THE NON-ABELIAN HODGE CORRESPONDENCE FOR EXTENSIONS

ON QUASI-PROJECTIVE CURVES
QUOC ANH TRAN

ABSTRACT. Let X be a smooth projective connected complex curve, D < X be a finite
set of reduced points, and X = X\D. We give a moduli-theoretic construction of an
exact equivalence between logarithmic flat bundles on (X, D) with nilpotent residues and
semistable logarithmic Higgs bundles of degree zero with nilpotent residues. This extends
the tame Simpson-Mochizuki correspondence on polystable bundles.
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2 QUOC ANH TRAN

1. INTRODUCTION

On a smooth projective variety, by equipping the underlying C*-vector bundles with a
harmonic metric, Simpson gave a correspondence between semisimple flat connections and
polystable Higgs bundles with vanishing Chern classes. He also extended this to an equiv-
alence of categories between (not necessarily semisimple) flat connections and semistable
Higgs bundles with vanishing Chern classes. This full correspondence was crucial in Cao’s
[Caol9] proof that the Albanese map is locally trivial for projective manifolds with nef an-
ticanonical bundle.

Now let X be a smooth projective curve, D = X a reduced divisor, and put X = X\D.
Write Connyg, (X, D) for the category of logarithmic flat bundles on (X, D) with nilpotent
residues, and Higgsgﬁ;(f( , D) the category of semistable degree 0 logarithmic Higgs bundles
with nilpotent residues. The tame harmonic theory gave an equivalence of the polystable
bundles; in the curve case this was due to Simpson [Sim90], and in general a theorem of
Mochizuki [Moc09]. Our main result is an equivalence for iterated extensions, i.e., non-
polystable bundles:

Theorem 1.1. There exists a C-linear exact equivalence of abelian categories

SM : Conny, (X, D) — Higgse:® (X, D)

nilp
extending the Simpson-Mochizuki equivalence SMY® on polystable bundles.

1.1. Simpson’s approach in the projective case. The bridge from the polystable cor-
respondence to the one above requires control of extensions and compositions of morphisms,
or equivalently cup products. In the projective case, i.e. D = ¢, Simpson [Sim92, Lemmas
2.2 and 3.3-3.5] gave these categories the structure of differential graded categories, where
morphisms and extensions are computed using the following resolutions of the De Rham and
Dolbeault complexes (3.4) (see also the notation of Definitions 2.9 and 2.10)

RI(X, Cpr(E, F)) ~ [A°(Hom(E, F)) £ A'(Hom(E, F)) 2 .. |

RT(X, Cpa (B, F)) ~ | A°(Hom(E, F)) 2% 4 (Hom(E, F)) 22 |
by Hom(E, F)-valued C*-differential forms. He then used the analytic inputs of d¢-lemma
and Kéahler identities to prove a formality result giving an explicit cup-product-compatible
quasi-isomorphism of the two complexes of differential forms. This then allows for a corre-
spondence of all extensions by the theory of differential graded categories. It is worth noting
that an abstract quasi-isomorphism

RI'(X,Cpr(E, F)) ~ RI'(X, Cpa(E, F))
is not sufficient.

In the quasi-projective case, we have similar resolutions by C'* logarithmic forms. How-
ever, Simpson’s Kahler formality argument does not give the desired logarithmic comparison
here. In the context of this paper, one would need a much stronger refinement of Propo-
sition 4.5 which is compatible with cup products on the resolutions by logarithmic smooth
forms. We sidestep this issue, only requiring compatibility with identity and composition
on H°. Instead, our approach is moduli-theoretic, treating a non-polystable bundle as a
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deformation of its semisimplification with respect to the canonical socle filtration (see Sec-
tion 4.1).

1.2. A sketch of the proof. More concretely, given £ € Con nnﬂp(X , D), pick a frame to get
a point in the framed moduli space Rpgr (see Section 3.2). Consider the socle filtration S, F,
the Rees construction gives a family over A! with the fiber over 0 being the semlslmphﬁcatlon

B = grgE. Equwalently, we have a G —equlvarlant arc a2 : A - Rpg. Completing at 0

we get a formal arc a2% : Spf C[[t]] — RDR’ 7. As a consequence of [BBT24, Lemma 8.11]
we get a formal 1somorphlsm

Tps : RpR fss — Rpo1,smps (i5s)
which we prove is G,,-equivariant in Proposition 3.7. Hence we end up with a G,,-equivariant
formal arc a2°' : Spf C[[t]] — Rpg) smps(ps), which can be algebraized by Lemma 5.6 to an

arc a2°': Al — Rpoismps (). Forgetting the framing, let

SM(E) = (1)
which is well-defined by Proposition 5.9. To define SM for a morphism f : £ — F, the natural
idea is to construct a moduli space parametrizing framed triples (£, F, f) called égg (see
Section 3.4) and run the previous argument for triples. The proof of [BBT24, Lemma 8.11]
cannot be repeated here, as they relied on Rp being smooth when X = X\D is an affine
curve; the moduli of triples Rgip is not. Instead, we use the theory of twistor modules with

artinian coefficients to identify the deformation functors of triples. More concretely, we have
a pro-twistor algebra Agss pss Where

Spf]pl AEss7Fss =1 = RDR Ess Fss), SprFM AEss7Fss A=0 =~ RDolSMpS(ESS F'ss)
Any such twistor algebra is trivializable away from A = co (Lemma 2.7), and the formal
isomorphism of pairs
Tpss,pss © RpR (Bss Fss) = Rpol smes (s Fos)
is given by this trivialization. Furthermore, there is a universal A gss pss-admissible variation
of mixed twistor structures (&,.%#) where the fibers over 1, 0 give universal logarithmic flat
pair (&[x=1,-#|x=1) and universal logarithmic Higgs pair (&'[x=0,-% |x=0) over Rpg (gss ps)

and Ry smps(gss, sy Tespectively. Proposition 4.5 then gives a quasi-isomorphism

o : KDR(gA\A:l, 9’)\:1) = KDol(@g’,\:my\,\:o)

whose H° identifies the flat morphisms with the Higgs morphisms. For arbitrary artinian
local A, we get the corresponding quasi-isomorphism for A-deformations by universality and
pulling back. Thus, we have a G,,-equivariant formal isomorphism (Theorem 4.6)

Htrip ptrip
\IjEsstss’fss RDR ESS FSS fss) RDO] SMpb(Ess Fss fss)

and a similar algebraization argument allows us to define SM(f). This W gss pss == is compat-
ible with composition on universal families, hence SM as defined is actually a functor, see
Theorem 5.11. On the other hand, an equivariant algebraization result for complexes on Al
gives a quasi-isomorphism (5.1)

@%, :RI(X, Cpr(E, F)) = RI'(X, Cpoi(SM(E), SM(F)))
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by pulling back the universal logarithmic DR/Dol complexes (Section 3.4) along the equi-
variant arcs. Taking H° gives
HO((I)SE’\,AF) : HomConnnﬂp()_(,D)(Ela F) = HomHiggsg’iT;(X,D)(SM(E% SM(F)>

and by Lemma 5.10, SM(f) = HO(QJSEMF)(f). Consequently, SM is fully faithful. Then a
categorical argument, Proposition 5.13 implies that SM is exact, preserves the socle filtration,
and the filtration on SM(E) = a2°'(1) associated to the algebraized Rees arc a2 is actually
the socle filtration on SM(E). Then, by symmetry, we can do all the constructions in the
reverse direction to get a quasi-inverse functor to SM.

Remark. The curve assumption is mainly used for the comparison Proposition 4.5. If this
can be generalized to higher dimensions, perhaps using a multi-V-filtration, one should get
the full correspondence in all dimensions.

1.3. Acknowledgement. The author would like to thank his advisor, Benjamin Bakker,
for suggesting this project, numerous conversations and suggestions, as well as his enduring
support. The author is also grateful to Izzet Coskun for conversations around moduli of
vector bundles, and Yohan Brunebarbe for his interest and comments toward a previous
version.

2. PRELIMINARIES ON TWISTOR THEORY

We largely follow [BBT24] for the conventions. For the following definitions, our (X, D)
is a pair of a projective smooth complex connected curve X with a set of reduced points D.

2.1. Logarithmic flat connections and Higgs bundles. Let Q}( (log D) be the line bun-
dle of logarithmic one-forms.

Definition 2.1. A logarithmic connection (E, V) is a vector bundle E on X with a C-linear
map V : E — E® Q% (log D) satisfying the product rule V(fs) = df ® s + fVs for local
sections f € Ox and s € E. Locally, using a holomorphic frame around p € X, one can write
d
V=d+ A(z)=

z
and the residue is defined to be

Res,V = A(0) € End(E,)
which is independent, up to conjugacy, of the choice of coordinate and frame.

Definition 2.2. A logarithmic Higgs bundle (E, ) is a vector bundle E on X with a Og-
linear map 6 : £ — E® Q% (log D). Locally, 6 is a matrix of logarithmic one-forms, and its
residue Res,0 is defined to be the coefficient of dz/z, valued at p.

We say that E is stable (resp. semistable) if for every nonzero proper subbundle F' < E,
with 0(F) ¢ F ® Q%(log D), we have u(F) < pu(E) (resp. p(F) < p(E)) where p =
deg /rank.
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Consider (F, V) a flat connection on X = X\D with open immersion j : X < X. By the
Riemann-Hilbert correspondence, this corresponds to a local system on X. Suppose that
the local monodromy 7}, around every p € D is unipotent, and set

N, — —LiogT, — =2 > (=)™ (T, — I)*
= — O [ — - 7 —
P om OB T o o

then N, is nilpotent, and we have the functorial Deligne’s canonical extension (E,V), see
[Del06], which is the logarithmic flat connection on (X, D) satisfying

e the residue at p is N, with eigenvalues 0;
¢ .l ~ E®p, Ox(+D), hence we also call I a logarithmic lattice for the meromorphic
extension.

More explicitly, if s is a multivalued flat section on the punctured disk around p, then
exp(N log z)s is single-valued, and we can form a local basis of F using these single-valued
sections.

If E/, F' have nilpotent residues Ng, Nr at p € D, then

Npgr = Ne®1+1® Np, Npv = —Ng, NuomEr) : ¢+ Npog—¢oNg

and consequently, Deligne’s canonical extension commutes with tensor products, duals, and
internal Hom.

2.2. Mixed twistor structures and algebras. Mixed twistor structures were introduced
by Simpson in [Sim97] as a generalization of Hodge structures.

Definition 2.3. A complex mixed twistor structure (MTS) is a pair (V, W,), where V is
a vector bundle on P!, and W,V is a locally split increasing filtration, called the weight
filtration, by subbundles such that

gtV =~ Op (k)®™ kel
We say that (V,W,) is pure of weight k if V' ~ Op (k)®™. A morphism of MTS is an

Op1-linear filtered map.

These form an abelian, rigid tensor category MTS¢ where every morphism is automatically
strict with respect to the weight filtration. In MTSc¢, tensor products add weights, duals
reverse weights, and we have an unit

T(O) = Opl
pure of weight 0.

Lemma 2.4 ([BBT24, Lemma 4.15]). Fiz a point A\ € P'. Every mized twistor structure
admits a functorial splitting of its weight filtration when restricted to P'\{\}. Furthermore,
the splitting is compatible with tensor products and duals.

Definition 2.5 (7 (0)—MTS-algebra). A 7(0)-MTS-algebra is a commutative unital algebra
object A in MTSg, i.e., A € MTS¢ with morphisms of MTS

TO) S A, ARALS A

satisfying the usual unit, associativity, and commutativity diagrams. Similarly, we can define

a A—MTS-algebra (and module) from a 7 (0)—MTS-algebra A.
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Now, A is also a coherent commutative Op1 —algebra, so we can view it as a relative affine
scheme Specp: A — P!. Then it makes sense to define |A| == A|y—1, which is a complex
algebra.

Definition 2.6 (Artinian local 7 (0)—MTS-algebra). An artinian local 7 (0)-MTS-algebra
is a 7(0)—MTS-algebra A for which |A] is a local artinian C-algebra with residue field C,
together with a morphism A — 7(0).

