
PERVERSE EULER CHARACTERISTICS OF HERMITIAN LOCALLY
SYMMETRIC SPACES

MERT AKDENIZLI AND QUOC-ANH TRAN

Abstract. We prove that finite-volume locally Hermitian symmetric spaces of noncompact type have
nonnegative perverse Euler characteristics. To show this, we obtain a nefness result for the logarithmic
cotangent bundle of a smooth toroidal compactification. Combining this with a positivity criterion for
Euler characteristics of perverse sheaves, we deduce the nonnegativity result. We further prove that the
inequality is strict for perverse sheaves with full support. As applications, we get nonnegativity results
for perverse Euler characteristics on various moduli spaces.
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1. Introduction and main results

Let D be a Hermitian symmetric domain of noncompact type and let

GD = Aut(D)◦.

For a lattice Γ ⊂ GD, the quotient Γ\D is a finite-volume locally Hermitian symmetric orbifold. We
study the nonnegativity of Euler characteristics of perverse sheaves on the Deligne–Mumford stack
attached to this orbifold. Let

XΓ := [D/Γ]
denote the associated analytic Deligne–Mumford quotient stack. Its coarse space is the locally

symmetric quotient Γ\D. All constructible complexes and perverse sheaves on XΓ are understood in
1
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2 MERT AKDENIZLI AND QUOC-ANH TRAN

the analytic topology. We write
χorb(XΓ, K)

for the Euler–Satake characteristic of a constructible complex K ∈ Db
c(XΓ,Q). Its definition and its

behavior under finite étale covers are recalled in Section 2.1. If Γ is torsion-free, then XΓ is represented
by the complex manifold XΓ = Γ\D, which carries its natural smooth quasi-projective algebraic
structure. In this case χorb is the ordinary Euler characteristic.

Our main result is the following:

Theorem 1.1 (Main theorem). Let D be a Hermitian symmetric domain of noncompact type and let
Γ ⊂ Aut(D)◦ be a lattice. Then

χorb(XΓ, P ) ≥ 0
for every P ∈ Perv(XΓ,Q). If Γ is torsion-free, so that XΓ = Γ\D is a smooth quasi-projective variety,
then

χ(XΓ, P ) ≥ 0 for every P ∈ Perv(XΓ,Q).

If X is a smooth irreducible complex variety of dimension n and P ∈ Perv(X,Q) has full support,
then there is a dense Zariski-open subset U ⊂ X such that P |U ≃ L[n] for a local system L on U . The
rank of L is called the generic rank of P and is denoted by r(P ). If Supp(P ) ̸= X, we set r(P ) = 0.

For a perverse sheaf on XΓ, we define its generic rank to be the generic rank of its pullback to a
neat finite étale cover Y → XΓ. This is independent of the chosen cover because any two finite tower
admits a common one finite etale pullback does not change the rank of a local system.

Following [2] we also improve the result to strict inequality for perverse sheaves with full support.

Proposition 1.2. With the notation of Theorem 1.1, let n = dimC D. Then for every P ∈ Perv(XΓ,Q),

χorb(XΓ, P ) ≥ r(P )(−1)nχorb(XΓ).
In particular for a perverse sheaf P which has full support we have

χorb(XΓ, P ) > 0.

The stack formulation is needed when the lattice has torsion. In particular, the first assertion of
Theorem 1.1 concerns the Deligne-Mumford quotient XΓ, rather than the possibly singular coarse
quotient Γ\D.

Theorem 1.1 gives a finite-level statement for Shimura varieties. Let (G, X ) be a Shimura datum and
let K ⊂ G(Af ) be a compact open subgroup. Choose a normal neat compact open subgroup K ′ ◁ K
and define the finite-level Deligne-Mumford Shimura stack by
(1) ShDM

K (G, X ) :=
[
ShK′(G, X )/(K/K ′)

]
.

This is an algebraic Deligne-Mumford stack. Its coarse moduli space is the usual finite-level Shimura
variety ShK(G, X ).

Corollary 1.3. Let (G, X ) be a Shimura datum and let K ⊂ G(Af ) be an arbitrary compact open
subgroup. Then

χorb(
ShDM

K (G, X )C, P
)

≥ 0
for every

P ∈ Perv
(
ShDM

K (G, X )C,Q
)
.

Strict inequality holds whenever P has full support. When K is neat, the stack ShDM
K (G, X )C is

represented by the usual smooth finite-level Shimura variety, and χorb becomes the ordinary Euler
characteristic.

The geometric input needed is the following nefness theorem for toroidal compactifications of Shimura
varieties.
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Theorem 1.4. Let X be a connected component of a Shimura variety at neat finite level, and let

j : X ↪→ X

be a smooth projective toroidal compactification whose boundary D = X \X is a simple normal-crossings
divisor. Then

Ω1
X

(log D)
is nef.

For complex-ball quotients, the corresponding statement is due to Cadorel.

Theorem 1.5 (Cadorel). Let ∆ ⊂ Aut(Bn) be a finite-volume lattice whose parabolic elements are
unipotent, and let

X = ∆\Bn.

Let
X ↪→ X

be its smooth projective toroidal compactification and let D = X \ X be the boundary. Then

Ω1
X

(log D) is nef.

Proof. This is [8, Theorem 3]. □

Section 2 will reduce the main problem to finite level Shimura variety and a ball quotient case.
After obtaining the nefness results in each case the product nefness will follow. The logarithmic
characteristic-cycle criterion of Arapura–Patel [3] and finite étale invariance will give the desired result
on XΓ.

