds

is RX̄-linear, hence must commute λBz and multiplication by OX̄λ
(in particular z).

Next, we have quasi-isomorphisms (by the previous isomorphisms involving V-filtration):

V´1M A
H r˚Ds V´1M A

H r˚Ds b Ω1
X̄λ{A1

λ
plogDλq

V´1M A
H r˚Ds V0M A

H r˚Ds b Ω1
X̄λ{A1

λ

M A
H r˚Ds M A

H r˚Ds b Ω1
X̄λ{A1

λ

“ zbz´1

(4.4)

where the top square is Arλs-linear since multiplying with z is (and the Arλs-action is on
the left). The bottom square is Arλs´linear because inclusions VbM A

H r˚Ds ãÑ M A
H r˚Ds

is. Now using Lemma 2.23, we can identify the top row with C log
A , and apply Rq˚ to get

ΦA : Ktw
A

»
ÝÑ K log

A , which is Arλs´linear, as desired. Now, K log
A “ Rq˚C

log
A satisfies base

change (same proof as in [Sta26, Tag 0FM0]) with restrictions ι0, ι1 thus giving (4.2).

Compatibility with artinian T p0q-MTS-algebra coefficient base change: This follows from

the identification of top row with C log
A , given by Lemma 2.23, being compatible, and base

changes

A1
rλs b

L
Arλs K

log
A

»
ÝÑ K log

A1 , A1
rλs b

L
Arλs K

tw
A

»
ÝÑ Ktw

A1

https://stacks.math.columbia.edu/tag/0FM0
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H0-compatibility with composition: For E ,F , denote

CV
A pE ,F q –

´

V´1M
A
E ,F r˚Ds

∇λ
ÝÝÑ V0M

A
E ,F r˚Ds b Ω1

X̄λ{A1
λ

¯

and KV
A pE ,F q – Rq˚C

log
A pE ,F q. We will use H0 interchangeably with H0Γ, which is

allowed due to the hypercohomology spectral sequence. In particular, for c P t0, 1u,

H0
´

X̄,Lι˚cC
log {V
A

¯

“ H0
pLι˚cK

log {V
A q, H0

`

X̄,Lι˚cDRR

˘

“ H0
pLι˚cK

tw
A q

Let the quasi-isomorphism coming from (4.4) and applying Rq˚ be named

K log
A pE ,F q

νE ,F
ÐÝÝÝ

»
KV
A pE ,F q

τE ,F
ÝÝÝÑ

»
Ktw
A pE ,F q

which induces A-isomorphisms

H0
pLι˚cK

log
A pE ,F qq

νcE ,F
ÐÝÝÝ

»
H0

pLι˚cK
V
A pE ,F qq

τcE ,F
ÝÝÝÑ

»
H0

pLι˚cK
tw
A pE ,F qq

Restriction is exact for C
log {V
A and K

log {V
A since the terms are λ-flat, hence first two terms

are just

H0
pK log

A,cpE ,F qq “ H0ΓpX̄, C log
A,cpE ,F qq, H0

pKV
A,cpE ,F qq “ H0ΓpX̄, CV

A,cpE ,F qq

Notice then that H0pK log
A,cpE ,F qq gives the space of horizontal log-flat sections at c “ 1

and log Higgs sections at c “ 0. We have compositions for these sections. Since νcE ,F is
identity on degree zero, and one can check that composition sends two flat V´1-sections into
a flat V´1-section (with respect to the identification Corollary 4.4), so composition makes
sense for H0pKV

A,cpE ,F qq as well. Define a composition law on H0pLι˚cK
tw
A p´,´qq

µctwpv, uq – τ cE ,G
`

pτ cF ,G q
´1v ˝ τ cE ,Fu

˘

then we have a commutative diagram

H0pLι˚cK
tw
A pF ,G qq b H0pLι˚cK

tw
A pE ,F qq H0pLι˚cK

tw
A pE ,G qq

H0pK log
A,cpF ,G qq b H0pK log

A,cpE ,F qq H0pK log
A,cpE ,G qq

µctw

ψc
F,G bψc

E ,F ψc
E ,G

˝

(4.5)

by defining ψcE ,F – pτ cE ,F q´1 ˝ νcE ,F : H0pLι˚cK
tw
A pE ,F qq

»
ÝÑ H0pK log

A,cpE ,F qq.

Next, let aX : X Ñ pt, and defineKE ,F – paXq˚HomApE ,F qr´1s P DbpA´MTS-moduleq.
Its RX̄´module, on the A1

λ-chart, is K
tw
A pE ,F q (because non-proper pushforward is defined

via proper pushforward on the compactification, see [Moc15, Section 14.3]). So each coho-
mology HjpKE ,F q is a twistor structure, hence locally free over P1, and for c P t0, 1u,

H0
pKE ,F q|λ“c » H0

pLι˚aK
tw
A pE ,F qq (4.6)

Now, on A1
λ-chart, we identified H0pKE ,F q with relative λ´flat V´1-sections, and defined

a composition law µtw. We also identified V´1 piece with the logarithmic extension of the
family of λ-connection coming from a AVMTS, so it must agree with composition on X. On
the other hand, composition on X is a morphism of A´AVMTS (use Definition 2.14 and
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the subsequent remark; composition is Dλ-flat and Arλs-linear). So µtw is the restriction of
a morphism of A-MTS-modules

µtw : H0
pKF ,G q b H0

pKE ,F q Ñ H0
pKE ,G q

with fiber over λ “ c as defined before. Functoriality of the trivialization in Lemma 2.7 then
gives