Since MTSc is abelian, m4 = ker(A — T(0)) is a locally free sheaf on P!. We have a
splitting coming from the unit morphism 7(0) — A, hence a decomposition A = T (0) P m 4.
Morphisms of artinian local 7 (0)-MTS-algebras preserve the unit and residue morphisms,
and together these form a category MTS-Art.

We have the following affine splitting, essentially as a consequence of [BBT24, Lemma
4.35].

Lemma 2.7. Let A be an artinian T (0)—MTS-algebra and K = (K*,d*) a bounded complex
of A-MTS-modules. On A}, = P"\{c0} we have a functorial isomorphism of complezes of
| Al ®c Op1 -modules

e+ Klar > Ou1 ®c K]
which is compatible with morphisms, derived tensor products, and artinian T (0)-MTS-algebra
coefficient base change.

Proof. The functorial splitting of Lemma 2.4 gives
Pa -A|Ax; = (gTWA) |A}\
Since gr}” A is pure of weight k, evaluation gives an isomorphism
evi : H(P', gr) A® Opi(—k)) ®c Opi (k) = gr)’ A
Now, notice that we also have an isomorphism coming from evaluation at A = 1:
H(P', gry A® Opi (—k)) = gry Alsor = [gry Al

thus we can trivialize Op: (k)[41 to get 74 : gr,ZVA|A§ = O ®c ler}V A| which is also func-
torial (since evaluations are functorial) and just the identity at A = 1. Collecting these
isomorphisms, we end up with

pa=(1®@¢ ) oTa0da: Alar = O ®c | A

which is functorial, and compatible with tensor products. Then functoriality with respect
to the multiplication A ® A — A and unit 7(0) — A implies that ¢4 is an isomorphism
of algebras. Let M be a A—MTS-module, then we have the same isomorphism ¢, and
functoriality with respect to the module map AQ M — M gives that ¢ is an isomorphism
of Op1 ®c [Al-modules.

Moving on to a complex K = (K*,d*), for each i we have
PKi - ’Ci|A}\ - OA;\ ® K|

and since each d’ is a morphism of A—MTS-modules, functoriality assembles these ¢y into
a isomorphism ¢gof complexes. Clearly ¢ is functorial. Now suppose we have another
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complex M = (M*,d*), then individual tensor compatibility and flatness of Oy over C
implies

(IC ®Y /\/l) |Ai ~ IC|A§ ®I“4|A1 ./\/l|A§ since open restriction is exact
A

= (OA; ®c |’C!> ®I(7)A§®C|A| (OA; ®c |M|>
~ Op1 ®c (K| ®‘Ij4‘ IM|) since O1 ®c | A is flat over [A|
Finally, for f: A — A’ a morphism of artinian 7 (0)—MTS-algebras,
(A" @4 ]C)|A§\ ~ Op1 ®c (JA'| ®|Ii4| 1K)
as complexes of |A’| ®c OAi —modules, giving compatibility with artinian base change. [

Definition 2.8 (Pro-MTS and pro-7 (0)-MTS-algebra).

(1) A pro-MTS is a pro-object in MTSc.

(2) A pro-T(0)-MTS-algebra is a 7 (0)-algebra object in the category of pro-MTS. Equiv-
alently, it’s an inverse system of 7 (0)—MTS algebras.

(3) A pro-7(0)-MTS-algebra A is complete, noetherian, artinian, or local when |A| is as
a C-algebra.

(4) If A is a pro-7(0)-MTS-algebra, we define a pro-A-MTS-module to be a pro-A-
module object in MTSc.

Remark. In this paper, every pro-T (0)-MTS-algebra A is complete noetherian with
A=1limA,, A,:= A/miyt!

where each A,, is an artinian local 7(0)—MTS-algebra, with quotients A,.; — A, being
morphisms in MTS¢. In this situation, a pro-A-MTS-module can be defined levelwise. We
can also define a formal scheme Spf|A|.

2.3. Harmonic bundles and variations of twistor structures. We first review har-
monic bundles, following [BBT24, Section 7.3]. This theory was developed by Corlette in
[Cor88], Simpson in [Sim90; Sim92], and by Mochizuki in [Moc06; Moc09].

Definition 2.9. Let £ be a complex C*-vector bundle on a complex manifold X equipped
with a flat C'°-connection D. For h a hermitian metric on £, we have a decomposition

D=D,+V
where D), is unitary with respect to h, and ¥ is self-adjoint for h. Take a further type
decomposition into (1,0) and (0,1) components
Dy=0,+0, VU=0+6*
We say that h is pluriharmonic if (6 +&),)2 = 0. A harmonic bundle (£, D, h), equivalently

(€, On, 0, h), is then a smooth complex vector bundle £ with a flat smooth connection D and
a pluriharmonic metric h.

Remark. A harmonic bundle (£, D, h) can be recovered from the data (&, On, 0, h) since Dy,
is the unique Chern connection on (FE, 0,) compatible with h, and 6* is just the adjoint of 6.
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Definition 2.10. Given a harmonic bundle (€, 0y, 6, h) with the above decomposition, the
associated holomorphic flat connection is

(EPR, V) = ((€, D" = &), + 0*),D"" = 0, + 0)

i.e., the holomorphic structure of EPR is given by ), + 6*, and the holomorphic connection
is given by d;, + 6. The associated Higgs bundle is

(EP,6) = ((€,0h),0)
i.e., the holomorphic structure on EP° is given by 0;, and the Higgs field is 6.

Definition 2.11. Let (X, D) be a smooth projective complex variety X with a simple normal
crossing divisor D. A harmonic bundle (£, 4,0, h) on X = X\D is tame if (EP°! 0) is the
restriction of a logarithmic Higgs bundle on (X, D).

A tame harmonic bundle (€, 0y, 8, h) is purely imaginary (resp. nilpotent) if the eigenvalues
of the residues of 6 in a logarithmic extension (EP,§) are purely imaginary (resp. zero).
We say that (€, 0,0, h) has unipotent local monodromy if the local system corresponding
to (EDR, V) has unipotent local monodromy.

Remark. These are independent of the choice of log smooth compactification (X,D) of X,
and of the logarithmic extension (EP°,6).

Theorem 2.12 ([Moc09, Theorem 1.1]). Let (X, D) be a log smooth curve. There is an
equivalence of categories, via purely imaginary tame harmonic bundles with unipotent local

monodromy,
S ss \ ~ . 0,pol v
SMP*: Connyy (X, D) — Higgs i7" (X, D)
between semisimple logarithmic flat vector bundle with nilpotent residues, and degree 0 polystable
logarithmic Higgs bundles with nilpotent residues.

Let oy == C¥XOp be the sheaf of C*-functions on Xp1 := X x P! which are holomorphic
in the P!-direction, and choose generating sections xg, T, € H(P!, Opi(1)) vanishing at 0
and oo respectively. Then we get a derivative

To0x,, /Pt + xngpl/uﬂ LAy — Dx ® Qkpl/zpl(l)

with Qi(ﬂﬂ pi (1) = QxXOp1 (1), where QY is the sheaf of C*-one-forms on X. Let (€, 01,0, h)
be a tame harmonic bundle on X, and define &p1 = £ [X] Op1. Then we have a $03XP1 /Pt +
TopO Xp1 /pi-connection

D = a0(0n + 0%) + 200(0 + 1) : Ep — Em @ Q. (1), D* =0
where we abuse notation so that dj, + 6%, 0 + 0), really mean their natural extensions to Ep:.

Definition 2.13. The resulting (&p1, D) is the variation of pure twistor structures (C—VTS)
of weight 0 associated to the tame harmonic bundle (5 , On, 0, h). We get the weight £ C-V'TS
associated to (8, on, 0, h) by instead taking &1, == € X Op1 (k).

Remark. Every semisimple complex local system on X underlies a purely imaginary tame
harmonic bundle, hence a variation of pure twistor structures.



NAHC FOR EXTENSIONS ON QUASI-PROJECTIVE CURVES 9

Definition 2.14. A graded-polarized variation of mixed twistor structures (C-VMTS) on
X is a triple (¥, W,, D) such that

e 7V is an @/x-module on Xpi; B

oDV >V ® Q&Plﬂpl(l) is a wo0x, p1 + TooOx,, /p1-connection with D? = 0;
W, 7 is a D—{flat increasing weight filtration of Epr;
each (grkW”//, gerD) has a pluriharmonic hermitian metric hy making it a C—VTS
of weight k associated to a purely imaginary tame harmonic bundle.

Morphisms are /yx-linear morphisms which preserve W, and commutes with D.

Remark. The data of a C-VMTS gives a family of holomorphic A-connections, as follows.
Look at the chart P!\{c0}, with x,, being the trivializing section for Op:(1). The restriction
of (7,D) to a fiber A = xp/z4 gives a C*-connection

Dy = a,"Dlxxpy : VA > M@ Q%
Taking the type decomposition D, = D/l\’0 + Dg’l, since D, is a A\d + d-connection,
Dg’l(fs) = ng’ls +0f®s, Di’o(fs) = fD/l\’Os +Af®s

and if f is holomorphic, Dy°(fs) = fDy’s+Adf®s. Then D} gives holomorphic structure
on Vy, and DY’ DY + DYDY = (D3)' = 0 implies that Dy is a holomorphic A-connection
with respect to (Vy, DY),

2.4. Twistor modules and admissible variations with coefficients. We treat the the-

ory of twistor modules as a blackbox. For concrete details and proofs, see [Mocl5; Sab05].
Let Dy be the sheaf of differential operators on a smooth complex variety Y, with its

order filtration F,. We then define Zy = @, F, Dy N*. Locally this is generated over

Oy st = Oy[A] by {Aayi};ij;ly. An Zy—module structure should be thought of as the data

of a A—connection, so a Zy —module which is locally free over Oy [\] gives a flat connection
and a Higgs bundle by taking the fibers A =1 and 0 respectively.

Definition 2.15. An %Zy-triple (A", #",C') consists of two coherent Zy-modules and a
sesquilinear pairing along |A| = 1, see [Mocl5, Section 2.1]. Mochizuki’s category MTM(Y)
of graded-polarized mixed twistor D-modules is a full subcategory of the category of filtered
Py —triples, defined by imposing certain technical conditions on the nearby and vanishing
cycles, see [Mocl5, Section 7.1 and 7.2].

Example 2.16. A polarized C—VTS (resp. graded-polarized C—VMTS) on Y gives a
smooth polarized pure (resp. graded-polarized mixed) twistor D-module on Y. For the pure
case, see [Moc04, Theorem 1.2], and for the mixed case, see [Moc15, Proposition 10.2.11 and
10.3.1] applied to empty boundary.

Remark. The category MTM is abelian [Mocl5, Proposition 7.2.5] and enjoys nice functo-
rialities. In particular, there are formalisms of derived pushforward, tensor products, and
internal Homs [Moc15, Section 14.3].

Definition 2.17. Let (X, D) be a projective log smooth curve with X = X\D, an admissible
variation of mixed twistor structure (C-AVMTS) on X is a mixed twistor D—module on X
whose restriction to X underlies a tame purely imaginary graded-polarizable C—VMTS.
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Example 2.18. A C—VTS, associated to a tame purely imaginary harmonic bundle, has a
canonical admissible extension [Moc04, Theorem 19.2].

Definition 2.19. For a C-algebra A, an A-local system is a locally constant sheaf of finitely
generated A-modules. We say that a A-local system is free if its stalks are finite free A-
modules.

In the following, we will abuse notation to let A be both a 7(0)-MTS-algebra, which is a
vector bundle over P!, as well as the constant variation on X.

Definition 2.20. Let A be an artinian local 7 (0)-MTS-algebra. An A-AVMTS is an
AVMTS 7 on X with a C-VMTS ¥ = j*7 and an action morphism A @z ¥ — ¥
which satisfies the unit and associativity diagrams. The underlying local system of ¥ is a

| A|—local system. It’s free if the underlying |.4|—local system is.
If A is a pro-7(0)—MTS-algebra, then a pro-A—AVMTS is of the form

YV =limY, V=V

where 7 has an underlying |A|—local system, with each ¥#;, a C-AVMTS for which the
quotient map ¥,41 — ¥, is a morphism of C-AVMTS, and for which A/m’\*' = End(¥,,) is
a sub C—MTS. We have a similar notion of freeness here.

