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Abstract. Let X be a smooth connected complex projective variety. We give a
structure theorem for irreducible components of the reduced rank two cohomology
jump loci on X. More precisely, for such a component Z, if the general point of Z
is projectively virtually abelian or projectively rigid, then either Z is a symmetric
square of an algebraic torus, or a quotient of a torus by an involution, or its
normalization Zν is a torus. If the general point is neither, then either Zν is a
torus, or an étale quotient of Qν ˆT where Q is a fixed-determinant, fixed-inertia
component of the character variety of some DM-curve.
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1. Introduction

Let X be a smooth projective variety, and

RBpX, x, rq – Hompπ1pX, xq,GLrq

MBpX, rq – rRBpX, x, rq{GLrs

MBpX, rq – RBpX, x, rq{{GLr

be, respectively, the moduli of framed local systems, the quotient stack, and the
GIT quotient/good moduli space for the stack. We have the cohomology jump loci

Σi
kpX, x, rq –

!

V P RBpX, x, rq
ˇ

ˇ

ˇ
dimH i

pX,Vq ě k
)

which can be equipped with a determinental subscheme structure. This loci is GLr-

invariant hence descends to a substack Σi
kpX, rq Ă MBpX, rq. Denote Σ

i

kpX, rq its
reduced image in MBpX, rq.
The study of these loci originated from Green-Lazarsfeld’s generic vanishing theo-

rem [GL87] for topologically trivial holomorphic line bundles on compact Kähler X.
Their results concern jump loci in Pic0pXq. They later proved that any irreducible
jump component must be a translated subtorus in [GL91]. The corresponding Betti
version is about rank one jump loci Σi

kpX, 1q in

RBpX, x, 1q » MBpX, 1q

which is a finite disjoint union of algebraic tori. Simpson [Sim93] improved on
Green-Lazarsfeld’s result by showing that any irreducible component of Σi

kpX, 1q is
a torsion-translated subtorus.

Since then, there have been several generalizations. Arapura [Ara97] studied
jump loci Σi

1pX, 1q on quasi-compact Kähler manifolds and gave a description of ir-
reducible components via maps to curves. Budur-Wang [BW20b] proved the trans-
lated subtorus theorem for Σi

kpX, 1q for all i, k for quasi-compact Kähler manifolds;
they also recovered the torsion statement of Simpson to smooth quasi-projective va-
rieties [BW15b; BW20a]. Esnault-Kerz developed an arithmetic approach to these
results [EK20].

In higher rank, the local picture has been studied extensively. Dimca-Papadima
[DP14] related the germs of nonabelian jump loci near the trivial representation
to commutative differential graded algebras (via Sullivan’s construction). Budur-
Wang [BW15a] formulated the deformation theory with cohomological constraints
using differential graded Lie algebra pairs. Specifically in rank two, Papadima-Suciu
[PS19; PS20] obtained decomposition and pullback (from maps to curves) results
for the jump loci germs near the trivial representation.

However, the global geometry of higher rank jump loci are largely unknown. Our
main result is a structure theorem for rank two jump loci components, up to nor-
malization.

Theorem 1.1. Let Z be an irreducible component of Σ
i

kpX, 2q.

(1) In the reducible case, Z » Sym2
pNq for a translated torus N , or Zν is a

product of two translated tori. In the irreducible projectively dihedral case,
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Zν is a torus or Z is a quotient of a translated torus by an involution. In
the projectively finite and projectively dense rigid cases, Zν is a torus.

(2) In the projectively dense nonrigid case, either Zν is a torus or an étale
quotient

Zν
» pQν

ˆ T q{H,

where T is an algebraic torus, Q is a component of a fixed-determinant,
fixed-inertia locus MBpY , 2q where Y a proper hyperbolic Deligne-Mumford
curve.

Here Zν and Qν denote normalizations.

1.1. Hodge structures on jump loci. We first obtain several Hodge-theoretic
results concerning Hodge subvarieties of RBpX, x, rq, which should be of independent
interest.

Theorem 1.2 (Theorem 3.10). For smooth projective X, the jump locus Σi
kpX, x, rq Ď

RBpX, x, rq is a Hodge subvariety (see Definition 3.8). Furthermore, it is closed un-
der semisimplification, and Σi

kpX, x, rqred is a Hodge subvariety which is absolute
Q-closed.
Every irreducible component of Σi

kpX, x, rqred is a Hodge subvariety and is absolute
Q´closed.