Nefness results on finite level Shimura setting is proved using the adjoint variation of Hodge
structure and positivity results on its canonical extension. Together with Theorem 1.5, it supplies
the two geometric inputs in the preceding reduction. The final part of the paper applies the resulting
Euler-characteristic inequalities to moduli spaces admitting locally symmetric period descriptions.

2. Preliminaries and the reduction theorem

2.1. The PEC property and the logarithmic criterion
Let U be a complex algebraic variety and let K ∈ Db

c(U,Q). We have

χ(U, K) =
∑
j∈Z

(−1)j dimQHj(U, K).

We say that U has the perverse Euler-characteristic property, or briefly the PEC property, if

(2) χ(U, P ) ≥ 0 for every P ∈ Perv(U,Q).

The following logarithmic criterion will be used throughout the paper.

Theorem 2.1 (Arapura–Patel lemma 2.2 [3]). Let

U = U \ D,

where U is a smooth projective complex variety and D is a simple normal-crossings divisor. If

Ω1
U

(log D)

is nef, then U has the PEC property; equivalently,

χ(U, P ) ≥ 0 for every P ∈ Perv(U,Q).
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Let Y be a finite-type complex Deligne–Mumford stack. For a complex Deligne–Mumford stack, all
constructible complexes and perverse sheaves below are taken on the underlying analytic stack with
Q-coefficients. Following [3, §2.6], we write

χorb(Y, K) ∈ Q
for the Euler–Satake characteristic of K ∈ Db

c(Y,Q). We say that Y has the PEC property if
(3) χorb(Y, P ) ≥ 0 for every P ∈ Perv(Y,Q).
When Y is a variety, its Euler–Satake characteristic is the ordinary Euler characteristic [3, Theo-
rem 2.5(i)]. More generally, if

Y = [Y/F ]
for a finite group F acting on a variety Y , and q : Y → Y is the quotient atlas, then

(4) χorb(Y, K) = 1
|F |

χ(Y, q∗K).

This is the finite étale degree formula of [3, Theorem 2.5(iii)].
We use the perverse t-structure on Deligne–Mumford stacks in its smooth-local form; see [18, §4].

Thus, if u : U → Y is a smooth atlas of pure relative dimension e, then P is perverse on Y if and only
if u∗P [e] is perverse on U . In particular, pullback by a representable étale morphism is t-exact.

All locally symmetric Deligne–Mumford stacks considered below admit representable finite étale
atlases by varieties, by the quotient presentation above. The substacks occurring in the applications
inherit such atlases by base change. We record finite étale invariance in this setting.

Proposition 2.2 (Finite étale invariance of PEC). Let
f : Y −→ X

be a representable finite étale surjective morphism of finite-type complex Deligne–Mumford stacks of
constant degree d. Assume that X admits a representable finite étale atlas by a variety. Then

X has PEC ⇐⇒ Y has PEC.

Proof. Suppose first that Y has PEC, and let P ∈ Perv(X ,Q). Since f is étale, f∗P is perverse. The
finite étale degree formula [3, Theorem 2.5(iii)] gives

χorb(Y, f∗P ) = d χorb(X , P ).
The left-hand side is nonnegative, so χorb(X , P ) ≥ 0.

Conversely, suppose that X has PEC, and let Q ∈ Perv(Y,Q). We can choose a finite étale surjective
atlas u : U → X of degree m with U a variety. Consider the cartesian square

V := U ×X Y Y

U X .

v

f ′ f

u

Since f is representable, V is an algebraic space, and since f ′ : V → U is finite, V is in fact a variety.
Moreover, f ′ is finite étale of degree d, while v is finite étale of degree m, being the respective base
changes of f and u. By the finite étale degree formula, proper base change, and the usual equality of
Euler characteristics under finite pushforward, one has

m χorb(Y, Q) = χ(V, v∗Q)
= χ(U, Rf ′

∗v∗Q)
= χ(U, u∗Rf∗Q)
= m χorb(X , Rf∗Q).
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Now Rf∗Q ∈ Perv(X ,Q). To see this, we need to show that u∗Rf∗Q is perverse on U a variety. Now
f is finite, and thus proper. We can use proper base change which says u∗Rf∗Q ≃ Rf ′

∗v∗Q. Since v
is étale v∗Q is perverse on V which is a variety and as f ′ is finite we get that Rf ′

∗v∗Q ∈ Perv(U,Q).
Therefore

χorb(Y, Q) = χorb(X , Rf∗Q) ≥ 0,

and Y has PEC. □

2.2. The common-cover reduction theorem
We reduce to a finite étale cover which is a product of neat locally symmetric varieties.

Proposition 2.3. Let D be a Hermitian symmetric domain of noncompact type and let Γ ⊂ GD =
Aut(D)◦ be a lattice. There exist decompositions

D = D1 × · · · × Dr, Λ = Λ1 × · · · × Λr ⊂ Γ,

where Λ has finite index in Γ and each Λi is neat, such that, with
Yi = Λi\Di, Y = Y1 × · · · × Yr,

the variety Y is smooth and quasi-projective and the natural map
Y −→ [D/Γ]

is representable, finite étale, and surjective. Each Yi is either an arithmetic locally symmetric variety
or a finite-volume complex-ball quotient with unipotent parabolic elements.

Proof. The group GD is adjoint semisimple and has no compact factors. By [29, Proposition 4.3.3],
there is a decomposition GD = G1 × · · · × Gr such that

Γ′ = Γ1 × · · · × Γr ⊂ Γ, Γi = Γ ∩ Gi,

has finite index and each Γi is an irreducible lattice. The corresponding decomposition of the
symmetric space is D =

∏
i Di.