Definition 2.21 (artinian 7 (0)-MTS-algebra coefficient base change). It suffices to make

sense of the tensor product A'® 4 for A S A a morphism in MTS-Art. For an A-AVMTS
V', define

Vi = A @Y = coker (A Q@AY A @Y
where a : A/Q@ARY 2L A@A@Y 2 /@Y, and B: A®(ARY) — A®Y. The
resulting A’ ® 4 7 is still an AVMTS since the category of C-AVMTS is abelian. Fiberwise
this is just the regular tensor product.

Let .7 be a C—AVMTS on projective log smooth curve (X, D) with j : X < X, and
YV = j*7 be the C-VMTS on X with unipotent local monodromy. Then we have the
direct image j,7 € MTM(X), with .#[«D] the underlying %5 —module on the affine patch
A} = P"\{oo} (for its construction, see [Mocl5, Lemmas 3.1.1-3.1.4]). For every p € D with
local equation (z = 0), there is a canonical Kashiwara-Malgrange V-filtration V,.Z [« D] such

that we have
A0, :gr) M[+D] = gry,, M[+D] b>—1, z:Vol[+D] > V_1.4[+D)] (2.1)
where the two isomorphisms comes from [Sab05, Remark 3.3.9(5) and Section 3.4.a].

Definition 2.22. Suppose that .7 is a free A-AVMTS with unipotent local monodromy, then
one has a notion of functorial Deligne’s extension (¥, W, %, ¥, ¥', D) for (¥ ,W,,D) = j*T
as well, see [BBT24, Lemma 8.7 and Corollary 8.8]. We can view (#,D) as a family of
A—connections (see the remark following Definition 2.14), and ¥ and ¥’ are logarithmic
extensions on the charts A}, A}_,, respectively. The A-action on ¥ extends to |A| ® Op1

and |A| ® (’)Ai_l—actions on ¥ and 7.
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Remark. Over X # 0,00, these are just the normal Deligne’s canonical extensions (we can
scale each of these by A™! to get a flat connection). Since D x {00} and D x {0} are codimension
2in X x A} and X x Ai,l, these extensions ¥, #” can be classified as the unique locally free
logarithmic extensions which agree with the Deligne’s canonical extensions over A\ # 0, co.

Lemma 2.23. Let A be an artinian local T (0)—MTS-algebra, and ¥V = j*T a free A-
AVMTS with unipotent local monodromy. Let .#|«D] be the underlying Zx-module of j. V.
Then, for every p € D with local equation (z = 0), then we have identifications

VaM[+D) =V, Vod[+D] =221V

which are functorial in ¥ and commute with artinian T (0)-MTS-algebra coefficient base
change.

Proof. For \g € A}, the superscript *) will denote taking a smaller family of A—connections
with A in a small neighborhood of Ag. Let .4 = Z5(+D)®g .#[+D] then [Mocl5, Morphism
(5.15)], with I = {p}, J = K = &, simplifies to

VoZx @vys (V()%X . Qzﬁi"f ///) o AD] (2.3)

with the image defined to be Vb(/\o)// (Mo)[+D]. Notice that Ql())‘(’)/// is a logarithmic lattice
[Moc15, Equation (5.2)], and VpZx is generated by zAd, which preserves logarithmic lattices.
Furthermore, by [Moc15, Lemma 5.3.8] the morphism (2.3) is injective, and we get

Va0 [=D] = QY.a

Finally, Q(()’\O)% has nilpotent residues due to the fact that the relevant KMS datum is
(0,0) and [Mocl5, Section 5.1.2] ; so it agrees with the Deligne extension for A # 0. After
gluing we get V_1.#[+D] = Qo.# where Qo.# is a locally free extension of ¥ which agrees
with ¥ over A # 0, i.e., they agree except for a codimension 2 locus. As a result they must
actually agree, and we get the first equality; the second follows from (2.1).

By functoriality of the V-filtration and the Deligne extension ¥, both are A[A]-submodules
of A [+D]. So the first equality is that of A[A]—submodules. Since this is an equality, to prove
that the identification commutes with artinian 7 (0)—MTS-algebra base change, it suffices
to show that is true for the Deligne extension ¥, i.e., for A — A’ in MTS-Art with A’ = | A'|
we need Yy = ¥ @apj A[A]. Over A = 1, the local system ¥ 1 is by construction
(Definition 2.21) just A’ ® #|x=1. Hence the new local monodromy operator around p € D
is Tp 4 = 1 ®T, 4. The same is true of N, 4 = 2_—731 log T}, 4+ since it’s a finite polynomial
of T}, 4, and thus the exponential lattice also commutes with A — A’. Over A # 0, the
Deligne extension is defined via scaling by A™!, so we get that ¥u = ¥ ®apj A'[A] over
X x Al — D x {0}. Again, these are locally free and D x {0} is codimension 2 in X x A},
so we get a global isomorphism. Functoriality of the Deligne extension over X x A}l gives
agreement as A’[\]—modules. O

3. CONSTRUCTIONS OF MODULI SPACES AND DEFORMATION THEORY

~ For the rest of this section, we work with ()_(_ , D) consisting of a smooth projective curve
X, and a finite set of reduced points D; X = X\D.
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3.1. The framed Betti character variety and universal deformation algebra.

Definition 3.1. For a rank » > 1 and a base point x € X (C), we define the framed character
variety to be the affine scheme

Rp(X,z,r) = Hom(m (X, z), GL,)

Theorem 3.2 ([BBT24, Theorem 4.2]). Let (V, @) be a framed rank r local system underlying
a C-AVMTS V', then the completed local ring @RB(X@,T),(V@) has a pro—T (0)—MTS-algebra
structure Ay with

[Av] = Orpxem.(vie)
and the universal formal local system V underlies a free pro-Ay-AVMTS VY. The universal
framing gg V- @RB(X%T)V(V@) ®c C" is the fiber over 1 of a morphism of pro-Ay-MTS-
modules ¢ : YV, — Ay ®70) T(0)®".

These structures are uniquely determined by the following universal property: For any
artinian local T (0)—MTS-algebra A and any A-AVMTS % with a framing ¢ : U — A®4
T(0)®" which restricts to (¥, $) mod my, there is an unique morphism Ay — A of local
pro-T (0)-MTS-algebras such that

(Aa (%7 ¢)) =~ A®AV <AV7 (7}7 ¢E)>
or, in other words, Ay represents the functor

A — {framed free A-AVMTS deformations of (¥, )}/ ~

For each p € D, choose a boundary loop 7, around p. Rp(X,z,r) carries a universal
representation

P (X, 2) — GL,.(O(RB))
and we have a universal local monodromy Ty == p"™V(,) € GL.(O(Rp)).
Definition 3.3. The unipotent locus is defined to be the closed subscheme
R (X, z,7r) = V(det(u — T;™) — (u— 1)" = 0)

3.2. The framed De Rham, Dolbeault, and Hodge moduli spaces. Fix = € X(C)
again. For a C—scheme T, denote geometric points to be t—>T. Let Xp =X xT,Dp =

D x T with 7y : Xo — T, and consider the moduli functors

( (Er,0r,9¢) | Er locally free of rank r on X7,

Ox, —linear 67 : Er — Er ® Q%T/T(log Dr),

RD01<T)(T) = < 9T A QT = O, B =~
(E%, 05) semistable of degree 0 on X x {t},

¢ Eplexr ~ OF

(Er,Vr,¢) | Er locally free of rank r on X7,

mp' Op —linear Vr : By — Er ® Q% ,.(log Dr),
Ror(r)(T) = A V2 =0, Vi(fs)=dg,rf®s+ [Virs, / ~
(Ef, Vi) semistable of degree 0 on X x {t},

¢ Eplexr ~ OF
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(X, Er, Var, ®) | Er locally free of rank r on Xy, X e (T, Or),

7T_10T — linear V)\T . ET - ET ® Q IOg DT
R T) = 7 ~
toa () (T) Vir=0, Vir(fs) = )\dXT/Tf®s v vaTs /
¢ Eplaxr =~ OF

Definition /Proposition 3.4.
(1) Rpei(r) is representable by a quasiprojective scheme Rpo (X, D, z,r) parametrizing
degree 0 semistable logarithmic Higgs bundles with a framing.
(2) Rpr(r) is representable by a quasiprojective scheme Rpgr(X, D, z,r) parametrizing
degree 0 semistable logarithmic connections with a framing.
(3) Ruoa(r) is representable by a separated, locally of finite type over A}, algebraic space
Ruoa(X, D, z,7) 2 A} parametrizing logarithmic A—connections with a framing.
With no risk of confusion, we will simplify notation Ry(r) = Ro(X,D,x,r) for [] €
{Dol, Hod, DR}.

Proof. For (1), see [BBT24, Theorem 7.2] and [Sim94, Theorem 4.10]. For (2), see [Nit93,
Theorem 3.3|. Finally, for (3), see [Sim22, Proposition 2.1] O

Remark. The restriction to A = 1,0 of Ry.q(X,D,x,7) gives all logarithmic connections
and all logarithmic Higgs bundles, respectively. These are bigger than Rpr(r) and Rpe (7).
However, we do have

(RHod(T.) ‘/\:O>semistable,deg:0 _ RDOI(T>7 (RHod(T) ‘)\:1>semistable,deg:0 _ RDR(T) (32)

Remark. Notice that we have an algebraic GL, action on all these moduli spaces. For a
T-flat bundle (Er,Vr,¢), g € GL,.(T) acts by g - (Er,Vr,¢) = (Er,Vr,g0¢). The action
Dolbeault and Hodge spaces are similarly defined, and the action on the Betti space is via
conjugation.

Definition 3.5. Similar to the Betti case, we can define the unipotent loci as closed sub-
schemes/algebraic space

lep( )< Ry(X, D,z 1)
for [ € {Dol, Hod, DR}. Furthermore, we have restrictions

nilp nilp nilp semistable,deg=0
RHod(T)|)\=1 = RDR (T‘), <RH0d(T)|/\=0>

3.3. The nilpotent Deligne-Hitchin germ and preferred sections. Let Rgi%’loc()_(, D,x,r)
be the germ of an open neighborhood of Rﬁié%(f(, D, x, 7)™ in Ryoq(X, D, z, 7). Consider
the complex conjugate variety (X¢, D), we can similarly define Riy>'°°(X¢, D¢, 2, 7) and we
have a holomorphic isomorphism

Rgélgloc(xu Dv T, T)’G = R?Ii(l)%loc()?cv Dc? Z, T)|G

= Bp(r)

and there is a gluing procedure to get the nilpotent Deligne-Hitchin germ RE>'*°(r) —
P!, which is a countably finite-type complex analytic space. There is a functor of points

descrlptlon and lep 1OC( ) — P! parametrizes exactly the extensions in Definition 2.22,
after forgetting the welght W, and adding a framing. Thus a C—AVMTS ¥ = j*.7 with
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unipotent local monodromy gives an analytic morphism P! — REP'°(X | D, x, 7).

If we add an artinian local A-action on ¥, then the extended actions on ¥, #” turns them
into vector bundles on X x A} x Spec|.A| and X x A} _, xSpec|A|, respectively. These assembles
into a Specp: A-point of lep °°(r) — P!, hence a P'-morphism Specyi A — REP°(r). For
more details, see [BBT24, Sectlon 8.2 and Corollary 8.8].

Definition 3.6. If ¥ = j*.7 is a C-AVMTS, and ¥ is C—VTS on X, then the resulting
map P! — Rgg’ °¢(X D, x,r) is called a preferred section.

More concretely, if (V,¢) € RE™P(X,z,r)* is a semisimple local system with unipotent
local monodromy, then it underlies a C-VTS with unipotent local monodromy, giving a
preferred section

.ol nilp,loc /
S(v,) P _)RDH (X,D,$,T)
with s1 = s(y,4)(1) being the framed Deligne’s canonical extension of (V, ¢) to a logarithmic
flat bundle, and sp == s, (0) = SMP(s;), i.e., the logarithmic polystable Higgs bundle
which we get via the Mochizuki’s correspondence in Theorem 2.12.

Proposition 3.7. Recall the pro-T (0)—MTS-algebra Ay in Theorem 3.2.

(1) [BBT2/, Lemma 8.11] We have a classifying map for the canonical logarithmic ex-
tension of the universal pro-Ay-AVMTS V :

V¢) Spf[plAV _> lep 100( )

S(v,¢)

nilp,loc ( )

which is an isomorphism onto the completion of Ry along the preferred section.