At V P Σi
kpX, x, rq underlying a complex variation of mixed Hodge structures,

this result gives a pro-MHS-algebra structure on pOΣi
kpX,x,rq,V. Hence we have an

alternative approach to the result of Lefèvre [Lef21]. We do not know if our Hodge
structures agree.

Theorem 1.3 (Proposition 3.12, Proposition 3.18). Let Z Ď MBpX, rq be the
scheme-theoretic image of a Hodge subvariety in RBpX, x, rq. Let V P Z be a local
system underlying a complex variation of Hodge structures, then

pOZ,V, pOZν ,z

both underlie pro-MHS-algebras, where Zν Ñ Z is the normalization map with z P

Zν lying over V P Z. Furthermore, the morphism

pOZ,V Ñ pOZν ,z

is a morphism of pro-MHS-algebras.

In particular, this gives a pro-MHS-algebra structure on pOMBpX,rq,V for V underly-
ing a complex variation of Hodge structures, thus recovering a result of Eyssidieux-
Simpson [ES11].

Remark 1.4. We opted for the projective setting due to later classification result, and
ease of exposition. However, most of section 3 (which contains these Hodge-theoretic
results) should translate to the case where X is smooth and quasi-projective, with
appropriate setup.
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1.2. Outline of the classification of jump components. Here we specialize to
the case r “ 2. Let A “ MBpX, 1q. As consequence of a point-wise classification
theorem [NPT08], we can label the components based on their general point:

Proposition 1.5 (Proposition 4.3). Let Z Ď Σ
i

kpX, 2q be an irreducible component.
Consider a general point ρ P Z, with ρ̄ : π1pX, xq Ñ PGL2pCq the projective quotient.
Then ρ is exactly one of the following cases:

(A): ρ is reducible, i.e., ρ » χ1 ‘ χ2;
(B): ρ is irreducible and projectively dihedral, i.e. up to conjugation, Gρ Ď D8;
(C): Gρ » ρpπ1pX, xqq » A4, S4 or A5;
(D): ρ has Zariski dense image and is rigid;
(E): ρ has Zariski dense image and is non-rigid.

Next, we have a structure theorem for the first 4 cases:

Theorem 1.6.

(A): (Proposition 4.5) either Z » Sym2
pNq or Zν » N1 ˆ N2 with N,N1, N2 Ď A

translated subtori of A;
(B): (Proposition 4.7) either Zν » N or Z » N{xτ˚y with N a translated subtorus

of MBpXϵ, 1q and τ˚ an involution on N ;
(C): (Proposition 4.9) Zν is an algebraic torus;
(D): (Proposition 4.10) Zν is an algebraic torus.

For the last case, which we will call nonabelian jump components, up to taking
a finite cover, we can consider a point of Z as a pair pV,Lq where V has fixed
determinant and L is a rank one local system. More precisely, there is a torsion lift
ϵ P A of some ϵ̄ P A{A2 such that Z Ď MBpX, 2, det P ϵA2q. Consider the diagram:

MBpX, 2, det “ ϵq ˆ A MBpX, 2, det P ϵA2q

A A

pV,LqÞÑVbL
Φϵ

pr2 det

LÞÑϵbLb2

and let C be an irreducible component of Φ´1
ϵ pZq. We can recover Z, in a sense, as

follows (for more details, see Section 2.5)

Proposition 1.7 (Proposition 2.20). Zν » Cν{HC is an étale quotient of Cν.

Denote the projections:

C Ď Φ´1
ϵ pZq Ď MBpX, 2, det “ ϵq ˆ A A

MBpX, 2, det “ ϵq

pr1

pr1

with images:

D “ pr1pCqred Ď MBpX, 2, det “ ϵq, T “ pr2pCqred Ď A
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Proposition 1.8 (Corollary 3.14). T is a torsion-translated subtorus of A.

As a consequence of [CS08] we have a factorization of D through a DM-curve:

Proposition 1.9 (Proposition 5.8). There is a proper hyperbolic DM curve Y “

rY {Gs and a morphism s : X Ñ Y and an irreducible component Q of a fixed-
determinant, fixed-inertia locus MBpY , 2, det “ δ, τ q such that

(1) s˚ : π1pX, xq Ñ π1pY , ȳq is a surjection.
(2) with the closed embedding s˚ :MBpY , 2q ãÑ MBpX, 2q, D Ď s˚pQq.