H0pKF ,G q|λ“1 bA H0pKE ,F q|λ“1 H0pKE ,G q|λ“1

H0pKF ,G q|λ“0 bA H0pKE ,F q|λ“0 H0pKE ,G q|λ“0

µ1tw

φ φ

µ0tw

which, combining with (4.5) and (4.6), gives (4.3). Identity extends to identity on the
logarithmic extension, so lies in V´1, hence is fixed by the quasi-isomorphisms in (4.4). Thus
identity is fixed throughout. Every diagram so far has been A-linear, hence we get all desired
compatibilities. □

4.3. The formal isomorphism of deformation functors for triples. Every bundle be-
low comes equipped with a framing. Consider Ē, F̄ polystable logarithmic flat connections
with nilpotent residues. By Theorem 3.2, and abusing notation to denote E,F the corre-
sponding local systems on X “ X̄zD, we have a pro´T p0q´MTS deformation algebra of
pairs (picking the C-AVMTS on E,F to be the canonical weight 0 C-VTS)

BE,F – SpfP1ΛE ˆP1 SpfP1ΛF — SpfP1ΛE,F

whose fibers over 0, 1 are, by Proposition 3.7,

BE,F |λ“1 » pRpair

DR,pĒ,F̄ q
, BE,F |λ“0 » pRpair

Dol,SMpspĒ,F̄ q
(4.7)

and the splitting of Lemma 2.7 identifies the coefficient rings with ΛE,F “ |ΛE,F |. We have

a universal ΛE,F´AVMTS pair p pE , xF q which restricts to the universal family of logarithmic

flat pairs p pE1, pF1q (resp. universal family of logarithmic Higgs pairs p pE0, pF0q) over λ “ 1
(resp. λ “ 0). For each ΛE,F Ñ ΛE,F,n – ΛE,F {mn`1

ΛE,F
, pulling back gives ΛE,F,n-universal

pEn,Fnq. Its special mod mΛ fiber has underlying local systems pE,F q with unipotent local
monodromy, hence pEn,Fnq also has unipotent local monodromy (since mΛ is nilpotent).
The fibers over λ “ 1, 0 give logarithmic flat pair pĒn,1, F̄n,1q and logarithmic Higgs pair
pĒn,0, F̄n,0q. Denote

Hn – HomΛE,F,n
pEn,Fnq

then Proposition 4.5 gives a quasi-isomorphism (see the definitions in Proposition 3.16)

Φn : KDR,ΛE,F,n
pĒn,1, F̄n,1q

»
ÝÑ KDol,ΛE,F,n

pĒn,0, F̄n,0q (4.8)

which commutes with arbitrary artinian base change. If we have f : Ē Ñ F̄ a flat morphism,
then it extends to a morphism of the weight 0 C-VTS, and restricts to SMps

pfq on λ “ 0.
Thus H0pΦ0qpfq “ SMps

pfq.
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Remark. Compatibility of the quasi-isomorphism with arbitrary artinian base change, not
just those coming from morphisms of T p0q-MTS-algebras, is due to base change preserving
quasi-isomorphism. However, H0-compatibility with composition does not commute with
arbitrary base change, because H0 does not commute with base change.

For ease of notation, for l P tDR,Dolu, let B̂l,Ē,F̄ – pRpair

l,pĒ,F̄q
with B̂l,pĒ,F̄ ,Ḡq being the

completion of the obvious moduli of triples of framed bundles. Notice that we have a similar
trivialization as in (4.7) for B̂l,pĒ,F̄ ,Ḡq. Denote, for f : Ē Ñ F̄ , g : F̄ Ñ Ḡ,

Ẑl,f,g – pRtrip

l,Ē,F̄ ,f
ˆB̂l,pĒ,F̄ ,Ḡq

pRtrip

l,F̄ ,Ḡ,g

where pRtrip

l,Ē,F̄ ,f
is the completion of the moduli of (pair + morphism) at pĒ, F̄ , fq; this is

also M0
ΛpKDR,ΛpÊ1, F̂1qqf for l “ DR (and M0

ΛpKDol,ΛpÊ0, F̂0qqf for l “ Dol). Finally, let

Ul,Ē,F̄ ,f and Zl,f,g be the universal families over pRtrip

l,Ē,F̄ ,f
and Ẑl,f,g.

Theorem 4.6. For pĒ, F̄ , fq with Ē, F̄ polystable logarithmic flat connections and f : Ē Ñ

F̄ , we have an isomorphism

ΨĒ,F̄ ,f : pR
trip

DR,Ē,F̄ ,f

»
ÝÑ pRtrip

Dol,SMpspĒ,F̄ ,fq

Furthermore, if we let µDR, µDol be morphisms defined by composition on universal families,
then there is a commutative diagram

pZDR,f,g
pZDol,SMpspf,gq

pRtrip

DR,Ē,Ḡ,g˝f
pRtrip

Dol,SMpspĒ,Ḡ,g˝fq

ΨĒ,F̄ ,fˆΨF̄ ,Ḡ,g

µDR µDol

ΨĒ,Ḡ,g˝f

(4.9)

and analogous diagrams for direct sums, addition and scalar multiplication of universal maps.