(2) Specializing at A = 1,0 we get
Spfp Ay iz — RDR( )y  SpfpAv|a=o — Rpai(r),,

where the targets are completions at s; and sy respectively. As a consequence of
Lemma 2.7, we get a trivialization a,, of Ay, and

o —

v = (8]a=0) © PAy.0 © Par 1 © (8]a=1) " : Ror(r),, = Rpa(r),, (3.3)
(3) Let H < GL, be an algebraic group fizing [(V,¢)] € Rp(X,x,r). Then H also

fizes [so] € Rpel(r), [s1] € Rpr(r), and induces HP® and H' actions on Rpg(r),,

and Rpa(r),, respectively. The isomorphism v (3.3), as well as its inverse ! are

equivariant.
Proof. Recall that
(RHod (T) ‘)\:O)semistable,deg=0 _ RDOI(T), (RHod (T) ‘)\:l)semistable,deg=0 _ RDR<T)

and sg,s; are polystable bundles of degree 0. Since semistability and degree 0 are open
conditions, we get the following identifications of completions

REP°(r),  |am1 > Rpr(r),,, Rpp'*(r)

x=0 =~ Rpa(r),,

S(V,9) S(V,¢)

giving (2).
For (3), let’s first prove that H fixes [so] and [s1]. Let (E, V, ¢) be the framed flat bundle
on X associated to (V,¢), V is the sheaf of flat sections of (E,V) and we can canonically
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identify the fibers V, ~ FE, thus justifying the same framing ¢. Furthermore if (E, V) is the
Deligne extension then the framing at x ¢ D is the same ¢ (so s; = (E,V,¢)). Suppose
that g € H fixes [(V,¢)], then g, == ¢t ogo¢ : V, — V, commutes with all monodromy
operators thus extends to an automorphism a, : V' = V satisfying ¢ o a, = g o ¢. Now,
9> commutes with local monodromy hence it preserves the Deligne’s lattice, thus a4 extends
to an automorphism a, : £ — E. And since the framing is the same, a, : (E,V,¢) —
(E,V,god),ie., g fixes [s1].

Via Theorem 2.12, we get an automorphism SM™(a,) of SM™(E,V). The functor is
defined via a tame nilpotent harmonic bundle £ so we have E, = &, = SM®(E,V),. It
follows that g fixes [so] = [(SM™(E, V), ¢)].

Since (V, ¢) is semisimple, we get an automorphism a, of the weight 0 C-VTS ¥ as well,
thus the change of framing (% ,¢) — (%, g o ) gives an automorphism of the functor of
framed free AVMTS deformations of (#,¢). By Theorem 3.2, we get an automorphism
ay : Ay ~ Ay of pro-T(0)-MTS-algebras. We have a commutative diagram

SpfplAV L) Spr1AV

nilp,loc

ngilli)’loc(r) — Ry (r)

since change of framing commutes with logarithmic extension. By functoriality of Lemma 2.7,
we have

Spla (Avlay ) . > Spfys (Avlay )

PAy, PAy

SpfAl <OARB7(V7¢) @ OA}\) % SpfA1 (OARB,(V,@ ® OA}\)
and together they give the desired equivariance of 7 and 7, L 0

3.4. Moduli spaces of triples. We give a slightly generalized exposition of the ideas in
[Nit05, Theorem 3.3-3.5]. Let B be a C-scheme.

Definition 3.8. A complex K* € D>%(Op) is perfect if, affine-locally on U = B, K* is
quasi-isomorphic to a bounded complex of finite rank locally free Opy-modules. We denote
H°(K*) € QCoh(B) to be the zeroth cohomology object of K*.

Definition 3.9. For K* € D>°(Op) a perfect complex, denote
MP(K*®) = Specg Symy, (H°((K*)"))
where (K*)Y = RHomp, (K*,Op).

Lemma 3.10 ([Sta26, Tag 08JX]+e¢). Let f : T — B be a morphism of schemes and
K* e D?°(Opg) a perfect complex, then we have functorial bijections

Homp (T, M°(K*)) ~ H (T, Lf*K*)


https://stacks.math.columbia.edu/tag/08JX
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Proof. By the proof of [Sta26, Tag 08JX], (T 4, B) — HY(T,Lf*K*) is a fppf sheaf. On

the other hand, (T ER B) — Homp(T, M°(K)) is clearly a fpqc sheaf (representable by
MY(K)), so by [Sta26, Tag 04U0], we can reduce to the case where B = Spec R and K*
is quasi-isomorphic to (P*,d*) a complex of projective R—modules with no negative term.

Then

HO((K*)Y) = coker(Pl’v o, PO’V>

and

d(),v

Homp(T, M°(K*)) ~ Home,, al (SymOB <coker (PI’V — PO’V>>,f*(’)T>
~ Homo, —ale <f*SymOB (coker (Pl’v o, PO’V)> , OT>
~ Homo, _alg <SymOB (f* coker (PLV 4, PO’V>>,OT>
~ Homp,. <f* coker <P1’V o, PO’V> , (’)T>
~ Homp, <coker<f"‘Pl’V o, f*PO’V>,(9T)
~ H° (T, ker(f*PO EACA f*P1>>
~ ker (HO(T, Frpoy 2 o f*P1)> ~ H(T, Lf*K*)

where all these isomorphisms are functorial in 7" — B. O

Definition 3.11. For 7 : MY(H*) — B, the universal section is u € H'(M%(K*), Lr*K*)
corresponding to the identity in Homg(MY(K*), MS(K*)).
Corollary 3.12. For ¢ : B’ — B, there is a canonical isomorphism
MR(K®) xg B' = M2, (Lo*K*)

which is compatible with universal sections, i.e., for © : M2, (L¢*K®) — B/, 7 : M%(K*) —
B, and universal sections u' € HO (M3, (Lo*K*®),L(¢pom)*K*),u € HY(MY(K*),Lt*K*), we
have u' = Lo*(u).
Proof. For T EiR B', denote f : T . B’ % B. We have

Homp (T, My(K*) x5 B') ~ Homp(T, Mg (K*®)) ~ H(T,Lf*K*)

On the other hand,

Homp (T, My, (Le*K*®)) ~ H(T,L(f')*(Lo*K*)) = H(T, Lf*K*)

so by Yoneda we get both statements. 0

Corollary 3.13. Let A be an artinian T (0)-MTS-algebra, and K € D*°(A—MTS — module)
is perfect. Write K = RHom 4(K, A). Then for every morphism of artinian local T (0)-
MTS-algebras A — B we have a bijection

HomA—alg(SymAHO(’Cv)a B) =~ HomD(B—MTS—module) (87 B ®Ij\ K)

which s functorial in B.


https://stacks.math.columbia.edu/tag/08JX
https://stacks.math.columbia.edu/tag/04U0

NAHC FOR EXTENSIONS ON QUASI-PROJECTIVE CURVES 17

Proof. First,
Hom 4 g (Sym 4H°(K), B) ~ Hom 4 75— module (H'(KY), B)
and since XY € DS, we have by degree reason
HOHlD(A—MTs—module) (ICv ) B) = HomAfMTSfmodule(HO(’Cv)a B)
Finally, by push-pull adjunction and duality we get
HomAfalg<SymAH0<,Cv)a B) HOHID(A MTS—module) K, B)

(
~ Hom p(5-MTS—module) (B ®.A K., B)
~ Hom p(s-m1s-module) (B ®4 K)", B)
~ Hom p(s-MTS-module) (B, B ®A K)
as desired. -

Let b : SpecC — B be a closed point, then a C-point of M°(K*) lying over b is the same
as a C—linear map

HO((K°)Y) ®o, Cp — C
which, since (K*®)¥ € D<° is an element of
HY((K*)" ®p, Cb)* ~ H((K* ®p, Ci)")"
~ HO(K. ®](5B Cb) >~ HOIHD((C)((C, K. ®I(7)B Cb)
where the first isomorphism comes from [Sta26, Tag 0AGA].

Definition 3.14. Suppose that A = lim A,, is a pro-7 (0)-MTS-algebra, with A = [A[. Let
= Spf A, K = {K,} € D*°(A,-MTS-module). Then, for K = |K|, one can form a
formal scheme MJ(K) — B. By the previous discussion, a C-point of M} (K) lying over

Spec C L, B is the same as a morphism C — K ®% C. We say that this is a Tate point if it
underlies a morphism in D(C — MTS)

T7(0) - K®Y 7(0)

Proposition 3.15. In the setting above, if s is a Tate point of MY(K) — B = SpfA,
then the completed local ring OM%(K),S underlies a pro-A-MTS-algebra I'. This construction

commutes with pro-T (0)-MTS-algebra coefficient base change, and fiber products over a pro-
T(0)-MTS-algebra base.

Proof. We can work levelwise, and notice that the coordinate algebra of Mg, ., (Ky), which
is Sym, H°(K,,), underlies Sym, H°(KY) which is a A,-MTS-algebra (the differentials of
K are MTS-morphisms, and the category is abelian). A Tate point gives a morphism of
A, —MTS-algebras Sym, H°(K,) — T(0), hence is defined by a MTS-ideal (equivalently,
the quotient still has a MTS structure).

Coefficient base change follows from being bounded above by 0. Indeed, by the argument
in Lemma 3.10, we can pick a locally free quasi-isomorphic P*®, where

HO(K)) = coker(P"Y — P%Y)


https://stacks.math.columbia.edu/tag/0A6A
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hence given A, — A, using right exactness of tensor product we get
HO(KY) ®a, A~ H(K, ®j, A))
Finally, notice that due to being bounded above by 0, HO(KY @ LY) ~ HO(KY) D H(LY)

and we have

MO(Kn> XSpocAn MO(Ln> ~ MO(Kn (&) Ln)
so compatibility with fiber products follows. O

Remark. In this setting where K,, € DZ°(A,, — MTS-module), restriction is exact, so
Mgn(Kn) = MRTL (Kn)|/\=1

by Corollary 3.12. The universal section on M} (K,) is the restriction of the universal
section on My (IC,,).

_For [J € {DR,Dol}, denote B = RE (r,5) = Rr(r) x Ry(s) the moduli of pairs. Let
Xp =X x B, Dg = D x B with projection 75 : Xp — B, and EX", F2"V be the universal
bundles. We can form the complexes

univ univ univ univy V univ univ
Cor(EpR"; FDR') = [HOIn(EDR , FpR") — Hom(EpR", FpR )®Q§2x3/3(10g DB)]

univ univ univ univy ¢ univ univ
Coal(Epa’s Fal') = [Hom(EDol , Fpar’) = Hom(ERy', Fro) )®Q§<x3/3(10g DB)]
Ko(ES™, F5Y) = Rap . Co(ES™, F5™) (3.4)

Proposition 3.16. Ko(EY™, F"Y) is perfect in D(Opg) with no negative cohomology sheaf.
For any f : T — B, we have corresponding families Eqr, Fqr on X x T and we can form
similar complexes. Then the formulation of K commutes with base change, i.e.,

Kor(Eqr, Frr) = L Ko(ESY, FE™)

As a consequence, Kqr(Eqr, For) is perfect in D(Or) and base change works for T" — T
over B as well.

Proof. For the Dolbeault complex, this follows from [Sta26, Tag 0A1G] and that relative
logarithmic Kahler differentials commutes with base change. For the De Rham complex, the
same proof as in [Sta26, Tag 0FMO0] works. O

Proposition 3.17. The schemes

REP(r,s) = MO(KE™) — B (r, s)
represents the functor of framed triples (E, F, f) where E,F are semistable degree 0 loga-
rithmic flat connections (resp. logarithmic Higgs bundle), and f is a flat/Higgs morphism.
If (E,F, f) is a closed point, and A is artinian local, then we have the framed deformation
functor

trip
Def (

:{ (Ea, Fa, fa) | (Ea, Fa) € Def?; 1 (A)
E,F,f)

fa € HY(Kna(Ea, Fa)), famodmy=f }/ -


https://stacks.math.columbia.edu/tag/0A1G
https://stacks.math.columbia.edu/tag/0FM0
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Proof. Let B = REair(r, s). By Lemma 3.10, for T ER B,
Homp (T, REP(r, s)) ~ HO(Lf*K2W)
~ W (Ko (Eor, For))
~H(Cor(Enr, For))

which gives the flat/Higgs morphisms between Eqr and Fr. 0

We also have the Betti moduli space of triples Rgip(r, s), where instead of a univer-
sal logarithmic DR /Dol complex, we work with K* being just the locally constant sheaf
Hom(E™Y, Funiv) with F"Y, UiV heing the universal framed local systems pulled back to
X x Rp(r) x Rg(s).