Via the closed embedding, we can view C as a subvariety of QˆT Ď MBpY , 2qˆA.
More precisely,

C Ď
␣

pW,Lq P Q ˆ T
ˇ

ˇ dimH i
pX, s˚W b Lq ě k

(

On the other hand,

RΓpX, s˚W b Lq » RΓpY ,W b Rs˚Lq

hence we can, instead, study a twisted jump loci on the DM-curve Y . For a fixed
L, we understand when this cohomology jumps.

Proposition 1.10 (Proposition 5.18). Either C “ Q ˆ T,C “ tVu ˆ T , or pr2 :
C Ñ T is generically finite.

For the case where pr2 : C Ñ T is generically finite, using an invariant Grass-
mannian construction, we construct a finite scheme over T (Proposition 5.22) which
contains a Zariski open subset of C. As a consequence,

Proposition 1.11 (Proposition 5.23). If pr2 : C Ñ T is generically finite, then it
is finite and surjective.

Finally, suppose that pr2 : C Ñ T is finite, and consider the normalized map
prν2 : Cν Ñ T . If this is not étale, we can produce a unitary L P T with c P pprν2q´1pLq

such that Cν is smooth at c, prν2 is ramified at c, and

pOT,L Ñ pOCν ,c

is an injective morphism of pro-MHS-algebras. This results in a contradiction
(Proposition 5.26). Putting everything together we get:

Theorem 1.12. Either C “ Q ˆ T , C “ tVu ˆ T , or prν2 : Cν Ñ T is étale.

Corollary 1.13. If the general point of Z is of type pEq, then either Z is an algebraic
torus, Zν is an algebraic torus, or Zν is an étale quotient of Qν ˆ T .

1.3. Acknowledgement. I would like to thank my advisor, Benjamin Bakker, for
suggesting the problem of putting Hodge structures on jump loci which became the
basis of this project. I am grateful for numerous conversations and suggestions, as
well as his careful reading of previous versions. I would also like to thank Daniel
Litt for his interest in the result.

AI discloure: No part of this paper was AI generated. OpenAI’s ChatGPT Plus
was used for literature searches, and later the Pro version of ChatGPT Astra was
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used to audit the paper. Along with minor issues, it pointed out previous errors
with Proposition 3.12 and Lemma 3.17. The fixes are the author’s.

2. Preliminaries

We work with schemes over C. For a scheme S, let Sred be the reduced scheme,
and Sν be the normalization of S.

2.1. Jump ideals. Let A be a noetherian ring, andK‚ a bounded above complex of
A´modules such that H ipK‚q is a finitely generated A-module for all i. By [Har77,
Lemma III.12.3], there exists a quasi-isomorphism ϕ : L‚ Ñ K‚ where pL‚, d‚q is a
bounded above complex of finitely generated free A-modules.

Definition 2.1. The cohomological jump ideals of K‚ are defined to be

J i
kpK‚

q – IrankApLiq´k`1pdi´1
‘ di

q Ă A

where I denotes the determinantal ideal generated by prankApLiq ´ k ` 1q2-minors.
This definition does not depend on the choice of L‚ [BW15a, Definition-Proposition
2.2]. We also have that, for a base change A Ñ B,

J i
kpK‚

qB “ J i
kpK‚

b
L
A Bq (2.1)

V pJ i
kpK‚

qq “
␣

s P SpecA
ˇ

ˇ dimκpsq H
i
pK‚

b
L
A κpsqq ě k

(

(2.2)

Let S “ SpecA Ñ RBpX, x, rq “ Hompπ1pX, xq,GLrq be a classifying map. This
is equivalent to a representation

ρS : π1pX, xq Ñ GLrpAq

which we might think of as a Arπ1pX, xqs-module VS. Let the corresponding local
system of free A-modules on X be denoted VS. Here we have an explicit free
model for RΓpX,VSq. Fix a finite CW complex structure for X, we can form the

cellular complex C‚p rX,Zq on the universal cover rX Ñ X; this is a complex of free
Zrπ1pX, xqs-modules. Then