Proof. The isomorphism Ψ: Let A be artinian local. Denote the trivialization of (4.7)

τE,F : pRpair

DR,Ē,F̄

»
ÝÑ pRpair

Dol,SMpspĒ,F̄ q

By Proposition 3.17, an A point of pRtrip

DR,Ē,F̄ ,f
is

pĒA, F̄A, fAq, fA P H0
pKDR,ApĒA, F̄Aqq, fA mod mA “ f

since pĒA, F̄Aq is a deformation of pĒ, F̄ q, we have a classifying morphism ΛE,F Ñ A.
This must factor through some quotient Λn, hence we can pullback (4.8) to get a quasi-
isomorphism

ΦA : KDR,ApĒA, F̄Aq
»
ÝÑ KDol,ApτE,F pĒA, F̄Aqq

which is independent of n by base change compatibility. Then

ppĒA, F̄Aq, fAq ÞÑ
`

τE,F pĒA, F̄Aq, H0
pΦAqpfAq

˘

with inverse constructed using τ´1
E,F and Φ´1

A , gives a functorial bijection on Artinian points.
By formal Yoneda [Sch68], we get the isomorphism ΨĒ,F̄ ,f . Compatibility with universal
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families follows from Yoneda.

Compatibility with composition, direct sum, addition, scalar multiplication: Now let E,F,G
be the underlying local system for logarithmic flat connections Ē, F̄ , Ḡ, equipped with the
canonical weight 0 C-VTS. We then have a pro-T p0q-MTS deformation algebra ΛE,F,G whose

fibers over λ “ 1, 0 give B̂DR,Ē,F̄ ,Ḡ and B̂Dol,SMpspĒ,F̄ ,Ḡq. Similar statement for universal fam-

ilies
´

Ê , F̂ , Ĝ
¯

. Let

ẐDR — Spf Γ

then by Proposition 3.18, we have a pro-ΛE,F,G-MTS-algebra Γ with |Γ| “ Γ. Denote

Γn – Γ{mn`1
Γ , Γn “ |Γn|

The morphism ΛE,F,G Ñ Γ Ñ Γn is a morphism of T p0q-MTS-algebras, hence pulling back

universal families give Ên, F̂n, Ĝn all Γn-AVMTS. Again let their λ´fiber be Ēn,λ, F̄n,λ, Ḡn,λ.
Since we are over Γ which also parametrizes deformations of f, g, there are universal mor-
phisms

fn P H0
`

KDR,ΓnpĒn,1, F̄n,1q
˘

, gn P H0
`

KDR,ΓnpF̄n,1, Ḡn,1q
˘

which are just the restriction of the universal morphisms f̂ , ĝ along Γ Ñ Γn. Now by
Proposition 4.5 applied to Γn, H

0pΦnq commutes with composition. Thus the restriction
of the diagram (4.9) to each Γn commutes. Since Γ “ lim

ÐÝ
Γn, we get the desired diagram.

Compatibility with addition and scalar multiplication follows from the same argument, along
with the fact that H0pΦnq is Γn-linear. Direct sum is analogous. □

4.4. Rees equivariance. Consider pĒ, F̄ , fq with Ē, F̄ (not necessarily polystable) loga-
rithmic flat connections with framings ϕĒ, ϕF̄ , and f : Ē Ñ F̄ a flat morphism. Consider
the socle filtrations S‚ on these bundles, and let

Ēx “ ‘jV
Ē
j , F̄x “ ‘jV

F̄
j

be two splittings adapted to S‚. Also denote
`

Ēss, F̄ ss, f ss
˘

–
`

grSĒ, grSF̄ , grSf
˘

. Then we

have change-of-framing actions γDR
Ē
, γDR

F̄
:

pϕ´1
Ē

˝ γDR
Ē ˝ ϕĒq|V Ē

j
“ t´jidV Ē

j
, pϕ´1

F̄
˝ γDR

F̄ ˝ ϕF̄ q|V F̄
j

“ t´jidV F̄
j

Let γDR – pγDR
Ē
, γDR

F̄
q acting on Rpair

DR . If we view f as a matrix, with respect to the
framings, then γDR acts by f ÞÑ γDR

F̄
˝ f ˝ pγDR

Ē
q´1. Notice that since fpSiĒq Ď SiF̄ , f

ss, in
its matrix form, has to be block diagonal, hence it’s fixed by this γDR-action. Thus γDR acts

on pRtrip

DR,Ēss,F̄ ss,f ss
.

On the other hand, since this is just a cocharacter of GLr ˆ GLs, it also acts, by γDol, on
pRtrip
Dol . The Mochizuki’s correspondence SMps fixes the fiber, i.e. Ēx “ SMps

pĒqx, and it pre-

serves the socle filtration, so γDol fixes SMps
pĒss, F̄ ss, f ssq. Thus it acts on pRtrip

Dol,SMpspĒss,F̄ ss,f ssq
.

Proposition 4.7. The formal isomorphism ΨĒss,F̄ ss,f ss in Theorem 4.6 is equivariant.

Proof. For artinian local ring A, we have by definition

ΨĒss,F̄ ss,f sspĒ
ss
A , F̄

ss
A , fAq “ pτEss,F sspĒss

A , F̄
ss
A q, H0

pΦAqpfAqq
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and τEss,F ss is equivariant by Proposition 3.7. Notice that the γDR acts by conjugation on
HomApĒss

A , F̄
ss
A q, hence by conjugation on the logarithmic De Rham complex. Equivariance

of τEss,F ss and functoriality of ΦA then gives a commutative diagram

KDR,ApĒss
A , F̄

ss
A q KDol,ApτEss,F sspĒss

A , F̄
ss
A qq

γDRptq ¨ KDR,ApĒss
A , F̄

ss
A q γDolptq ¨ KDol,ApτEss,F sspĒss

A , F̄
ss
A qq

ΦA

γDR
F̄ ss ptq˝p´q˝γDR

Ēss ptq´1 γDol
F̄ ss ptq˝p´q˝γDol

Ēss ptq´1

ΦA

hence H0pΦAq is equivariant. □

5. Construction of the equivalence functor and its properties

5.1. Equivariant complex and algebraization. Let pG,mq be an algebraic group over
C, and B be a finite type scheme over C with a G-action:

a : G ˆ B Ñ B, π : G ˆ B Ñ B

where a specifies the action, and π is the projection.