Proposition 3.18. Let (E, ¢g), (F, ¢r) be framed semisimple complex local systems of rank
r,s on X, with unipotent local monodromy, and f : E — F a morphism of local systems.
Fiz the canonical weight 0 C-VTS &,.% ; f then extends to a morphism of C-VTS. Denote

A~ A~

FE’F’f = ORgip(r,s),(E,F,f)’ AE,F = ORgair(r,s),(E,F) = ORB(T)aE®ORB(S)7F
then we have a pro-T(0)-MTS-algebra Agr on Agp (Theorem 3.2) and the following are
true:
(1) There is a pro-T(0)-MTS-algebra T'g p s with |Tppf| = Upry, and App — Tppy
is a morphism of pro-T (0)—MTS-algebras.
(2) There is a universal triple (&,.F, f) where &, F are free pro-T'g ps-AVMTS and f
a morphism of ' p p-AVMTS, such that for every artinian local T (0)-MTS-algebra
A, pullback gives a functorial bijection

framed free A — AVMTS triples (Ea, Fa, f4)
Hom7(0)—aig(Te,7,7,A) = with fa a morphism of A— AVMTS / ~
(g}ayu f) = (éaAayAafA> mod my

(3) Let E, F be the Deligne extensions of E, F. Then we have identifications

Lersla-r > Ogse mpgy: Tersheo > Opuie sues s, g)

and restrictions of (@?a : f f) give corresponding DR /Dol universal families.

Proof. Let ay : X — pt and ¢ : X x A} — Al be the projection. We will repeatedly make
use of the following lemma

Lemma 3.19. Let A be an artinian local T (0)-MTS-algebra, and &, F free A—AVMTS.
Then

Hom 4—avnirs (6, F) ~ Hompa—mrs—mod) (A, (ax ) Hom 4 (&, F)[-1]) (3.5)

Proof. Let & = (ax)*A[l]. Since &,.% are free we have Hom 4(&,.%) ~ &Y ®4 .-#. By
tensor-hom adjunction,

Hom s_avmrs (&8, -%) ~ Hom s avmrs (27, Hom 4 (&, 7))
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We have a fully faithful embedding A-AVMTS — A-MTM, and by push-pull adjunction
in A-MTM we get

HOIHA_AVMTS(JZ%, HomA(éa, 9)) ~ HOIHA_MTM((CL)()*AU] HOIIlA( ))
o~ HomD(.A—MTS—mod) (./4 (ax) HOHIA((O@, )[ ])
as desired. O

Let A, == Ap p/mi"! and A, == |A,|. From Theorem 3.2, we have universal pair ((5", )
on Ag p. Pulling back gives universal pair (&,, %#,) of A,—AVMTS. Let (see Section 4.2.2
for the relevant definitions)

lCn = (aX)*I—I()_mjxn (gn; yn)[_lL K:lw = RQ*DR%(%I{()JAH(é"n,?n) [*D])

then K, € DZ°(A,, — MTS-module), with K™ being the restriction of &, to the chart A}.
As a result, LK, ~ Li K for ce A}, Let K = {K,} then we can form

MXEF (}C)f = Spfpl FE,F,f
where f is a morphism of C—VTS hence a morphism of C-AVMTS, and by (3.5),
Home-avmrs (€, #) ~ Hompc-mrs) (T(0), (ax)«Homr ) (&, F))

f is a Tate point. We then have that I'g p s is a pro—A g p-MTS-algebra by Proposition 3.15,
giving (1). Next denote

A~

((;@\1"7%) = FE,F,f ®AE,F (573?)

By Corollary 3.13, the universal section f € Homp ,, o —alg(Symy, . HO(KY),Tgpy), given
by composing the universal section of MRE F(IC) with the completion at f, corresponds to a
morphism in D(I'g y ;—MTS — module)

I'err—TEerys ®IAE7F I~ (CLX)*I‘IO_IHFEFJ,(C;@\P, Fr)[—1]

where the last equality comes from (£’A , ) being free (hence Hom commutes with tensor

product). By (3.5), we get a corresponding morphism f & — Fp of Ty F~AVMTS. Now
let (&4, Fa, fa) be a framed free A-AVMTS deformation of (&,.%, f). By Theorem 3.2,
there is a unique Ag p — A such that

(64 Fa) ~ A@n, . (6, 7)
and since f4 is a morphism of A—AVMTS, (3.5) gives a corresponding
A = (ax).Hom 4(64, F4)[-1] ~ A®K, . K

which, by Corollary 3.13, is the same as an Ag p-algebra morphism Sym,  H°(KY) — A.
Since A is artinian, hence complete, we get a factorization 'y .y — A, finishing (2).
Next, by Proposition 4.5 and the De Rham comparison, we have

LLl’Cn &~ RF(CDR(éBn,la yn,l)) =~ RF(I—IO_HH\n (Ena Fn))
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where FE,, F,, are the universal local systems over A,. Thus Corollary 3.12 gives that the
fiber over 1 of I'g p is isomorphic to O purie (BF.f): The other two remaining identifications
B s Ly

in (3) follow from a similar argument, where by Theorem 3.2,

AE,F|,\:1 = OR%‘E‘,(EF)’ AE,F|,\:0 = ORgzglr,SMPS(Ej)
by Proposition 4.5,

LuK ~ RD(Cpr(&1, 1)), LK ~ RT(Cpol(&n, F0))

with (éA"l,%)) universal over @R‘Eﬁg,(E,F) and (é%,é‘;) universal over @R%air,SMps(Eﬁ7F), and
finally that the universal section commutes with restriction due to Corollary 3.12. 0

4. EQUIVARIANT FORMAL DE RHAM - DOLBEAULT CORRESPONDENCE FOR TRIPLES

4.1. The socle filtration and Rees cocharacter. The categories Connnﬂp(X ,D) and
Higgs?l’if;(f( , D) are C-linear abelian of finite length, and extension-closed in the bigger cat-
egories of Dx(log D) and SymTx (— logT')-modules. Their simple objects are, respectively,

irreducible logarithmic flat connections and stable degree 0 logarithmic Higgs bundles.

Definition 4.1 ([Eti415, Definition 1.13.1]). Let C be either of the above categories. For
E € C, denote soc(F) the sum of all simple subobjects of E, i.e., the unique maximal
semisimple subobject. We have the socle filtration S, F

SoFE =0, S\E =soc(E), Si1FE/S;E =soc(E/S;F)

satisfying, for f : £ — F,

(1) f(S;E) < SiF;

(2) S(E@F) = SiE® S;F;

(3) grgF is semistable;

(4) (grsg) o (grsf) = ers(g o f).
Definition 4.2. Let 7 : X x Al — X be the projection. Define the Rees family associated
to S.& to be

Reess(E) = Y #'7*(S;E) © 7 E Qo Ox[t,t ']
1€Z

which is locally free on X x Al and

(1) Reesg(E) has a flat connection (resp. Higgs field) from restricting 7*V (resp. 7*6);

(2) Reesg(E)|t=1 ~ E and Reesg(F)|;—o ~ grgF, equipped with either grgV or grgb;

(3) for f: E — F we have Reesg(f) : Reesg(E) — Reesg(F') from restricting 7* f, and

Reesg(f)|t=1 =~ f, Reess(f)|i=0 >~ grgf, Reess(go f) = Reess(g) o Reesg(f)

Taking framing into account, Reesg(FE) corresponds to a morphism A} — R(r) which
agrees (we can adapt the proof of [HLL10, Lemma 4.4.3]) with the following arc coming from
a G,,-action on R(r). Let the framed fiber be ¢ : E, ~ C" and choose an adapted splitting

E.=@®G, SE.=@G,
i j<i
and v : G,,(C) — GL(E,) where v'(t)|g, = t'idg,. Define v = ¢ o+ 0 ¢ : G,,(C) —
GL,(C). In fact this can be defined as an algebraic action, and for artinian local A, the
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action vg : G,,,(A) — GL,(A) can be defined in exactly the same way. The arc is defined
via the change-of-framing action:

ap : A% - RD(T>? OCE@ 7 O) = ’YE(t) ) (E7¢)7 aE<O) = (grSE7grS¢)

By definition, ag is equivariant with respect to yg. One can also check that [ag(0)] is
fixed by g, thus we have an induced action on Og(+),az(0)-

4.2. A logarithmic De Rham - Dolbeault cohomology comparison with coeffi-
cients. We strengthen a result of Sabbah [BBT24, Lemma 8.12] by adding artinian coeffi-
cients, and composition-compatibility.

4.2.1. Internal Homs with coefficients. Let A be a local artinian 7 (0)-MTS-algebra, and
A = |A|. Let # be a free A-AVMTS, and .#4[+D] the underlying %3 —module of j,.5# on
the chart A}; this has an A[)\] action coming from functoriality of the prolongation, hence the

A superscript. Also denote X = X x A}, Dy = D x A}, and put Kz ap = AN ®cpyy Zx-
Locally, Zx apy is generated over A[A] ®cpy Ox, by Ad.; the same is true for Zx ap (*D)
over A[A]®cpyOx, (+D). Then .43 [+D] is a %X,A —module. Let &,.7 be free A- AVMTS
we can define

Hom 4(&,.7) = ker(Hom (&, F) — Homy o) (A®r) &,.7))

to be the internal Hom in the category of A-AVMTS. This is a C-AVMTS because the
category of C-AVMTS is abelian, and the A-action comes from definition. For the underlying
local system this is just Hom , of A-local systems. Next define, for meromorphic extensions
which also carry A[\]-action,

Mg 7(+D) = Homo . (wp)(Ms(+D), M5 (+D)) = Myom, , (5.7)(+D)
M35 (+D) = Homapgoy, (+0)(Me(+D), M7 (+D))
Proposition 4.3. Define a morphism
Ds,7(+D) 1 Mg 7(+D) — Migs 7(+D), ¢ (a®e— d(a-e) —a- ¢(e))

then Ag #(+D) commutes with A[N]—multiplication and A0, hence a Xx ap(*D)-linear.
We have
Miton ,(5,7)(+D) = ker Mg 5 (+D) = Mz 5(+D)

and a corresponding Zx ap—linear map Ag z[+D] for which

Ag z[*D]

Mz 7[+D] = Miiom ,(6.7)[*D] = ker (J//Homm)(g,ﬁ) [<D] Miom o) (A®E,7) [*D])

Furthermore, this is compatible with the V-filtration,

Vi 5[+D] = ker (v//zm 5 [+D]

WAg, z[+D]
—>

%%HomT(o)( ARE, /)[ D])

Proof. That Ag #(xD) is Zx apy)(+D)-linear can be checked locally. We get the identification
of Myom ,(s.7)(+D) essentially by uniqueness of meromorphic extension. The existence of
Ag z[+*D] comes from [Mocl5, Lemma 3.1.19] which also gives A[A]-linearity. By [Mocl5,
Proposition 9.1.8], Ag #[+D] is strict with respect to KMS-structure, hence the V-filtration.
Finally, [Moc15, Lemma 3.1.20 and 3.1.21] gives the remaining identifications. U
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Corollary 4.4. We have functorial and artinian-base-change-compatible identifications

Voritliom ,s,7)[+D] = Homapjgoy (€, 7)

Vollitom ,(¢,7)[*D] = 2~ Homapgoy (6, F)

Proof. By Lemma 2.23 and the previous proposition, it remains to show that Deligne’s
extension commutes with taking Hom, but this is straightforward from a local monodromy
calculation. U

4.2.2. The comparison. From now on, assume that the A-AVMTS we work with always have
unipotent local monodromy. We have a De Rham complex

DR(#) = DR (M3 [:D]) = [#3[+D) T a3 [-D) @ O, |
Let ¢ : X\ — A} be the projection. Set KYW(#) = Rq.DRy (A4 [+D]) € D°(A[N]).