If rankR Gi ≥ 2, then Γi is arithmetic by Margulis arithmeticity [23, Theorem 1]. Thus a nonarith-
metic Γi has real rank one; since Di is Hermitian, the classification of irreducible Hermitian symmetric
spaces gives Di ≃ Bni ; see [15, Chapters VIII and X].

For an arithmetic factor choose a neat finite-index subgroup Λi ⊂ Γi using [24, Proposition 3.5]; its
quotient is smooth and quasi-projective by the Baily–Borel theorem [5]. For a nonarithmetic ball factor,
choose a finite index neat subgroup Λi ⊂ Γi, such a subgroup exists by [10, Remark A.2]. Neatness
implies that Λi is torsion-free and that all of its parabolic elements are unipotent; see [10, §A.1]. The
quotient Λi\Bni is smooth and quasi-projective by [25].

Hence Λ = Λ1 × · · · × Λr is finite index and

Y = Λ\D =
r∏

i=1
Λi\Di

is a smooth quasi-projective variety. Finally, the inclusion Λ ⊂ Γ induces
[D/Λ] −→ [D/Γ].

After base change by the atlas D → [D/Γ], this is a disjoint union of [Γ : Λ] copies of D. It is
therefore representable, finite étale, and surjective. Since Λ is neat,

[D/Λ] ≃ Y,

which proves the proposition. □

Corollary 2.4 (PEC on the neat product cover). With the notation above,

[D/Γ] has PEC ⇐⇒ Y has PEC.
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Proof. The map

Y −→ [D/Γ]
is finite étale and surjective, so the assertion follows from Proposition 2.2. □

2.3. Toroidal compactifications and products
We finish the section by recording the compactifications of the two building blocks and the product

formula for their logarithmic cotangent bundles.

Proposition 2.5 (Compactifications of the building blocks). Let Xi be a factor appearing in proposi-
tion 2.3. Then Xi admits a smooth projective compactification

Xi = Xi \ Di

for which Di is a simple normal-crossings divisor. More precisely:
(1) if Xi is of arithmetic type (Shimura), one may choose a regular projective admissible rational

polyhedral cone decomposition and take the associated toroidal compactification;
(2) if Xi is of ball quotient type, one may take the smooth projective toroidal compactification

obtained by filling in the cusps;
(3) if Xi is compact, one takes Xi = Xi and Di = ∅.

Proof. For a Shimura factor, this is the toroidal compactification theorem of Ash-Mumford-Rapoport-
Tai [4]. After refining an admissible rational polyhedral cone decomposition, it may be taken regular
and projective. Regularity and neatness give smoothness and simple normal-crossings boundary, while
projectivity of the decomposition gives projectivity of the compactification, see [4, Chapter III].

For a finite-volume complex-ball quotient whose parabolic elements are unipotent, the toroidal
compactification is smooth and projective, with boundary a disjoint union of abelian varieties as in [25,
Theorem 1]. The compact case corresponds to empty boundary. □

Lemma 2.6. For 1 ≤ i ≤ r, let Xi be a smooth projective variety and let Di ⊂ Xi be a simple
normal-crossings divisor. Put

X =
r∏

i=1
Xi, D =

r∑
i=1

p−1
i (Di),

where pi : X → Xi is the projection. Then X is smooth and projective, D is a simple normal-crossings
divisor, and

(5) Ω1
X

(log D) ≃
r⊕

i=1
p∗

i Ω1
Xi

(log Di).

In particular, if every Ω1
Xi

(log Di) is nef, then Ω1
X

(log D) is nef.

Proof. One can check it locally, or [3, Lemma 2.3]. □

Corollary 2.7. To prove Theorem 1.1, it is enough to establish logarithmic nefness for the following
two classes:

(1) connected components of Shimura varieties at neat finite level;
(2) neat finite-volume complex-ball quotients with unipotent parabolic elements.

More precisely, suppose that for every factor Xi in proposition2.3 one can choose the compactification
of Proposition 2.5 so that

Ω1
Xi

(log Di)
is nef. Then XΓ has the PEC property.
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Proof. Let
X = X1 × · · · × Xr

be the product supplied by proposition 2.3. Choose smooth projective toroidal compactifications
Xi = Xi \ Di

with nef logarithmic cotangent bundles, and put

X =
r∏

i=1
Xi, D =

r∑
i=1

p−1
i (Di).

By Lemma 2.6,
Ω1

X
(log D)

is nef. Theorem 2.1 therefore implies that X has PEC. By Corollary 2.4, XΓ has PEC as well. □

Theorems 1.4 and 1.5 provide the two factorwise nefness statements in Corollary 2.7. Hence, after
this section, no further stack-theoretic or group-theoretic reduction is needed. The remaining geometric
verification takes place entirely on smooth neat quotients. So the boundary analysis reduces precisely
to smooth noncompact connected components of finite-level Shimura varieties and smooth noncompact
finite-volume complex-ball quotients.