Definition 5.1 ([Sta26, Tag 03LF]). A G-equivariant quasicoherent OB-module on B is a

pair pF , αq where F P QCohpOBq and α is a OGˆB-linear isomorphism α : a˚F »
ÝÑ π˚F such

that the diagram

pidG ˆ aq˚π˚F π˚
2F

pidG ˆ aq˚a˚F pm ˆ idBq˚a˚F

π˚
12α

pidGˆaq˚α pmˆidBq˚α

commutes in the category of OGˆGˆB-modules, where π2 : GˆGˆB Ñ B, π12 : GˆGˆB Ñ

G ˆ B are projections.

Definition 5.2.

(1) A G-equivariant complex of OB-modules is a cochain complex pK‚, d‚q where each

Ki is a G-equivariant quasicoherent OB-module with αi : a
˚Ki »

ÝÑ π˚Ki, and each
di is G-equivariant

αi`1 ˝ pa˚diq “ pπ˚diq ˝ αi

(2) Let Z be a C-scheme with a trivial G-action, and pr1 : ZˆB Ñ B be the projection.
Denote

ã – idZ ˆ a : G ˆ Z ˆ B Ñ Z ˆ B

π̃ – idZ ˆ π : G ˆ Z ˆ B Ñ Z ˆ B

the action and projection on Z ˆB. A G-equivariant complex of pr´1
1 OB-modules is

a cochain complex pK‚, d‚q where each Ki is a G-equivariant OZˆB-module, and

αi`1 ˝ ã˚
Bd

i
“ pπ̃˚

Bd
i
q ˝ αi

https://stacks.math.columbia.edu/tag/03LF


30 QUOC ANH TRAN

where ã˚
BF – pr´1

02 OGˆB bã´1pr´1
1 OB

ã´1F , with π̃˚
B similarly defined.

Lemma 5.3.

(1) Let Y be a C-scheme with a G-action. Let f : Y Ñ B be a G-equivariant morphism,
and pK‚, diq a G-equivariant complex of OY -modules (meaning each di is OB-linear).
Then f˚K‚ is a G-equivariant complex of OY -modules.

(2) Let T be another C-scheme with a G-action, and g : T Ñ B a G-equivariant mor-
phism. Form the fibred diagram

Z ˆ T Z ˆ B

T B

idZˆg

pr1 pr1

g

Suppose that pK‚, diq is a G-equivariant complex of pr´1
1 OB-modules on ZˆB. Then

g˚
BK

‚ – pr´1
1 OT bpidZˆgq´1pr´1

1 OB
pidZ ˆ gq

´1K‚

is a G-equivariant complex of pr´1
1 OT -modules.

Proof. See [Sta26, Tag 03LG]. □

Let l P tDR,Dolu. Recall that we have the moduli of pairs Rpair
l pr, sq. On X̄ ˆRpair

l pr, sq
we have universal bundles Ēuniv

l , F̄ univ
l , with the logarithmic complex ClpĒuniv

l , F̄ univ
l q. We

have a G – GLr ˆGLs-action on X̄ ˆRpair
l pr, sq which acts trivially on X̄ and by change of

framings on Rpair
l pr, sq. Let pr1 : X̄ ˆ Rpair

l pr, sq be the projection.

Proposition 5.4. CDolpĒ
univ
Dol , F̄

univ
Dol q is a G-equivariant complex of OX̄ˆRpair

Dol pr,sq
´modules.

CDRpĒuniv
DR , F̄ univ

DR q is a G´equivariant complex of pr´1
1 ORpair

DR pr,sq
-modules. KlpĒuniv

l , F̄ univ
l q “

Rppr1q˚ClpĒuniv
l , F̄ univ

l q is a G-equivariant complex of ORpair
l pr,sq

-modules.

Proof. Let’s prove the first statement; the second one uses the same argument just with
different linear structures. Let a : GˆRpair

Dol pr, sq Ñ Rpair
Dol pr, sq, π : GˆRpair

Dol pr, sq Ñ Rpair
Dol pr, sq

be the action and projection on Rpair
Dol pr, sq. Denote ã “ idX̄ˆa, π̃ “ idX̄ˆπ the action (trivial

on X̄) and projection on X̄ˆRpair
Dol pr, sq. Notice that the G-action only changes the framings,

not the underlying bundles, so if we forget about framing (which is fine since the complexes
don’t care about framing), uniqueness of universal bundle gives canonical isomorphisms of
logarithmic Higgs bundles

αĒ : ã˚Ēuniv
Dol

»
ÝÑ π̃˚Ēuniv

Dol , αF̄ : ã˚F̄ univ
Dol

»
ÝÑ π̃˚F̄ univ

Dol

which satisfies the cocycle condition because change-of-framing on Rpair
Dol pr, sq just induces a

change-of-framing on the universal bundles. This induces, by functoriality, an isomorphism