Since ¢ is a projective morphism, this underlies a twistor object in D*(A — MTS-module).
As a result, we get a splitting from Lemma 2.7, and a fiber identification

oot Lig K () = Ly K ()

On the other hand, we also have the functorial logarithmic extension .7, also equipped
with an A[A]—action, and a logarithmic De Rham complex

() = [ s T S @ O 1 (10 D)
with K'%8(#) == Rq,CW5(#) € D*(A[)]). For free A-AVMTS &,.7, define
CRE(&,7) = Ci¥(Hom(&,.7)), DRy(&, F) = DRy(Hom (8, F))

and similarly ng/tw(é", F). Let ¢, : Spec A — Spec A[A] be the A—restriction, but remem-
bering the A—action.

Proposition 4.5. There is a canonical quasi-isomorphism in D°(A[\])
4, KW () S K8(2) (4.1)

which commutes with artinian T (0)—MTS-algebra coefficient base change, and restricts to
quasi-isomorphisms

Lii K% () ~ RT (X, [%’Q,O 2y Ao @ Ok (log D)]) — K'%(2)
iKY () ~ RD(X, | A1 5> A1 © Ok (log D) |) = K55 () (4.2)
in D°(A), over A =0,1. For A-AVMTS &,.F, let
¢4 5 (X, [Hom, (&, 7),, 5> Hom (€, 7),,, ® Vs (log D) |)

HO (Lo @) HO (@) HO (Lo @)~ HO <

X, [Hom,y(&, ) 1 %> Hom (&, 7)1, ®  (log D) |

be the A-linear H-isomorphism. Then it preserves identity and composition, i.e., for &, F, 9,

Pe.s(ids), deg(vou) =¢34 (V)0 dg #(u)



24 QUOC ANH TRAN

as well as zero, addition, and A-scalars. Equivalently, we have a commutative diagram of
A-modules

HO (K;fﬁ(y,g)) @4 H° (Kfﬁ(ﬁ,ﬁ)) S (Kfﬁ(@@,g))

(4.3)

% o @b% P& g
Ho (Kl‘)g( g)) @4 H° (Kk’g (é",ﬁ)) S & (Kf%(éa,%))
These H-compatibilities also commute with artinian T (0)—MTS-algebra coefficient base

change.

Proof. Work locally near p € D with equation (z = 0). First we check that the isomorphisms
n (2.1),
N0, gty Miyp[xD] = gry My [+D] b > —1, z: Vol y[+D] > V_ 1My [+D]

are compatible with the A[A\]—action. Functoriality of V-filtration gives that each Vy.# 4 [+D]
has a A[A]—action. Functoriality of the prolongation gives that the A[\]—action on .#%[+D]
is #g-linear, hence must commute Ad, and multiplication by O, (in particular z).

Next, we have quasi-isomorphisms (by the previous isomorphisms involving V-filtration):

Vol y[+D] ———— VoM [+D ]®Q /a1 (log Dy)

- 2Qz 1
Vo1t y[+D] , V()//z,ﬁf[*D] ® 0% (4.4)
My [+D]  AAD] O "

where the top square is A[A]-linear since multiplying with z is (and the A[A]-action is on
the left). The bottom square is A[A]—linear because inclusions V},/// +D] — 4 |=D]

is. Now using Lemma 2.23, we can identify the top row with cloe 1, and apply Rg. to get
®y : KY 5 KW which is A[A]—linear, as desired. Now, K% = Rq,C%* satisfies base
change (same proof as in [Sta26, Tag OF\IO]) with restrictions ¢, t; thus giving (4.2).

Compatibility with artinian T (0)-MTS-algebra coefficient base change: This follows from
the identification of top row with C’}fg, given by Lemma 2.23, being compatible, and base
changes

AN @y K3 = K3F, AN @lipy K = K
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HP°-compatibility with composition: For &,.%, denote
\Y
CY(&,F) = (Vo 5[+D) 2o Vot 5 [:D) @ 0% 1 )

and KY(&,.F) = Rq,CY8(&,.F). We will use H® interchangeably with HOT', which is
allowed due to the hypercohomology spectral sequence. In particular, for ¢ € {0, 1},

H? (X,LLszg/v) — HO(LK'Y), HO(X,LifDRy) = HO(LEKY)
Let the quasi-isomorphism coming from (4.4) and applying Rg. be named
K#(&,.7) <= K{(6,F) =5 K{'(£,.7)

which induces A-isomorphisms

c c

HOLGERS(E, F)) <=2 HOLEKY (8, 7)) =5 HALEKY (8,.7))

Restriction is exact for C’fg V" and K}fg 'V since the terms are A-flat, hence first two terms
are just

HY(KR5(8, 7)) = HT(X, CR5(6, 7)), H(KJ (&, 7)) = H'T(X,C) (&, 7))

Notice then that H O(Kfi(éa ,.F)) gives the space of horizontal log-flat sections at ¢ = 1
and log Higgs sections at ¢ = 0. We have compositions for these sections. Since vg 5 is
identity on degree zero, and one can check that composition sends two flat V_;-sections into

a flat V_j-section (with respect to the identification Corollary 4.4), so composition makes
sense for HY(K) .(&,.7)) as well. Define a composition law on HO(LiX K5 (-, —))

fi5 (0, u) =75 4 (TG 4) "0 0 T4 Fu)

then we have a commutative diagram

HOLEKY (Z,9)) ® H(LEKY (6, 7)) — s H(LiKY(6,9))
Vs G®Vs 5 VG o (4.5)

HO(KR5(F.9)) @ HU (KRS, 7)) - » HO(KRH(6.9))

by defining ¢ 5 = (75 5) ' o g 5 : HOLIKY (E,.F)) = HYK (8, F)).

Next, let ax : X — pt, and define Ks 7 = (ax).Hom ,(&, F)[—1] € D*(A—MTS-module).
Its Z5—module, on the Al-chart, is K% (&, %) (because non-proper pushforward is defined
via proper pushforward on the compactification, see [Mocl5, Section 14.3]). So each coho-
mology H’ (K #) is a twistor structure, hence locally free over P!, and for ¢ € {0, 1},

H(Ks.7)r-c ~ H(Lig K3 (&, 7)) (4.6)

Now, on A}-chart, we identified H°(Ks #) with relative A—flat V_;-sections, and defined
a composition law p,,. We also identified V_; piece with the logarithmic extension of the
family of A-connection coming from a AVMTS, so it must agree with composition on X. On
the other hand, composition on X is a morphism of A—AVMTS (use Definition 2.14 and
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the subsequent remark; composition is Dy-flat and A[A]-linear). So fu, is the restriction of
a morphism of A-MTS-modules

i - H'(K74) @ HY (Ke.7) — H(Key)

with fiber over A = ¢ as defined before. Functoriality of the trivialization in Lemma 2.7 then
gives

HOUK 79) o1 @4 HO (K 7)ne1 — 2 HO(K e )| ar

HO (K 79)|r=0 ®a H'(Ks.7)|r=0 — > H(Ks)|r=0

which, combining with (4.5) and (4.6), gives (4.3). Identity extends to identity on the
logarithmic extension, so lies in V_1, hence is fixed by the quasi-isomorphisms in (4.4). Thus
identity is fixed throughout. Every diagram so far has been A-linear, hence we get all desired
compatibilities. 0

4.3. The formal isomorphism of deformation functors for triples. Every bundle be-
low comes equipped with a framing. Consider E, F polystable logarithmic flat connections
with nilpotent residues. By Theorem 3.2, and abusing notation to denote E, F' the corre-
sponding local systems on X = X\D, we have a pro—7 (0)—MTS deformation algebra of
pairs (picking the C-AVMTS on E, F' to be the canonical weight 0 C-VTS)

BE,F = SprnAE Xp1 SprnAF = Spf]PﬂAE,F
whose fibers over 0, 1 are, by Proposition 3.7,

. Dbair . ppair
Bp p[y-1 = RDR,(E,F)’ Bp,plx=0 >~ RDol,SMPS(E,F) (4.7)

and the splitting of Lemma 2.7 identifies the coefficient rings with Ag r = |Ag r|. We have
a universal Ag p—AVMTS pair (£’A , ﬂ/’\) which restricts to the universal family of logarithmic
flat pairs (E’l, ﬁ’l) (resp. universal family of logarithmic Higgs pairs (Eo, ﬁo)) over A = 1
(resp. A =0). For each Agp — Agp, = AEyp/mX?F, pulling back gives Ag g,-universal
(&,,.F,). Tts special mod my fiber has underlying local systems (E, F) with unipotent local
monodromy, hence (&,,.%#,) also has unipotent local monodromy (since mp is nilpotent).
The fibers over A = 1,0 give logarithmic flat pair (E, , Fy,1) and logarithmic Higgs pair
(Eno, Fp). Denote

%@ = I—IO—mAE,F,n ((gana gn)

then Proposition 4.5 gives a quasi-isomorphism (see the definitions in Proposition 3.16)

D, : KDR,AE,FYH(En,la Foi1) > KDol,AE,F,n(En,O, Foo) (4.8)

which commutes with arbitrary artinian base change. If we have f : £ — F a flat morphism,
then it extends to a morphism of the weight 0 C-VTS, and restricts to SM™(f) on A = 0.
Thus H(®g)(f) = SMP*(f).
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Remark. Compatibility of the quasi-isomorphism with arbitrary artinian base change, not
just those coming from morphisms of 7 (0)-MTS-algebras, is due to base change preserving
quasi-isomorphism. However, H°-compatibility with composition does not commute with
arbitrary base change, because H° does not commute with base change.

For ease of notation, for [J € {DR, Dol}, let Bz 5 : REaI(YE 7) with BD £.F,G) being the
completion of the obvious moduli of triples of framed bundles. Notice that we have a similar
trivialization as in (4.7) for BD (&,7,c)- Denote, for f : E—-F,g:F—QG,

. ptrip ptrip
ZD,f,g' RD,EFf Bg( B,FG) ~ O,FGyg

where Rgl% 7.s is the completion of the moduli of (pair + morphism) at (E,F, f); this is

also MR (Kpra(Er, F1)) s for O = DR (and MR(Kpe,a(Eo, Fo))s for O = Dol). Finally, let

U g F s and 3074 be the universal families over RU®

CLEFf and Zﬂf’g.

Theorem 4.6. For (E,F, f) with E, F polystable logarithmic flat connections and f : E —
F', we have an isomorphism

Htrip Htrip
\DE E.f- RDR E,F.f RDol ,SMPS(E.F | f)

Furthermore, if we let upr, tpo1 be morphisms defined by composition on universal families,
then there is a commutative diagram

A~ \IJE F,f X \I/F G g A
ZDR,1.g ? ZDol,SMP(1.g)
HMDR HDol (49)
Rtrlp VY5.6.gof Rtrlp
— 2o
DR,E,G,gof Dol,SMPS(E,G,gof)

and analogous diagrams for direct sums, addition and scalar multiplication of universal maps.

Proof. The isomorphism U: Let A be artinian local. Denote the trivialization of (4.7)

. ppair ppair
TE,F * RDREF RDol ,SMPS(E,F)
By Proposition 3.17, an A point of REEE Pl I

(Ea,Fa, fa), fac H()(KDR,A(EAaFA))a fa modmy = f

since (Ea, F4) is a deformation of (E,F), we have a classifying morphism Agp — A.
This must factor through some quotient A,, hence we can pullback (4.8) to get a quasi-
isomorphism

®4 : Kproa(Ea, Fa) = Kpo,a(Te,r(Ea, Fa))

which is independent of n by base change compatibility. Then
((Ea, Fa), fa) = (TE,p(Ea, Fa), H(®4)(fa))

with inverse constructed using TE?’IF and @', gives a functorial bijection on Artinian points.
By formal Yoneda [Sch68], we get the isomorphism Wz 7 . Compatibility with universal
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families follows from Yoneda.