3. Nef logarithmic cotangent bundle

3.1. Arithmetic quotients
Let X = Γ\D be a connected component of a Shimura variety at neat finite level, and let

j : X ↪→ X̄

be a smooth projective toroidal compactification with
D = X̄ \ X

a simple normal-crossings divisor. Fix a point h ∈ D, we can write D = G/Kh = G(R)+/Kh where G
is an adjoint rational algebraic group. Let S = ResC/RGm be the Deligne torus, then equivalently, one
can view D as a G(R)+-conjugacy class of a homomorphism h : S → GR. The adjoint complexified
representation Ad ◦ h : SC → Gl(gC) induces a decomposition

gC = g−1,1
h ⊕ g0,0

h ⊕ g1,−1
h

with the convention that Ad(h(z)) acts by z−pz̄p on gp,−p
h . We can define the Hodge filtration

F 1
hgC = g1,−1

h , F 0
hgC = g1,−1

h ⊕ g0,0
h , F −1

h gC = gC

For x = g · h ∈ D, the corresponding representation hx : S → GL(gC) is obtained from h via
conjugation by g. We then have the analogous decomposition gC = g−1,1

x ⊕ g0,0
x ⊕ g1,−1

x and filtration
F •

xgC.

3.1.1. The adjoint polarized variation. Let Ph = {g ∈ GC| Ad(g)F p
h = F p

h for all p} be the stabilizer of
the filtration F •

h . Its Lie algebra is ph = F 0
hgC, and we have the compact dual

Ď = GC/Ph

which is a flag variety. The Borel embedding
β : D → Ď, x 7→ F •

x

is a G(R)+-equivariant holomorphic embedding which identifies D with an open orbit in Ď.
Given W a finite-dimensional algebraic representation of Ph, we can define a homogeneous vector

bundle on Ď
W̌ = GC ×Ph W = (GC × W )/

(
(g, w) ∼ (gg′, (g′)−1w)

)
,
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which is GC-equivariant. Let
V̌ = GC ×Ph gC, F̌p = GC ×Ph F p

hgC.

Since the adjoint representation of Ph on gC extends to GC, there is a GC-equivariant isomorphism
V̌ ≃ Ď × gC, [g, v] 7−→

(
gPh, Ad(g)v

)
.

Hence β∗V̌ ≃ D × gC, and under this identification the Γ-action is
γ · (x, v) =

(
γx, Ad(γ)v

)
.

Thus the adjoint representation Ad|Γ : Γ → GL(gQ) defines the rational local system
VQ = Γ\

(
D × gQ

)
.

The bundles β∗V̌ and β∗F̌p are G(R)+-equivariant, hence Γ-equivariant, and therefore descend to
an automorphic vector bundle V on X, together with a filtration by automorphic subbundles Fp ⊂ V.
Moreover, V ≃ VQ ⊗Q OX . If

π : D −→ X = Γ\D
denotes the quotient map, then by construction

π∗V ≃ β∗V̌, π∗Fp ≃ β∗F̌p.

Let ∇ be the flat connection on V obtained by descending the exterior derivative 1 ⊗ d. Then
(VQ, F•, ∇)

is a weight-zero rational variation of Hodge structures; see [24, Proposition 5.9].
Now let κ(v, w) = Tr(ad(v) ad(w)) be the Killing form on gQ, and put Q = −κ. Then Q is rational,

symmetric, nondegenerate, and Ad(G)-invariant. Thus it descends to a flat bilinear form on VQ.
The invariance of Q under hx(S) implies

Q
(
gp,−p

x , gq,−q
x

)
= 0 unless p + q = 0.

Indeed, if v ∈ gp,−p
x and w ∈ gq,−q

x , then for every z ∈ C×,

Q(v, w) = z−(p+q)z p+qQ(v, w),
which forces Q(v, w) = 0 unless p + q = 0. Since Q is nondegenerate, it therefore gives perfect pairings

gp,−p
x × g−p,p

x −→ C.

Moreover, by the characterization of a Hermitian symmetric domain,
Cx = Ad(hx(i))

is a Cartan involution of gR. Hence the real symmetric form
(v, w) 7−→ Q(v, Cxw) = −κ(v, Cxw)

is positive definite on gR. Equivalently, the associated Hodge Hermitian form is positive definite. Thus
Q polarizes the weight-zero variation of Hodge structure (VQ, F•, ∇).

Now take the associated graded to get a system of Higgs bundles
(E, θ) = grF (V, ∇), θ : Ep,−p → Ep−1,−p+1 ⊗ Ω1

X

and E−1,1 = Γ \ (β∗(GC ×Ph gr−1
Fh

gC)). At h ∈ D ⊂ Ď, the tangent space is

ThD = ThĎ ≃ gC/ph = gC/F 0
hgC ≃ g−1,1

h

and the same is true for any x ∈ D. These tangent identifications are G(R)+-equivariant and
holomorphically varying, hence T hol

D ≃ β∗(GC ×Ph gr−1
Fh

gC). Quotienting by Γ we get TX ≃ E−1,1. Also,
θ(TX) = θ(E−1,1) = 0 since there is no (−2, 2)-graded piece.
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3.1.2. Deligne and Mumford canonical extensions. We have an exact functor called canonical extension
(−)can : {automorphic vector bundles on X} −→ {vector bundles on X̄};

see [26, §3, Main Theorem 3.1] and [13, §4]. The functor is compatible with tensor products and duals,
and hence also with internal Hom. In particular, canonical extension preserves exact sequences of
automorphic vector bundles.

The adjoint variation (VQ, F•, ∇, Q) has unipotent local monodromy around D [13, proof of Theorem
4.2], so we have Deligne’s canonical extension [9] (V̄, ∇̄) which is a logarithmic flat bundle on (X̄, D),
i.e., V̄ is locally free over OX̄ and

∇̄ : V̄ → V̄ ⊗ Ω1
X̄

(log D)
By Harris’s comparison theorem, the Mumford canonical extension of the flat automorphic bundle V

agrees with Deligne’s canonical extension; see [13, Theorem 4.2].
For each p, let

Ap := (Fp)can

denote the automorphic canonical extension of Fp. Since
0 −→ Fp −→ V −→ V/Fp −→ 0

is an exact sequence of automorphic vector bundles, exactness of the canonical-extension functor gives
0 −→ Ap −→ V̄ −→ (V/Fp)can −→ 0.