C‚
pX,VSq – HomZrπ1pX,xqs

´

C‚p rX,Zq, VS

¯

is a complex of free A-modules. Cellular cohomology with local system coefficients
identifies this with RΓpX,VSq. Furthermore, for f : SpecB Ñ S, we have that

C‚
pX,VS bAX

BXq “ C‚
pX,VSq bA B (2.3)

with AX , BX being the constant local systems on X. Recall that RBpX, x, rq
is affine, and denote the universal local system, which is a local system of free
ΓpRBpX, x, rq,ORBpX,x,rqq-modules on X, to be Vuniv (which is just VS for S “

RBpX, x, rq). We can then give a scheme structure to

Σi
kpX, x, rq “

␣

V P RBpX, x, rq
ˇ

ˇ dimH i
pX,Vq ě k

(

as Σi
kpX, x, rq “ V

`

J i
k

`

RΓpX,Vunivq
˘˘

.
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2.2. Variations of complex mixed Hodge and twistor structures.

Definition 2.2. A complex pure Hodge structure (C-HS) of weight n is a finite-
dimensional C-vector space V with n´opposed decreasing filtrations F ‚, F 1‚, i.e.,

grpFgr
q
F 1V “ 0 p ` q ‰ n, V “

à

p`q“n

V p,q, V p,q
“ F p

X F 1q

Morphisms are filtered morphisms. A polarization of V is a hermitian form h such
that V “

À

p`q“n V
p,q is h-orthogonal, and

À

p`q“np´1qph|V p,q is positive definite.

Definition 2.3. A complex mixed Hodge structure (C-MHS) is pV,W‚, F
‚, F 1‚q,

withW‚ an increasing (weight) filtration, such that for any n, the filtrations induced
by F ‚, F 1‚ on grWn V define a pure Hodge structure of weight n.

Morphisms are those compatible with all three filtrations. A graded polarization
is a polarization hn on grWn V for each n.

Definition 2.4. A complex pure twistor structure (C-TS) of weight n is a vector
bundle V » OP1pnq‘r. A complex mixed twistor structure (C-MTS) is a pair pV ,W‚q

where V is a vector bundle on P1, W‚V is a locally split increasing (weight) filtration
by subbundles satisfying

grWn V » OP1pnq
‘rn

Morphisms of complex mixed twistor structures are OP1´linear morphisms which
preserve the weight filtrations.

The complex mixed Hodge and twistor structures form categories MHSC and
MTSC. These are C-linear abelian categories. We have fiber functors ω, with image
C-vector spaces, where ωpV,W‚, F

‚, F 1‚q “ V , and ωpV ,W‚q “ V |λ“1.

Theorem 2.5 ([Del71], [Sab18, Proposition 1.10]). pMHSC, ωq and pMTSC, ωq are
neutral Tannakian categories.

Definition 2.6. A graded polarized complex variation of mixed Hodge structures
(C-VMHS) on X is pV,W‚, F

‚, F 1‚q where

‚ V is a complex local system on X and W‚ is a flat increasing (weight) filtra-
tion;

‚ F ‚, F 1‚ are locally split decreasing filtrations

F p
Ă OX bCX

V, F 1q
Ă OX bCX

V
by holomorphic and anti-holomorphic subbundles respectively;

‚ for the natural flat connections ∇,∇ coming from the exterior derivative,
these must satisfy Griffiths transversality

∇F p
Ă F p´1

b Ω1
X , ∇F 1q

Ă F 1q´1
b Ω1

X

‚ there exists a flat hermitian form hn on each grWn V such that for each x P X,
the restriction of the tuple to x gives a graded polarized complex mixed
hodge structure.

For the twistor analogue, we first review the theory of harmonic bundle developed
by Corlette and Simpson in [Cor88; Sim92].
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Definition 2.7. Let E be a complex C8-vector bundle on a projective complex
manifold X equipped with a flat C8-connection D. For h a hermitian metric on E ,
we have a decomposition

D “ Dh ` Ψ

where Dh is unitary with respect to h, and Ψ is self-adjoint for h. Take a further
type decomposition into p1, 0q and p0, 1q components

Dh “ Bh ` B̄h, Ψ “ θ ` θ˚

We say that h is pluriharmonic if pθ ` B̄hq2 “ 0. A harmonic bundle pE , D, hq,
equivalently pE , B̄h, θ, hq, is then a smooth complex vector bundle E with a flat
smooth connection D and a pluriharmonic metric h.