αHom : ã˚HompĒuniv
Dol , F̄

univ
Dol q

»
ÝÑ π̃˚HompĒuniv

Dol , F̄
univ
Dol q, ϕ ÞÑ αF̄ ˝ ϕ ˝ α´1

Ē

which satisfies the cocycle condition because αĒ, αF̄ do. Thus HompĒuniv
Dol , F̄

univ
Dol q is G-

equivariant via αHom, and the remaining term of the complex

HompĒuniv
Dol , F̄

univ
Dol q b Ω1

X̄ˆRpair
Dol pr,sq{Rpair

Dol pr,sq
plogD ˆ Rpair

Dol pr, sqq

https://stacks.math.columbia.edu/tag/03LG
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is equivariant via αHom b 1. Since αĒ and αF̄ are isomorphisms of Higgs bundles, they
commute with the Higgs fields:

pαĒ b 1q ˝ pã˚θĒq “ pπ̃˚θĒq ˝ αĒ, pαF̄ b 1q ˝ pã˚θF̄ q “ pπ̃˚θF̄ q ˝ αF̄

We also have that the induced Higgs field on HompĒuniv
Dol , F̄

univ
Dol q is

θHompϕq “ θF̄ ˝ ϕ ´ pϕ b 1q ˝ θĒ

and, by plugging in, we have that pαHom b 1q ˝ ã˚θHom “ π̃˚θHom ˝ αHom. Thus θHom is
G-equivariant.

For the last statement, we can use base change

a˚Kl “ a˚Rppr1q˚Cl » Rppr12q˚ã
˚Cl » Rppr12q˚π̃

˚Cl » π˚Rppr1q˚Cl » π˚Kl

and functoriality preserves the cocycle diagram. □

From now on, consider the scaling Gm-action on A1
t .

Lemma 5.5. Let K‚ be a Gm-equivariant complex of OA1
t
-modules. Suppose that K‚ is

perfect. Then K‚ is equivariantly quasi-isomorphic to a bounded complex of finite rank
graded free Crts-modules

Ki
»
à

j

Crrtsspwijq

with degree 0 differentials di.

Proof. Gm-equivariant quasicoherent OA1
t
-modules are just graded Crts-modules. The cate-

gory of graded Crts´modules have enough projectives, and perfectness gives bounded graded
projective resolution. Finally, Crts is graded-local, so by [BH98, Proposition 1.5.15(d)],
graded projective Crts-modules are free. □

Lemma 5.6. Let Y be a finite type C-scheme with a Gm-action. Let y0 P Y be a fixed point
which has an invariant affine neighborhood. Then we have a bijection

␣

Gm ´ equivariant pA1
t , 0q Ñ pY, y0q

( »
ÝÑ

!

Gm ´ equivariant pSpf Crrtss, 0q Ñ ppYy0 , y0q

)

Remark. We will apply this lemma only to Y “ RDR{Dol, R
trip
DR{Dol with y0 either a polystable

bundle or a triple pĒ, F̄ , fq with Ē, F̄ polystable. In the first case, by GIT theory we know
that the existence of a GLr-invariant affine neighborhood is guaranteed. For the second case,
notice that Rtrip

DR{Dol Ñ Rpair
DR{Dol is affine, so we can pull back the GLr ˆ GLs-invariant affine

neighborhood around pĒ, F̄ q P Rpair
DR{Dol.

Proof. Let U “ SpecB be a Gm-invariant affine neighborhood containing y0, and m0 Ă B
the maximal ideal corresponding to y0. Let the Gm-action on U be denoted by γ : B Ñ

B bC Cru, u´1s, which is equivalent to a grading B “ ‘mPZBm where if γpbq “
ř

bn b un

then bn P Bn. This actions completes to γ̂ : pBm0 Ñ pBm0
pbCCru, u´1s. Let pα : pBm0 Ñ Crrtss
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be a γ̂-equivariant arc, i.e.,

pBm0
pBm0

pbCCru, u´1s

Crrtss CrrtsspbCru, u´1s

γ̂

pα pαbid

tÞÑtbu

Denote ι : B Ñ pBm0 . For b P Bm, γ̂pιpbqq “ ιpbq b um, so pαpιpbqq P Crrtssm. It follows
that α – pα ˝ ι : B Ñ Crrtss has image contained in Crts, hence giving an algebraic arc.
Uniqueness of α trivial. □

Lemma 5.7. Let K‚, L‚ be perfect Gm-equivariant complexes on A1
t . We can assume that

K‚, L‚ are both graded free by Lemma 5.5, and denote

K̂‚ – K‚
bCrts Crrtss, L̂‚ – L‚

bCrts Crrtss

be the restriction to the formal neighborhood of A1
t at 0. Then every continuous Gm-

equivariant morphism f̂ : K̂‚ Ñ L̂‚ algebraizes uniquely to a Gm-equivariant f : K‚ Ñ L‚.
Furthermore, if f̂ is a quasi-isomorphism, so is f . In particular f |t“1 : K

‚|t“1 Ñ L‚|t“1 is a
quasi-isomorphism.