In particular, the quotient is locally free, so Ap ⊂ V̄ is saturated.
We claim that, inside j∗V,

Ap = (j∗Fp) ∩ V̄.

Indeed, the inclusion from left to right follows from Ap|X = Fp. Conversely, a local section of V̄ whose
restriction to X lies in Fp maps to a section of V̄/Ap which vanishes on the dense open subset X.
Since this quotient is locally free, that section vanishes identically. Hence

(Fp)can = (j∗Fp) ∩ V̄ = F̄p.

Thus the automorphic canonical extension of Fp agrees with the extended Hodge filtration inside
Deligne’s canonical extension V̄. In particular, F̄p ⊂ V̄ is a locally free saturated subsheaf.

Applying exactness of the canonical-extension functor to
0 −→ Fp+1 −→ Fp −→ Ep,−p −→ 0

gives an exact sequence
0 −→ F̄p+1 −→ F̄p −→ (Ep,−p)can −→ 0.

Hence
F̄p/F̄p+1 ≃ (Ep,−p)can.

In particular, the graded pieces are locally free.
The logarithmic connection satisfies Griffiths transversality:

∇̄(F̄p) ⊆ F̄p−1 ⊗ Ω1
X̄

(log D).
Taking the associated graded therefore gives a logarithmic Higgs bundle

(Ē, θ̄) = GrF̄ (V̄, ∇̄),
where

Ēp,−p = F̄p/F̄p+1, θ̄ : Ēp,−p −→ Ēp−1,−p+1 ⊗ Ω1
X̄

(log D).

Proposition 3.1. There are canonical isomorphisms

Ē−1,1 ≃ TX(− log D), F̄ 1 ≃ Ω1
X

(log D) ≃ (Ē−1,1)∨.
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Proof. Recall that on X we have the canonical identification E−1,1 ≃ TX . By the discussion above,
Ē−1,1 = Gr−1

F̄ V̄ ≃ (E−1,1)can ≃ (TX)can.

By [26, Proposition 3.4(a)],
(Ω1

X)can ≃ Ω1
X̄

(log D).
Since canonical extension commutes with duals, it follows that

Ē−1,1 ≃ (TX)can ≃ TX̄(− log D).

Dualizing gives (Ē−1,1)∨ ≃ Ω1
X̄

(log D). On X, the polarization induces an automorphic isomorphism
E1,−1 ≃ (E−1,1)∨. Since canonical extension is compatible with duals, we obtain

Ē1,−1 ≃ (Ē−1,1)∨.

Finally, since F2 = 0, its canonical extension is also zero, so F̄2 = 0. Therefore
F̄1 = F̄1/F̄2 = Ē1,−1.

Combining these identifications yields
Ē−1,1 ≃ TX̄(− log D), F̄1 ≃ Ω1

X̄
(log D) ≃ (Ē−1,1)∨.

□

Theorem 3.2 (Arithmetic nefness). Let X = Γ\D be a quotient arising from a neat arithmetic subgroup
of a rational group of Hermitian type. If j : X ↪→ X is a smooth projective toroidal compactification
whose reduced boundary D = X \ X has simple normal crossings, then

Ω1
X

(log D) is nef.

Proof. The bundle Ē−1,1 is a holomorphic subbundle of Ē, and θ̄(Ē−1,1) = 0 since there is no Ē−2,2.
Thus [7, Theorem 1.8] implies that (Ē−1,1)∨ is nef. By Proposition 3.1,

(Ē−1,1)∨ ≃ Ω1
X̄

(log D),
which proves the theorem. □

Remark 3.3. Alternatively, since F1 is the lowest nonzero piece of the Hodge filtration, we may apply
[12, Corollary 1.2] to

F̄1 ≃ Ω1
X̄

(log D)
to obtain the desired nefness in this way as well.

3.2. Ball quotients and completion of the argument
The arithmetic ball quotient case follows from the previous argument, while the nonarithematic case

is a direct application of the following proposition:

Proposition 3.4. [8, Theorem 3] Let
X = Γ\Bn,

where Γ ⊂ Aut(Bn) is a neat finite-covolume lattice whose parabolic elements are unipotent. Let

X ↪→ X

be its smooth projective toroidal compactification and let D = X \ X be the reduced boundary divisor.
Then

Ω1
X

(log D) is nef.

Thus all factors occurring in proposition 2.3 admit smooth projective logarithmic compactifications
with nef logarithmic cotangent bundle. By 2.6 we get the nefness for the product as well.
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4. Perverse Euler characteristics

In order to use nefness results to get our desired inequalities, we first recall some facts which are
discussed in [3] and [2]. We will state it in the following generality.

Let X be a smooth projective variety of dimension n with D ⊂ X an SNC divisor. We denote
X = X \ D for the quasi-projective variety. For a constructible complex K characteristic cycle
CC(K) ⊂ T ∗X is a conical Lagrangian cycle of dimension n, see [17, Chapter IX] and [11, Sections 4.1–
4.2]. If P is perverse, then CC(P ) is effective. Moreover, if P has generic rank r then

CC(P ) = r[T ∗
XX] +

∑
α

mα[Λα], mα > 0,

where Λα are the remaining irreducible conical components. Let CC(P ) denote the closure of CC(P )
in Ω1

X
(log D). The logarithmic Dubson-Kashiwara index formula of Wu-Zhou [30, Theorem 1.6] gives

χ(X, P ) = [CC(P )] · [s0(X)]
where s0 : X → Ω1

X
(log D) is the zero section.