Compatibility with composition, direct sum, addition, scalar multiplication: Now let E, F, G
be the underlying local system for logarithmic flat connections E, F', G, equipped with the
canonical weight 0 C-VTS. We then have a pro-7 (0)-MTS deformation algebra Ag ¢ whose

fibers over A = 1,0 give BDR g.7.¢ and BDOl sMps(i2,7,G)- Similar statement for universal fam-
ilies <3,§,%> Let
Zpr = Spf T
then by Proposition 3.18, we have a pro-Ag rg-MTS-algebra I' with |I'| = I'. Denote
=T/ml* T, =T,

The morphism Ag e I‘ — T, is a morphism of 7(0)-MTS-algebras, hence pulling back
universal families give éan, s g all I',-AVMTS. Again let their A—fiber be E, A F, A G
Since we are over I' which also parametrizes deformations of f, g, there are universal mor-
phisms

fn € H° (KDR,Fn<En,1> Fn,l))a gn € H° (KDR,FH(Fn,1> Gn,l))

which are just the restriction of the universal morphisms f ,g along I' — I';,. Now by
Proposition 4.5 applied to T',,, H°(®,) commutes with composition. Thus the restriction
of the diagram (4.9) to each I', commutes. Since I' = limI',,, we get the desired diagram.
Compatibility with addition and scalar multiplication follows from the same argument, along
with the fact that H°(®,,) is I',-linear. Direct sum is analogous. O

4.4. Rees equivariance. Consider (£, F, f) with E, F (not ‘necessarily polystable) loga-
rithmic flat connections with framings ¢z, ¢, and f : E — F a flat morphism. Consider
the socle filtrations S, on these bundles, and let

Ea: :@j‘/an Fz :@]‘/]F
be two splittings adapted to S,. Also denote (ESS, Fss, fss) = (grsE, grgl, grsf). Then we

have change-of-framing actions 72", 2%
(¢El © VER © ¢E)|VE =17 ldvE7 ((b;:ﬂl © 'YFDR © ¢F>‘VJF = tijidvf
Let PR = (2%, 4R%) acting on RPAYIf we view f as a matrix, with respect to the

framings, then vP% acts by f+— yR% o f o (yp®)~!. Notice that since f(SiE) € S;F, f*,in
its matrix form, has to be block diagonal, hence it’s fixed by this yPR-action. Thus vP® acts

Htrip
on RDR Eis Fss fis

On the other hand, since this is just a cocharacter of GL, x GLs, it also acts, by Pl on
R5™. The Mochizuki’s correspondence SMP fixes the fiber, i.e. E, = SMpS( E),, and it pre-

serves the socle filtration, so yP°! fixes SMP*(E*, [, f5%). Thus it acts on Rglrl’ SMPs (e s, )
Proposition 4.7. The formal isomorphism W g pes = in Theorem 4.6 is equivariant.

Proof. For artinian local ring A, we have by definition
\DESS’Fss7fss (EAZS, Fzs7 fA) - (TESS7FSS (EZS, Fjs), H0(¢A)(f14))
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and Tpgss g is equivariant by Proposition 3.7. Notice that the 7P* acts by conjugation on
Hom , (E%, F¥), hence by conjugation on the logarithmic De Rham complex. Equivariance
of Tgs pss and functoriality of ®4 then gives a commutative diagram

— — ¢ — —_
KDR’A(EZS7 FZS) A > KDOLA<TESS’FSS (EZS7 Flsqs))
YRR (B)o(—)ory R (1)~ YRS (t)o(—)oyRes(t)
—_ — @ — —
YPR(t) - Kproa(ES, F5) ———— 7P (t) - Kpola(Tgs pe (E5, FY))
hence HY(®,) is equivariant. O

5. CONSTRUCTION OF THE EQUIVALENCE FUNCTOR AND ITS PROPERTIES

5.1. Equivariant complex and algebraization. Let (G, m) be an algebraic group over
C, and B be a finite type scheme over C with a G-action:

a:GxB—-B, w:GxB—->BHB
where a specifies the action, and 7 is the projection.

Definition 5.1 ([Sta26, Tag 03LF]). A G-equivariant quasicoherent Og-module on B is a
pair (F, a) where F € QCoh(Op) and « is a Ogy p-linear isomorphism « : a* F = 7*F such
that the diagram

71'* (63
(idg x a)*7*F e > Ty F
(idg xa)*a (mxidp)*a
(idg x a)*a*F =—————= (m x idp)*a*F

commutes in the category of Ogxaxp-modules, where 1o : GXGXx B — B, w5 : GXGX B —
GG x B are projections.
Definition 5.2.
(1) A G-equivariant complex of Op-modules is a cochain complex (K*,d*) where each
K' is a G-equivariant quasicoherent Og-module with a; : a* K’ = 7*K*, and each
d’ is G-equivariant
a;y1 0 (a*d") = (7*d") o o
(2) Let Z be a C-scheme with a trivial G-action, and pr, : Z x B — B be the projection.
Denote
a=1idy;xa:GxZxB—ZxDB
T=idyxnm:GxZxB—>ZxB
the action and projection on Z x B. A G—Qquivariant complex of pr;*Op-modules is
a cochain complex (K*,d*) where each K' is a G-equivariant Oz g-module, and

a;p10apd = (75d") o


https://stacks.math.columbia.edu/tag/03LF
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where a5F = proy Ogx Qs-1prr 10 a—'F, with 7% similarly defined.

Lemma 5.3.
(1) LetY be a C-scheme with a G-action. Let f 1Y — B be a G-equivariant morphism,
and (K*,d") a G-equivariant complex of Oy -modules (meaning each d* is Op-linear).
Then f*K* is a G-equivariant complex of Oy -modules.
(2) Let T be another C-scheme with a G-action, and g : T — B a G-equivariant mor-
phism. Form the fibred diagram

idZ><g

Z xT Z x B

Suppose that (K*,d") is a G-equivariant complex of pry*Op-modules on Z x B. Then
gpK*® = PTIIOT ®(idz><g)*1prl_1(93 (idz x 9)71K.
is a G-equivariant complex of pryOp-modules.
Proof. See [Sta26, Tag 03LG]. O

Let [J € {DR, Dol}. Recall that we have the moduli of pairs RE™ (1, 5). On X xﬁR&air(r, s)
we have universal bundles EX", FU"V  with the logarithmic complex Ch(ER™, F™Y). We

have a G = GL, x GL,-action on X x RE™(r, s) which acts trivially on X and by change of

pair

framings on RZ"(r, s). Let pr; : X x RE™(r, s) be the projection.
Proposition 5.4. Cpg (B, FY) s q G-equivariant complex of OX—XRpDailr(T 5~ modules.

Cpr(BEY | Funivy s ¢ G—equivariant complex of prl_loR%egr( )-modules. Ko(ERY, Fonv) =

T,S

R(pry )« Co(EX™, F3Y) is a G-equivariant complex of OREair(m)-modules.

Proof. Let’s prove the first statement; the second one uses the same argument just with
different linear structures. Let a : G'x Ry (r, s) — Ry (1, s),m 0 G x By (r, s) — Ry (7, 8)
be the action and projection on R (r, s). Denote a = idx x a, 7 = id g x 7 the action (trivial
on X) and projection on X x R%ff (r,s). Notice that the G-action only changes the framings,
not the underlying bundles, so if we forget about framing (which is fine since the complexes
don’t care about framing), uniqueness of universal bundle gives canonical isomorphisms of
logarithmic Higgs bundles

_ . ~% runiv =~ _ ~% puniv _ . ~% univ =_ ~% rouniv
Qp a4 Lpg — T Lpg, Op G 'pgp — T I'pg)

which satisfies the cocycle condition because change-of-framing on R%ff (r,s) just induces a

change-of-framing on the universal bundles. This induces, by functoriality, an isomorphism
1

L% rouniv. rounivy S~ ~x% runiv - 7ouniv _ —
QHom : @ Hom(ER,", Fa") — 7 Hom(ERy”, Fpa'), ¢'_’04FO¢O@E
which satisfies the cocycle condition because ag,ap do. Thus Hom(ERLY, F3uY) is G-
equivariant via apem, and the remaining term of the complex
univ - ouniv 1 pair
Hom(EQRY, FioY) ® g p— log D x R (7, s))

B2 1) RS 1 5)


https://stacks.math.columbia.edu/tag/03LG
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is equivariant via apen ® 1. Since ap and ap are isomorphisms of Higgs bundles, they
commute with the Higgs fields:

(ap®1)o(a*p) = (F*0p) cap, (ap®1)o(a*0p) = (F*0F) o ap
We also have that the induced Higgs field on Hom(ERY, Funivy jg

9H0m(¢) = QF‘ © ¢ - (¢® 1) o QE

and, by plugging in, we have that (apom ® 1) © @*0gom = T*0Hom © @Hom. Thus Opem 1S
G-equivariant.
For the last statement, we can use base change

a* K = a*R(pry)«Co ~ R(pry9)«a*Co ~ R(prys)«7*Co ~ 7*R(pry )« Co ~ 7* K
and functoriality preserves the cocycle diagram. 0

From now on, consider the scaling G,,-action on A;.

Lemma 5.5. Let K* be a G,,-equivariant complex of OAtl—modules. Suppose that K*® is
perfect. Then K*® is equivariantly quasi-isomorphic to a bounded complex of finite rank
graded free C[t]-modules

K > @[] (wy)

with degree 0 differentials d.

Proof. Gp-equivariant quasicoherent Oi-modules are just graded C[t]-modules. The cate-
gory of graded C[t]—modules have enough projectives, and perfectness gives bounded graded
projective resolution. Finally, C[t] is graded-local, so by [BH98, Proposition 1.5.15(d)],
graded projective C[t]-modules are free. |

Lemma 5.6. Let Y be a finite type C-scheme with a G,-action. Let yo € Y be a fixed point
which has an invariant affine neighborhood. Then we have a bijection

{G,, — equivariant (A;,0) — (Y,yo)} = {Gm — equivariant (Spf C[[t]],0) — (}Afyo, yo)}

Remark. We will apply this lemma only to Y = Rpgr/pol, Rgg’ /Dol with g, either a polystable

bundle or a triple (E, F, f) with E, F polystable. In the first case, by GIT theory we know
that the existence of a GL,-invariant affine neighborhood is guaranteed. For the second case,

notice that Rgg Dol R%a{if/Dol is affine, so we can pull back the GL, x GL,-invariant affine

neighborhood around (E, F) € R%ag{r/Dol.

Proof. Let U = Spec B be a G,,-invariant affine neighborhood containing 1y, and my < B
the maximal ideal corresponding to yo. Let the G,,-action on U be denoted by v : B —
B ®c C[u,u!], which is equivalent to a grading B = @®,,czB,, where if v(b) = >b, ® u"
then b, € B,,. This actions completes to 4 : émo — émo@)(c((:[u, u™t]. Let & : émo — C[[t]]
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be a 4-equivariant arc, i.e.,

A~

B, v §m0®<c@[u; u ]

a®id

Q)

C[t]] ——=*— C[[t)&C[u,u"]

Denote ¢ : B — By,. For b e By, 4(u(b)) = ¢(b) @ u™, so a(u(b)) € C[[t]]m. It follows
that o == @ ot : B — C[[t]] has image contained in C[t], hence giving an algebraic arc.
Uniqueness of « trivial. O

Lemma 5.7. Let K*, L® be perfect G,,-equivariant complexes on A}. We can assume that
K*, L* are both graded free by Lemma 5.5, and denote

K* = K*@c C[[t]], L* = L* ®cpy C[[1]]
be the restriction to the formal neighborhood of A} at 0. Then every continuous G-
equivariant morphism f : K* — L* algebraizes uniquely to a G,,-equivariant f : K* — L°*.
Furthermore, if [ is a quasi-isomorphism, so is f. In particular fli=1 : K®|;=1 — L*|;=1 is a
quasi-isomorphism.

Proof. Notice that a G,,-equivariant map is just a degree 0 map between graded free modules
here. For two graded free summands C[[t]](w) and C[[t]](l), a degree 0 map C[[t]](w) —
C[[t]](1) is equivalent to multiplication by a homogeneous element in C[[¢t]];—,. The same
is true for C[t], and notice that C[t],, = C[[t]],, for all m € Z, so completion induces an

isomorphisms of degree 0 parts
Hom(?:[t] (K., L.)Q i’ Homé[[t]] (K., ZA—J.)()

,cont

and taking H° gives the algebraization statement.