Proof. Notice that a Gm-equivariant map is just a degree 0 map between graded free modules
here. For two graded free summands Crrtsspwq and Crrtssplq, a degree 0 map Crrtsspwq Ñ

Crrtssplq is equivalent to multiplication by a homogeneous element in Crrtssl´w. The same
is true for Crts, and notice that Crtsm “ Crrtssm for all m P Z, so completion induces an
isomorphisms of degree 0 parts

Hom‚
CrtspK

‚, L‚
q0

»
ÝÑ Hom‚

Crrtss,contpK̂
‚, L̂‚

q0

and taking H0 gives the algebraization statement.
Now suppose that f̂ is a quasi-isomorphism. Put C‚ – Conepfq, then Ĉ‚ “ Conepf̂q is

acyclic. The support of HjpC‚q, which is a graded Crts-module, is a closed Gm-invariant
subset of A1

t , so it’s either 0 or A1 or HjpC‚q “ 0. Since Crtsptq Ñ Crrtss is faithfully flat,

and HjpC‚qptq bCrtsptq
Crrtss » HjpĈ‚q “ 0, we get that HjpC‚qptq “ 0 for all j. Thus 0 is

not in the support of HjpC‚q, hence HjpC‚q “ 0 for all j. We get that C‚ has to be acyclic;
equivalently, f is a quasi-isomorphism. □

5.2. Construction on objects. Fix x P X “ X̄zD. We will first define the functor

SM : ConnnilppX̄,Dq Ñ Higgs0,ssnilppX̄,Dq

extending SMps on objects. Let Ē P ConnnilppX̄,Dq, pick a framing ϕ : Ēx Ñ Cr and a
splitting of Ēx adapted to the socle filtration S‚Ē. Let Ēss – grSĒ. We then get a Rees
cocharacter γĒ : Gm Ñ GLr which induces a Gm-action γ

DR
Ē

on RDRprq; this Gm-action fixes

Ēss hence induces an action on pRDR,Ēss . The same γĒ acts on RDolprq and pRDol,SMpspĒssq by

γDol
Ē

. We also have a Gm-equivariant arc

αDR
Ē : A1

t Ñ RDRprq, αDR
Ē p1q “ pĒ, ϕq, αDR

Ē “ pĒss, grSϕq
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Complete at t “ 0 to get an equivariant formal arc pαDR
Ē

: Spf Crrtss Ñ pRDR,Ēss , and then
compose with the Rees equivariant isomorphism Proposition 3.7,

τE : pRDR,Ēss
»
ÝÑ pRDol,SMpspĒssq

By Lemma 5.6, we can algebraize τE ˝ pαDR
Ē

to get an algebraic arc αDol
Ē

: A1
t Ñ RDolprq.

Define SMpĒq “ αDol
Ē

p1q forgetting the framing. Pulling back the universal family along αDol
Ē

gives a Gm-equivariant framed Higgs bundle on X̄ˆA1, which is equivalent to a Rees family
associated to a filtration FĒ by Higgs subbundles with grFĒSMpĒq “ αDol

Ē
p0q “ SMps

pĒssq.

By the following proposition, αDol
Ē

p1q P Higgs0,ssnilppX̄,Dq.

Proposition 5.8. SMpĒq has nilpotent residue.

Proof. Since grFĒSMpĒq “ SMps
pĒssq, every graded summand of FĒ has nilpotent residues.

FĒ is a filtration by sub Higgs bundles, i.e., θpFiq Ă Fi b Ω1
X̄

plogDq, so any residue Np

around p P D must also preserve FĒ. Pick a basis at p adapted to FĒ, then Np is a block
upper triangular matrix, with diagonal blocks nilpotent, so Np must be nilpotent as well. □

Proposition 5.9. With the framing fixed, two different splittings of the socle filtration give
the same framed bundle αDol

Ē
p1q. Changing the framing induces a change-of-framing action

on αDol
Ē

p1q. After forgetting the framing, the resulting bundle is well defined up to a canonical
isomorphism.

Proof. Fix a framing ϕ : Ēx Ñ Cr. Let s, s1 :
À

j gr
S
j Ēx

»
ÝÑ Ēx be two different framings, and

write Ēx “ sp
À

j gr
S
j Ēxq —

À

j Gj. Put υ – s1 ˝ s´1 : Ēx Ñ Ēx. With respect to a basis

adapted to Ēx “
À

j Gj, write υ in block form pυi,jq where υi,j : Gj Ñ Gi. Notice that for

w P Gj, s
´1pwq P grSj Ēx, thus s

1pwq P SjĒx, and s
1pwq mod Sj´1Ēx “ w hence

υi,j “ 0 for i ą j, ui,i “ idGi

Recall that for the splitting s, the Rees cocharacter γs : Gm Ñ GLpĒxq is γsptq|Gj
“

t´j ¨ idGj
. Define φυ : Gm Ñ GLpĒxq by φυptq – γsptq ˝ υ ˝ γsptq

´1. In a basis adapted to
Ēx “

À

j Gj, we have the block form pφυptqqi,j “ tj´iυi,j. All exponents are nonnegative,

φυp0q “ id, φυptq ´ id is nilpotent, so by expanding pid` pφυptq ´ idqq´1 we get a polynomial
inverse φυptq´1. Define gυ : Gm Ñ GLpĒxq by gυptq – υ ˝ φυptq´1. Since γs1 “ υ ˝ γs ˝ υ´1,
we have

gυp0q “ υ, gυp1q “ id, gυpt1 ¨ tqγspt
1
q “ γs1pt1qgυptq, αDR

Ē,s1ptq “ gυptq ¨ αDR
Ē,sptq

For An “ Crts{ptn`1q, the change-of-framing of the An-point is gυptq mod tn`1. Functori-
ality of (3.3) (follows from the same diagrams in the proof of part (3)) gives that