If Ω1
X

(log D) is nef, positivity of conical cycles in a nef vector bundle [21, Example 8.2.6] shows that
the intersection of each irreducible conical component with the zero section is nonnegative. This gives
the criterion stated in 2.1 and gives χ(X, P ) ≥ 0 in the nef log cotangent bundle case.

One can improve this result and get a sharper inequality as shown in [2].

Proposition 4.1 (Arapura–Mese–Patel [2]). Let X be a smooth projective variety of dimension n with
D ⊂ X an SNC divisor and X := X \ D. Suppose that Ω1

X
(log D) is nef, let P ∈ Perv(X,Q) have

generic rank r. Then
χ(X, P ) ≥ r(−1)nχ(X).

Consequently, if P has full support and χ(X) ̸= 0, then
χ(X, P ) > 0.

Hence, in the full support case, strict positivity reduces to showing that χ(X) ̸= 0. We have already
established the required nefness statements for locally Hermitian symmetric spaces. We first deduce the
corresponding nonnegativity results, and then verify that χ(X) ̸= 0 in the cases under consideration,
which yields strict positivity.

4.1. Locally Hermitian symmetric varieties
Now we will prove the Euler characteristics result by combining the criterion given in 2.1 and the

nefness results obtained above.

Theorem 4.2 (Locally Hermitian symmetric varieties). Let D be a Hermitian symmetric domain of
noncompact type and let Γ ⊂ Aut(D)◦ be a torsion-free lattice. Define XΓ = Γ\D. Then XΓ has the
PEC property i.e.

χ(XΓ, P ) ≥ 0 for every P ∈ Perv(XΓ,Q).
In particular, if n = dimC XΓ, then

(−1)nχ(XΓ) ≥ 0.

Proof. By Proposition 2.3, there is a finite index neat subgroup Λ = Λ1 × · · · × Λr ⊂ Γ such that
Y = Λ\D = Y1 × · · · × Yr

is a smooth quasi-projective variety and
Y −→ XΓ

is finite étale and surjective. Each Yi is either an arithmetic locally symmetric variety or a finite-
volume complex-ball quotient with unipotent parabolic elements.



12 MERT AKDENIZLI AND QUOC-ANH TRAN

Choose for each Yi the smooth projective compactification Yi = Y i \ Di of Proposition 2.5. By
Theorem 3.2 and Proposition 3.4, respectively,

Ω1
Y i

(log Di)

is nef for every i. Hence Lemma 2.6 shows that, for
Y =

∏
i

Y i, D = Y \ Y,

the log cotangent bundle Ω1
Y

(log D) is nef. Theorem 2.1 therefore gives PEC for Y . Since Y → XΓ is
finite étale and surjective, Proposition 2.2 gives PEC for XΓ. Finally, QXΓ [n] is perverse because XΓ is
smooth of dimension n. Thus

0 ≤ χ
(
XΓ,QXΓ [n]

)
= (−1)nχ(XΓ).

□

4.2. Locally Hermitian symmetric Deligne–Mumford stacks
We now recover the stack statement formally from the neat-cover reduction.

Theorem 4.3 (The stack case). Let D be a Hermitian symmetric domain of noncompact type and let
Γ ⊂ Aut(D)◦ be a lattice. Let XΓ be the algebraic Deligne-Mumford stack constructed above, whose
analytification is X an

Γ ≃ [D/Γ]. Then

χorb(XΓ, P ) ≥ 0 for every P ∈ Perv(XΓ,Q).
In particular, if n = dimC D, then

(−1)nχorb(XΓ) ≥ 0.

Proof. Let Y = Λ\D be the smooth quasi-projective variety supplied by Proposition 2.3. By Theo-
rem 4.2, Y has PEC. Moreover, Proposition 2.3 gives a representable finite étale surjective morphism
of analytic Deligne–Mumford stacks

Y an −→ [D/Γ] ≃ X an
Γ .

Hence Proposition 2.2 implies that XΓ has PEC.
Finally, XΓ is smooth of dimension n = dimC D, so QXΓ [n] is perverse. Therefore

0 ≤ χorb(
XΓ,QXΓ [n]

)
= (−1)nχorb(XΓ).

□

We also record the following corollary for finite level Shimura stacks.

Corollary 4.4 (Finite-level Shimura stacks). Let (G, X ) be a Shimura datum and let K ⊂ G(Af ) be
an arbitrary compact open subgroup. Then

χorb(
ShDM

K (G, X )C, P
)

≥ 0
for every

P ∈ Perv
(
ShDM

K (G, X )C,Q
)
.

If K is neat, then ShDM
K (G, X )C is represented by the usual smooth finite-level Shimura variety, and

χorb is the ordinary Euler characteristic.