Now suppose that f is a quasi-isomorphism. Put C*® = Cone(f), then C* = Cone(f) is
acyclic. The support of H7(C*), which is a graded C[t]-module, is a closed G,,-invariant
subset of A}, so it’s either 0 or A" or H/(C*) = 0. Since C[t]) — C[[t]] is faithfully flat,
and H7(C*)) ®cyy,,, Cl[t]] ~ HI(C*) = 0, we get that HI(C*)y) = 0 for all j. Thus 0 is
not in the support of H?(C*), hence H’(C*) = 0 for all j. We get that C* has to be acyclic;
equivalently, f is a quasi-isomorphism. O

5.2. Construction on objects. Fix z € X = X\D. We will first define the functor
SM : Connyp(X, D) — Higgsl® (X, D)

nilp
extending SMP on objects. Let E e Connnﬂp()_(LD), pick a framing ¢ : E, - C" and a
splitting of E, adapted to the socle filtration S.E. Let E® = grgFE. We then get a Rees
cocharacter vz : G,, — GL, which induces a G,,-action VgR on Rpr(r); this G,,-action fixes

E* hence induces an action on Rpg gss. The same vz acts on Rpei(r) and Rpoismps(issy by

vp%'. We also have a G,,-equivariant arc

ap' Ay = Rpr(r), apt(1) = (E,¢), op" = (E% gre0)
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Complete at t = 0 to get an equivariant formal arc a2% : Spf C[[t]] — E’DR’ g, and then
compose with the Rees equivariant isomorphism Propomtlon 3.7,

TE - RDR’E‘SS — RDOISMPS(ESS)

By Lemma 5.6, we can algebraize 75 o a—R to get an algebraic arc aDOl Al — Rpa(r).
Define SM(FE) = a%"l( ) forgetting the framlng Pulling back the unlversal family along aDOl

gives a G,,-equivariant framed Higgs bundle on X x A', which is equivalent to a Rees famlly

associated to a filtration Fj by Higgs subbundles with grf2SM(E) = a2°(0) = SM™(E™).

By the following proposition, a2°(1) € Higgs,i> (X, D).

Proposition 5.8. SM(E) has nilpotent residue.

Proof. Since grf8SM(E) = SMP*(E), every graded summand of Fjz has nilpotent residues.
Fi is a filtration by sub Higgs bundles, i.e., 0(F;) ¢ F; ® Q%(log D), so any residue N,
around p € D must also preserve Fz. Pick a basis at p adapted to Fg, then N, is a block
upper triangular matrix, with diagonal blocks nilpotent, so N, must be nilpotent as well. U

Proposition 5.9. With the framing fixed, two different splittings of the socle filtration give
the same framed bundle aDOl(l). Changing the framing induces a change-of-framing action
on aDOl( ). After forgetting the framing, the resulting bundle is well defined up to a canonical
isomorphism.

Proof. Fix a framing ¢ : B, — C". Let s, s’ @ grS E, 5 E, be two different framings, and
write E, = s(D; griE,) = @®,;Gj. Put v =5 o0s7" . B, — E,. With respect to a basis
adapted to E, = @; G}, write v in block form (v;;) where v;; : G; — G;. Notice that for
we Gy, s7Hw) € grf By, thus §'(w) € S;E,, and s'(w) mod S;_1E, = w hence
Vi = 0 for 7 > j, Ui = 1dGl

Recall that for the splitting s, the Rees cocharacter v, @ G, — GL(E,) is v(t)]e, =
. idg,. Define ¢, : G, — GL(E,) by ¢, (t) = 7(t) o v o7,(t)~L. In a basis adapted to
E, = @, Gj, we have the block form (¢, (t))i; = /~'v;;. All exponents are nonnegative,
©u(0) = id, ¢, () —id is nilpotent, so by expanding (id + (¢, (t) —id)) ™" we get a polynomial
inverse ¢, (t)"!. Define g, : G,, — GL(E,) by g,(t) == v o ¢,(t)"!. Since 74 = vorysov!
we have

9:(0) =v, gu(1) =id,  go(t' )(t') = 9 (¥)gu(t), apy(t) = gu(t) - api(t)
For A, = C[t]/(t"*1), the change-of-framing of the A,-point is g,(t) mod ¢"*!. Functori-
ality of (3.3) (follows from the same diagrams in the proof of part (3)) gives that
T(Ess’d)os/) O Oé%i/ (t) = gv(t) (T(Ess d)os O OZE s( ))
which are both yg-equivariant. By uniqueness of algebraization,
aply(t) = gu(t) - ag5(t)
and since g,(1) = 1 we get the first statement. The change of framing is a matrix T’ it

is trivial to check that in each step of taking the Rees arc, formal isomorphism 7gss, and

algebraization, we are just conjugating by this fixed matrix. Hence ozl()]ngo ¢)( )=1T- oz?E?l &) (1).
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Forgetting the framing gives a canonical isomorphism (coming from that of framed bundles)
of the underlying bundles at ¢t = 1. 0

5.3. Construction on morphisms. Now consider E, F e Connnﬂp()_(,D). We have G,,-
equivariant arc of pairs a2 = ( DR DR

p.p = (g, ap") with a diagram

aBbE
Spf C[[t]] ————— R (g

TEss ’Fss

Rpalr

Dol SMP® (55, Fs5)
where we can then algebraize AR to get ap% : Ay — RPM(r,s). Let K2 be the universal
complex on RP¥(r, s), and define
Pg = Lo o) K™
then base change gives, for ¢; the restriction on A},
Lif PR = RI'(X, Cpr(E, F))
Lif PR = RI(X, Cpa(SM(E), SM(F)))

For A, = C[t]/(t"*"), pull back the quasi-isomorphism (4.8) along &2 | 4,,» and compat-
ibility with A, .1 — A,, then gives a quasi-isomorphism
q)oz PDR =~ PDol
E,F -
which is equivariant, by Lemma 5.3, with respect to 7P®,4P°l. By Lemma 5.7, we get an
equivariant quasi-isomorphism

and restricting to t = 1 we get
®3 : RI(X, Cpr(E, F)) = RI(X, Cpa(SM(E), SM(F))) (5.1)

On the other hand, for f : E — F, functoriality of the socle filtration gives f; == Reesg(f)
(which is a morphism over A}), and an equivariant arc of triples

APt Ay = RER(rys), ofR(1) = (E,F,f), of®0) = (E* F>, f*)
Then by Proposition 4.7 and Lemma 5.6, we get aDOl DAl — Rgiff( s) by algebraizing

U s s pss © 077, The pair of bundles in ap°!(t) is exactly that of a2°n(t). For each t € Af,
let s%°'(t) be the morphism of af°!(t).

Lemma 5.10. 3D°1(1) = HO(‘D%'\%)(f)'

Proof. Notice that over A}, ReessE = (a2F)*E"™" (same for F)) so by base change for
logarithmic De Rham complex, Reesg f is an element of

H'(Ay, L(agp)" Kpr') = H'(A, Ppy)
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hence by Lemma 3.10, is equivalent to a section sP™ : A} — MK%(PIE—D%) with s?%(1) = f; in

fact s7™(t) is exactly the morphism in the triple o?™(t). Applying M°(®% ) gives

0 DR
MO(®% 2)os?

sy A My (PR%)

We have the following diagram, by definition of W e fes pss,

étrip U gss pss, fss étrip

_ — _ = —
DR,(ESS7FSS,fSS) DOI,SMPE(ESS,FSS,fSS)

0 . MO(q)uEr;isvﬁss 0

7‘ i l( univ ’ 7\ 1

~ Ss —> ~
( DR )f

pair pair
RDR RDol

(KB ) smes(g)

and, by construction above, M°(®"¥__ ) pulls back to M°(®2 ), so §7°' = 5} Uniqueness

ESSJ?‘SS E_'7F‘
of equivariant algebraization then gives 5]]?01 = s?/" . In particular,
spo(1) = 57 (1) = HY(®F plemr) (57 (1) = HY(FH)(f)
as desired. 0

Now we will define the functor SM on morphisms: SM(f) = H O(CD%'\,AF)( 1)

Theorem 5.11. SM : Connyy, (X, D) — Higgs s (X, D) is a C-linear functor.

nilp
Proof. For this proof, we consider SM(f) = ajl?"l(l), which is harmless by the previous lemma.

For composition £ 5 E % G, we have Reess(g o f) = Reess(g) o Reess(f), and we have
two different equivariant arcs al¥y : A' — RIP - and (a5, qq) : Al — RpE, x RE . By

gof
Theorem 4.6, we get a diagram, where p are induced by compositions,
Spf C[[¢]]
\(&?W;R)
> Ve rs*¥YrGy 5
ZpR.1g > ZDoLSM™ (1.g)
Spf C[[¢]] HDR fiDol
aPR
y
étrip YE,G.gof étrip
DR,E,G,gof 9 Dol,SMPS(E,G,gof)

so it follows that for the algebraized arcs, ag°p(1) = a°'(1) o af/(1). Identity being pre-

served, as well as linearity, follows from the same argument using Theorem 4.6. 0J
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5.4. Proof of equivalence.
Proposition 5.12. SM is fully faithful.
Proof. Taking H° of (5.1) we get
HO((I)%,\,/IF) : HomCOnnmlp(X,D) <E> F) = HomHiggsﬂﬁ;()_QD)(SM(E): SM(F))
and SM(f) = H°(®3%)(f) so we are done. O

Proposition 5.13. SM s exact and preserves the socle filtration. Moreover, for each FE e
Connyip (X, D), the filtration Fz on SM(E) coming from the algebraized Rees arc a2 is the
socle filtration of SM(E).

Proof. SM is fully faithful, preserves length, and is essentially surjective on simple objects
since the restriction to semisimple objects is SMP which is an equivalence.

Consider 0 — E % F. Suppose for the sake of contradiction that ker SM(i) # 0. Since

uDol

the categories are finite-length, there must be a nonzero simple subobject 0 — AP “—
ker SM(4). By essential surjectivity on simple objects, AP°! = SM(APR) and fullness then

lifts AP 7, SM(E) to a nonzero morphism APR L B Next,
SM(i o uPR) = uP' o SM(3) = 0

so by faithfulness, i o uP® = 0. But ker(i) = 0 so AP® = 0, which is a contradiction. That
SM preserves F — F — 0 follows from a dual argument. Thus SM is exact.

For E € Conny,(X, D), SM(soc(E)) is semisimple, hence lies in soc(SM(E)). Conversely
every simple subobject of SM(E) lifts to a simple subobject of E, hence SM(soc(E)) =
soc(SM(E)). By exactness, we can induct to get that SM preserves the whole socle filtration.

For the last fact that Fjzp = S,, consider the inclusion f : S;E <> E. This induces
Reesgf : Reesg(S;F) — Reesg(E). By the proof of Lemma 5.10, we get a morphism over
A} by algebraizing the Rees section Reesgf,

s7° : Reesp, (SM(S;E)) — Reesp, (SM(E))
which is G,,-equivariant and where s7°'(1) = SM(f). Hence s7°!(1) is injective by exactness.
At t =0, 3?01(0) = SMP(f*), and the socle filtration of S;E is a truncation of the socle
filtration of E, so s7°/(0) is also injective. In fact we have a diagram

_ ngSM(f):s]fDOI(O)
_—

gr’'SM(S;E) grfSM(E)

~ ~

SMP= (g2 f

SMPS(gr5(S, E)) Ly SMPS(grSE)

which implies that im(gr”SM(f)) = @, grj SM(E). G,-equivariance then implies that
s?°! is constant rank and injective over Aj. Let A = im(SM(f)) then A = F;SM(E) since
im(gr”SM(f)) = @, erf SM(E). Now, A and F;E have the same gr”, and same length
hence they have the same ranks. Thus A = F;F. On the other hand, SM(f) the inclusion of
SM(S;E) into SM(E), so A = SM(S;E). Finally F;E = SM(S,E) = S;SM(E), as desired. [
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We can define an analogous functor, starting from Higgsgﬁ;()_( , D) instead,

Inv : Higgs.s® (X, D) — Connyp(X, D)

nilp
and the fact that the algebraized equivariant arcs used for SM are associated to the socle

ﬁltration in Higgsgﬁ;()_( , D) means that we can invert every construction of SM to get Inv,
ie.,

Proposition 5.14. There are natural isomorphisms SM o Inv ~ id and Inv o SM ~ id.
Theorem 5.15. SM is a C-linear exact equivalence of categories.

Proof. By the previous proposition, SM is essentially surjective. It is also fully faithful and
exact by Proposition 5.12, Proposition 5.13. U
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