τpEss,ϕ˝s1q ˝ pαDR
Ē,s1ptq “ gυptq ¨ pτpEss,ϕ˝sq ˝ pαDR

Ē,sptqq

which are both γs1-equivariant. By uniqueness of algebraization,

αDol
Ē,s1ptq “ gυptq ¨ αDol

Ē,sptq

and since gυp1q “ 1 we get the first statement. The change of framing is a matrix T ; it
is trivial to check that in each step of taking the Rees arc, formal isomorphism τEss , and
algebraization, we are just conjugating by this fixed matrix. Hence αDol

pĒ,T˝ϕq
ptq “ T ¨αDol

pĒ,ϕq
ptq.
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Forgetting the framing gives a canonical isomorphism (coming from that of framed bundles)
of the underlying bundles at t “ 1. □

5.3. Construction on morphisms. Now consider Ē, F̄ P ConnnilppX̄,Dq. We have Gm-
equivariant arc of pairs αDR

Ē,F̄
“ pαDR

Ē
, αDR

F̄
q with a diagram

Spf Crrtss Rpair

DR,pĒss,F̄ ssq

Rpair

Dol,SMpspĒss,F̄ ssq

pαDR
Ē,F̄

pαDol
Ē,F̄

τĒss,F̄ ss

where we can then algebraize pαDol
Ē,F̄

to get αDol
Ē,F̄

: A1
t Ñ Rpair

Dol pr, sq. Let K
univ
l be the universal

complex on Rpair
Dol pr, sq, and define

Pl

Ē,F̄
– Lpαl

Ē,F̄
q

˚Kuniv
l

then base change gives, for ιt the restriction on A1
t ,

Lι˚1P
DR
Ē,F̄ “ RΓpX̄, CDRpĒ, F̄ qq

Lι˚1P
Dol
Ē,F̄ “ RΓpX̄, CDolpSMpĒq, SMpF̄ qqq

For An – Crts{ptn`1q, pull back the quasi-isomorphism (4.8) along pαDR
Ē,F̄

|An , and compat-

ibility with An`1 Ñ An then gives a quasi-isomorphism

pΦα
Ē,F̄ : pPDR

Ē,F̄

»
ÝÑ pPDol

Ē,F̄

which is equivariant, by Lemma 5.3, with respect to γDR, γDol. By Lemma 5.7, we get an
equivariant quasi-isomorphism

Φα
Ē,F̄ : PDR

Ē,F̄

»
ÝÑ PDol

Ē,F̄

and restricting to t “ 1 we get

ΦSM
Ē,F̄ : RΓpX̄, CDRpĒ, F̄ qq

»
ÝÑ RΓpX̄, CDolpSMpĒq, SMpF̄ qqq (5.1)

On the other hand, for f : Ē Ñ F̄ , functoriality of the socle filtration gives ft – ReesSpfq

(which is a morphism over A1
t ), and an equivariant arc of triples

αDR
f : A1

t Ñ Rtrip
DR pr, sq, αDR

f p1q “ pĒ, F̄ , fq, αDR
f p0q “ pĒss, F̄ ss, f ss

q

Then by Proposition 4.7 and Lemma 5.6, we get αDol
f : A1

t Ñ Rtrip
Dolpr, sq by algebraizing

ΨĒss,F̄ ss,f ss ˝ pαDR
f . The pair of bundles in αDol

f ptq is exactly that of αDol
Ē,F̄

ptq. For each t P A1
t ,

let sDol
f ptq be the morphism of αDol

f ptq.

Lemma 5.10. sDol
f p1q “ H0pΦSM

Ē,F̄
qpfq.

Proof. Notice that over A1
t , ReesSĒ “ pαDR

Ē
q˚Ēuniv (same for F̄ ) so by base change for

logarithmic De Rham complex, ReesSf is an element of

H0
pA1

t ,LpαDR
Ē,F̄ q

˚Kuniv
DR q “ H0

pA1
t , P

DR
Ē,F̄ q
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hence by Lemma 3.10, is equivalent to a section sDR
f : A1

t Ñ M0
A1
t
pPDR

Ē,F̄
q with sDR

f p1q “ f ; in

fact sDR
f ptq is exactly the morphism in the triple αDR

f ptq. Applying M0pΦα
Ē,F̄

q gives

sMf : A1
t

M0pΦα
Ē,F̄

q˝sDR
f

ÝÝÝÝÝÝÝÝÝÑ MA1
t
pPDol

Ē,F̄ q

We have the following diagram, by definition of ΨĒss,F̄ ss,f ss ,

pRtrip

DR,pĒss,F̄ ss,f ssq
pRtrip

Dol,SMpspĒss,F̄ ss,f ssq

M0
pRpair
DR

pKuniv
DR qf ss M0

pRpair
Dol

pKuniv
Dol qSMpspf ssq

ΨĒss,F̄ ss,fss

» »

M0pΦuniv
Ēss,F̄ ss q

and, by construction above, M0pΦuniv
Ēss,F̄ ssq pulls back to M0ppΦα

Ē,F̄
q, so psDol

f “ psMf . Uniqueness

of equivariant algebraization then gives sDol
f “ sMf . In particular,

sDol
f p1q “ sMf p1q “ H0

pΦα
Ē,F̄ |t“1qpsDR

f p1qq “ H0
pΦSM

Ē,F̄ qpfq

as desired. □

Now we will define the functor SM on morphisms: SMpfq – H0pΦSM
Ē,F̄

qpfq.

Theorem 5.11. SM : ConnnilppX̄,Dq Ñ Higgs0,ssnilppX̄,Dq is a C-linear functor.