Proof. Choose a normal neat compact open subgroupK ′ ◁ K. Then
ShDM

K (G, X ) =
[
ShK′(G, X )/(K/K ′)

]
,

so the natural morphism
ShK′(G, X )C −→ ShDM

K (G, X )C
is finite étale and surjective.
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Since K ′ is neat, ShK′(G, X )C is a smooth quasi-projective variety, and its connected components are
Hermitian locally symmetric varieties. Hence it has PEC by Theorem 4.2. Therefore Proposition 2.2
implies that ShDM

K (G, X )C has PEC.
If K is neat, we may take K ′ = K, so ShDM

K (G, X )C is the usual smooth Shimura variety and χorb is
the ordinary Euler characteristic. □

4.3. Positivity of Euler Characteristics
To get strict inequality for P ∈ Perv(XΓ,Q) with full support, we first have a nonvanishing result:

Proposition 4.5. Let D be a Hermitian symmetric domain of noncompact type, and Γ ⊂ Aut(D)◦ be
a torsion-free lattice. Put XΓ = Γ \ D. Then χ(XΓ) ̸= 0.

Proof. Euler characteristic is multiplicative, and its nonvanishing is preserved by finite covers, so by
proposition 2.3, it suffices to assume XΓ falls into one of the two cases: D is an irreducible Hermitian
symmetric domain of dimension n with Γ an arithmetic neat lattice, or D = Bn with Γ a neat lattice
whose parabolic elements are unipotent. Let (XΓ, D) be the toroidal compactification.

We claim that χ(XΓ) ̸= 0 is equivalent to χ(Ď) ̸= 0 where Ď is the compact dual of D. In the
arithmetic case, using the notations of section 3.1, we have E−1,1 ≃ TXΓ on XΓ with the corresponding
vector bundle GC ×Ph gr−1

Fh
gC ≃ TĎ on the compact dual. We also have the Mumford canonical

extension E
−1,1 ≃ TXΓ

(− log D). By [26, Theorem 3.2] we have∫
XΓ

cn(TXΓ
(− log D)) = (−1)n · K ·

∫
Ď

cn(TĎ)

with K a positive constant. The same proportionality result is true in the nonarithmetic ball quotient
case as well [16, §2]. Thus, by (logarithmic) Gauss-Bonnet [27, Theorem 3],

χ(XΓ) = (−1)n · K · χ(Ď)

Finally, χ(Ď) ̸= 0 since, by the Bruhat decomposition, Ď = GC/Ph is a finite CW-complex with
only even R-dimensional cells. □

Corollary 4.6. Let D be a Hermitian symmetric domain of noncompact type, and Γ ⊂ Aut(D)◦ be a
lattice. Denote XΓ = [Γ \ D] the Deligne-Mumford stack. If P ∈ Perv(XΓ,Q) has full support, then

χorb(XΓ, P ) > 0

Proof. By [3, Theorem 2.5(iii)], we can assume that Γ is neat and it suffices to show that χ(XΓ, P ) > 0
for all perverse P with full support. This follows from proposition 4.1 and proposition 4.5. □

5. Applications

5.1. Properties
For applications we will need the following properties:

Proposition 5.1. Let X be a complex algebraic variety having PEC. Then the following statements
hold.

(1) Every closed subvariety
i : Z ↪→ X

has PEC.
(2) Every locally closed subvariety

j : U ↪→ X

for which j is affine has PEC. In particular, this applies to the complement of an effective
Cartier divisor.
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(3) Let U be either X or a subvariety occurring in (1) or (2). If

f : Y −→ U

is finite, then Y has PEC.

Proof. (1) Consider P ∈ Perv(Z,Q), then Ri∗P = i∗P is perverse and RΓ(X, i∗P ) ≃ RΓ(Z, P ).
Hence χ(Z, P ) = χ(X, i∗P ) ≥ 0.

(2) Let P ∈ Perv(U,Q). Since j is affine and quasi-finite, Rj∗P is perverse. Moreover, RΓ(X, Rj∗P ) ≃
RΓ(U, P ). Thereforeχ(U, P ) = χ(X, Rj∗P ) ≥ 0.

(3) Let P ∈ Perv(Y,Q). Since f is finite, Rf∗P is perverse, and RΓ(U, Rf∗P ) ≃ RΓ(Y, P ). Since
U has PEC by (1) or (2), as appropriate, we obtain χ(Y, P ) = χ(U, Rf∗P ) ≥ 0.

The required perverse t-exactness statements follow from [6, Corollaire 4.1.3].
□

One can upgrade this property to stacks but we do not need it in our examples. For moduli space
applications we also record the following corollary.

Corollary 5.2 (Arrangement complements). Let X = [D/Γ] be a finite-volume locally Hermitian
symmetric Deligne–Mumford stack, and let H ⊂ D be a Γ-invariant locally finite union of hypersurfaces.
Suppose that there is a neat finite-index subgroup Λ ⊂ Γ such that XΛ = Λ\D is a complex algebraic
variety and the image HΛ = Λ\H ⊂ XΛ is an algebraic effective Cartier divisor. Then

[(D \ H)/Γ]

has PEC.

Proof. By Theorem 4.2, the variety XΛ has PEC. Since HΛ is an effective Cartier divisor, the open
immersion

XΛ \ HΛ ↪→ XΛ

is affine. Hence XΛ \ HΛ has PEC by Proposition 5.1(2).
The natural morphism

XΛ \ HΛ −→ [(D \ H)/Γ]
is representable, finite étale, and surjective. The conclusion follows from Proposition 2.2. □

5.2. Moduli of smooth cubic threefolds
Let V = Sym3(C5)∨, G = PGL5, and

M0 =
[
P(V )sm/G

]
be the Deligne-Mumford stack of smooth cubic threefolds. Allcock–Carlson–Toledo associate to

this moduli problem a complex ball B10, an arithmetic group PΓ, and two locally finite PΓ-invariant
hyperplane arrangements Hc and H∆, called the chordal and discriminant arrangements. They construct
the moduli space of smooth cubic threefolds as a complex analytic orbifold; see [1, §2]. Their period
map identifies this orbifold with its image in the ball quotient, and [1, Theorem 7.1] identifies that
image with the complement of the two arrangements. Thus there is an isomorphism of analytic
Deligne–Mumford stacks

Man
0 ≃

[(
B10 \ (Hc ∪ H∆)

)
/PΓ

]
.