Proof. For this proof, we consider SMpfq “ αDol
f p1q, which is harmless by the previous lemma.

For composition Ē
f
ÝÑ Ē

g
ÝÑ Ḡ, we have ReesSpg ˝ fq “ ReesSpgq ˝ ReesSpfq, and we have

two different equivariant arcs αDR
g˝f : A1 Ñ Rtrip

DR,g˝f and pαf , αgq : A1
t Ñ Rtrip

DR,f ˆ Rtrip
DR,g. By

Theorem 4.6, we get a diagram, where µl are induced by compositions,

Spf Crrtss

pZDR,f,g
pZDol,SMpspf,gq

Spf Crrtss

pRtrip

DR,Ē,Ḡ,g˝f
pRtrip

Dol,SMpspĒ,Ḡ,g˝fq

ppαDR
f ,pαDR

g q

ΨĒ,F̄ ,fˆΨF̄ ,Ḡ,g

µDR µDol

pαDR
g˝f

ΨĒ,Ḡ,g˝f

so it follows that for the algebraized arcs, αDol
g˝f p1q “ αDol

g p1q ˝ αDol
f p1q. Identity being pre-

served, as well as linearity, follows from the same argument using Theorem 4.6. □
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5.4. Proof of equivalence.

Proposition 5.12. SM is fully faithful.

Proof. Taking H0 of (5.1) we get

H0
pΦSM

Ē,F̄ q : HomConnnilppX̄,DqpĒ, F̄ q
»
ÝÑ HomHiggs0,ssnilppX̄,Dq

pSMpĒq, SMpF̄ qq

and SMpfq “ H0pΦSM
Ē,F̄

qpfq so we are done. □

Proposition 5.13. SM is exact and preserves the socle filtration. Moreover, for each Ē P

ConnnilppX̄,Dq, the filtration FĒ on SMpĒq coming from the algebraized Rees arc αDol
Ē

is the
socle filtration of SMpĒq.

Proof. SM is fully faithful, preserves length, and is essentially surjective on simple objects
since the restriction to semisimple objects is SMps which is an equivalence.

Consider 0 Ñ Ē
i

ÝÑ F̄ . Suppose for the sake of contradiction that ker SMpiq ‰ 0. Since

the categories are finite-length, there must be a nonzero simple subobject 0 Ñ ADol uDol

ÝÝÑ

ker SMpiq. By essential surjectivity on simple objects, ADol “ SMpADRq, and fullness then

lifts ADol uDol

ÝÝÑ SMpĒq to a nonzero morphism ADR uDR

ÝÝÑ Ē. Next,

SMpi ˝ uDR
q “ uDol

˝ SMpiq “ 0

so by faithfulness, i ˝ uDR “ 0. But kerpiq “ 0 so ADR “ 0, which is a contradiction. That
SM preserves Ē Ñ F̄ Ñ 0 follows from a dual argument. Thus SM is exact.
For Ē P ConnnilppX̄,Dq, SMpsocpĒqq is semisimple, hence lies in socpSMpĒqq. Conversely

every simple subobject of SMpĒq lifts to a simple subobject of Ē, hence SMpsocpĒqq “

socpSMpĒqq. By exactness, we can induct to get that SM preserves the whole socle filtration.
For the last fact that FĒ “ S‚, consider the inclusion f : SiĒ ãÑ Ē. This induces

ReesSf : ReesSpSiĒq ãÑ ReesSpĒq. By the proof of Lemma 5.10, we get a morphism over
A1
t by algebraizing the Rees section ReesSf ,

sDol
f : ReesFĒ

pSMpSiĒqq Ñ ReesFĒ
pSMpĒqq

which is Gm-equivariant and where sDol
f p1q “ SMpfq. Hence sDol

f p1q is injective by exactness.

At t “ 0, sDol
f p0q “ SMps

pf ssq, and the socle filtration of SiĒ is a truncation of the socle

filtration of Ē, so sDol
f p0q is also injective. In fact we have a diagram

grFSMpSiĒq grFSMpĒq

SMps
pgrSpSiĒqq SMps

pgrSĒq

grF SMpfq“sDol
f p0q

» »

SMpspgrSfq

which implies that impgrFSMpfqq “
À

jďi gr
F
j SMpĒq. Gm-equivariance then implies that

sDol
f is constant rank and injective over A1

t . Let A – impSMpfqq then A Ď FiSMpĒq since

impgrFSMpfqq “
À

jďi gr
F
j SMpĒq. Now, A and FiĒ have the same grF , and same length

hence they have the same ranks. Thus A “ FiĒ. On the other hand, SMpfq the inclusion of
SMpSiĒq into SMpĒq, so A “ SMpSiĒq. Finally FiĒ “ SMpSiĒq “ SiSMpĒq, as desired. □
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We can define an analogous functor, starting from Higgs0,ssnilppX̄,Dq instead,

Inv : Higgs0,ssnilppX̄,Dq Ñ ConnnilppX̄,Dq

and the fact that the algebraized equivariant arcs used for SM are associated to the socle
filtration in Higgs0,ssnilppX̄,Dq means that we can invert every construction of SM to get Inv,
i.e.,

Proposition 5.14. There are natural isomorphisms SM ˝ Inv » id and Inv ˝ SM » id.

Theorem 5.15. SM is a C-linear exact equivalence of categories.

Proof. By the previous proposition, SM is essentially surjective. It is also fully faithful and
exact by Proposition 5.12, Proposition 5.13. □
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