Corollary 5.3. The Deligne–Mumford stack M0 has PEC, i.e.

χorb(M0, P ) ≥ 0 for every P ∈ Perv(M0,Q).

Moreover, if P has full support, then χorb(M0, P ) > 0. In particular, χorb(M0) > 0.
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Proof. Denote H = Hc ∪ H∆. This is a P Γ-invariant locally finite hyperplane arrangement as shown in
the proof of [1, Theorem 7.1] and [1, Lemma 7.2 and §8]. Choose a neat finite-index subgroup Λ ⊂ PΓ
and put BΛ = Λ\B10. The variety BΛ is smooth and quasi-projective, and

HΛ = Λ\H ⊂ BΛ

is an algebraic divisor, being the pullback of the chordal and discriminant divisors appearing in [1,
Theorem 7.1]. Since BΛ is smooth, HΛ is an effective Cartier divisor. Thus Corollary 5.2 gives PEC for[(

B10 \ H
)
/PΓ

]
,

and hence, by the period isomorphism, for M0.
Now let P have full support and let PΛ be its pullback to UΛ = BΛ \ HΛ. Since j : UΛ ↪→ BΛ is

affine, Rj∗PΛ is perverse and has the same positive generic rank. Applying Proposition 4.1 to Rj∗PΛ,
together with χ(BΛ) > 0, gives

χ(UΛ, PΛ) = χ(BΛ, Rj∗PΛ) > 0.

Dividing by the degree of the finite étale cover UΛ → Man
0 yields

χorb(M0, P ) > 0.

Finally, QM0 [10] has full support, so χorb(M0) > 0. □

5.3. Moduli of smooth cubic fourfolds
Let

V4 = Sym3(C6)∨, G4 = PGL6,

and let
M4 =

[
P(V4)sm/G4

]
be the Deligne–Mumford stack of smooth cubic fourfolds. It is smooth of dimension 20.

Let Λ0 be the primitive middle-cohomology lattice of a cubic fourfold, of signature (20, 2), and let

D ⊂ P(Λ0 ⊗Z C)

be one of the two connected components of the associated type-IV period domain. The global
monodromy group is

Γ = O∗(Λ0).
The arithmetic quotient D/Γ is quasi-projective; see [20, §2.1].

There are two Γ-invariant hyperplane arrangements H6 and H2. The first is determined by the short
roots, i.e. the norm-2 vectors of Λ0, while the second is determined by the long roots, i.e. the norm-6
vectors of divisibility 3. Their quotients

C6 = H6/Γ, C2 = H2/Γ

are Heegner divisors in D/Γ; see [20, Definition 2.1 and Remark 2.2].
By [20, Theorem 2.3], which cites the global Torelli theorem of Voisin [28], the work of Hassett on

special cubic fourfolds [14], and the determination of the period image by Laza [19, Theorem 1.1] and
by Looijenga [22], the period map induces an isomorphism of quasi-projective varieties

M4 ≃ Γ\
(
D \ (H2 ∪ H6)

)
.

As stated immediately after [20, Theorem 2.3], identifying the natural orbifold structures on the two
sides is equivalent to the strong global Torelli theorem. This is supplied by [20, Proposition 2.4]. Hence
the period map upgrades to an isomorphism of analytic Deligne–Mumford stacks

(6) Man
4 ≃

[(
D \ (H2 ∪ H6)

)
/Γ

]
.
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Corollary 5.4. The Deligne–Mumford stack M4 has PEC. Thus
χorb(M4, P ) ≥ 0 for every P ∈ Perv(M4,Q).

Moreover, if P has full support, then χorb(M4, P ) > 0. In particular, χorb(M4) > 0.

Proof. Set
H4 = H2 ∪ H6.

By [20, Definition 2.1], this is a Γ-invariant arithmetic hyperplane arrangement, and

C2 = H2/Γ, C6 = H6/Γ
are algebraic divisors on the quasi-projective variety D/Γ; see also [20, Remark 2.2].
Choose a neat finite-index subgroup Λ ⊂ Γ, and put BΛ = Λ\D. By the Baily–Borel theorem, BΛ is

a smooth quasi-projective variety, and the natural map
πΛ : BΛ −→ D/Γ

is finite and algebraic. Let H4,Λ = π−1
Λ (C2 ∪ C6). Then H4,Λ ⊂ BΛ is an algebraic divisor. Since BΛ

is smooth, H4,Λ is an effective Cartier divisor. Hence
BΛ \ H4,Λ ↪→ BΛ

is an affine open immersion. Thus the hypotheses of Corollary 5.2 are satisfied, and[(
D \ H4

)
/Γ

]
has PEC. By the period isomorphism (6), M4 has PEC.
Moreover, if P ∈ Perv(M4,Q) has full support, then its pullback to UΛ = BΛ \ H4,Λ has full support

and positive generic rank. Since UΛ ↪→ BΛ is affine, its direct image is perverse with the same generic
rank. Proposition 4.1, together with χ(BΛ) > 0, therefore gives χ(UΛ, PΛ) > 0. Dividing by the degree
of the finite étale cover UΛ → Man

4 yields
χorb(M4, P ) > 0.

□
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