Let AX – C8
X bOP1 be the sheaf of C8-functions onXP1 – XˆP1 which are holo-

morphic in the P1-direction, and choose generating sections x0, x8 P H0pP1,OP1p1qq

vanishing at 0 and 8 respectively. Then we get a derivative

x0BXP1{P1 ` x8B̄XP1{P1 : AX Ñ AX b Ω1
XP1{P1p1q

with Ω1
XP1{P1p1q – Ω1

X b OP1p1q, where Ω1
X is the sheaf of C8-one-forms on X. Let

`

E , B̄h, θ, h
˘

be a harmonic bundle on X, and define EP1 – E b OP1 . Then we have

a x0BXP1{P1 ` x8B̄XP1{P1-connection

D – x0pBh ` θ˚
q ` x8pθ ` B̄hq : EP1 Ñ EP1 b Ω1

XP1{P1p1q, D2
“ 0

where we abuse notation so that Bh ` θ˚, θ` B̄h really mean their natural extensions
to EP1 .

Definition 2.8. The resulting pEP1 ,Dq is the variation of pure twistor structures
(C´VTS) of weight 0 associated to the harmonic bundle

`

E , B̄h, θ, h
˘

. We get the

weight k C-VTS associated to
`

E , B̄h, θ, h
˘

by twisting EP1,k – E b OP1pkq.

Remark 2.9. Every semisimple complex local system on X underlies a harmonic
bundle, hence a variation of pure twistor structures.

Definition 2.10. A graded-polarized variation of mixed twistor structures (C-
VMTS) on X is a triple pV ,W‚,Dq such that

‚ V is an AX-module on XP1 ;
‚ D : V Ñ V b Ω1

XP1{P1p1q is a x0BXP1{P1 ` x8B̄XP1{P1-connection with D2 “ 0;

‚ W‚V is a D´flat increasing weight filtration of EP1 ;
‚ each

`

grWk V , grWk D
˘

has a pluriharmonic hermitian metric hk making it a
C´VTS of weight k associated to a harmonic bundle.

Morphisms are AX-linear morphisms which preserve W‚ and commutes with D.

Remark 2.11. On an affine chart A1
λ “ P1 ´ t8u, let Dλ “ x´1

8 D|Xˆtλu. The data
of a C-VMTS is equivalently a family of integrable λ-connections

∇λpfsq “ λdf b s ` f∇λpsq, ∇2
λ “ 0

where ∇λ “ D0,1
λ on the holomorphic vector bundle pV |λ, D

0,1
λ q. The fibers λ “ 1

and λ “ 0 give a flat bundle, hence an underlying local system by Riemann-Hilbert
correspondence, and a Higgs bundle respectively.
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2.3. Variations with artinian coefficients. Let MSC be either MHSC or MTSC,
and Tp0q be the tensor unit in MSC.

Definition 2.12. A Tp0q-MS-algebra is a commutative unital algebra object A P

MSC, i.e., A P MSC with morphisms in MSC:

Tp0q
u
ÝÑ A, A b A

µ
ÝÑ A

satisfying the usual unit, associativity, and commutativity diagrams. Similarly, we
can define A-MS-algebra (and module) from a Tp0q-MS-algebra A.

We say that A is artinian local if ωpAq is an artinian local C´algebra, and the
residue mapA ↠ Tp0q is a morphism inMSC. SinceMSC is abelian, mA – kerpA ↠
Tp0qq is a subobject of A in MSC, and we have a splitting A “ Tp0q ‘ mA.

Definition 2.13.

(1) A pro-MS is a pro-object in MSC.
(2) A pro-Tp0q-MS-algebra is a Tp0q-algebra object in the category of pro-MS.

Equivalently, it is an inverse system of Tp0q-MS-algebras.
(3) A pro-Tp0q-MS-algebra Λ is complete, noetherian, artinian, or local when

ωpΛq is as a C-algebra.
(4) An ideal subobject I of a (pro-)Tp0q-MS-algebra is a (pro-)Tp0q-MS-ideal if

it is a sub pro-C-MS.
(5) If Λ is a pro-Tp0q-MS-algebra, we define a pro-Λ-MS-module to be a pro-Λ-

module object in MSC.

Let aX : X Ñ pt, and denote A “ a˚
XA for A P MSC, i.e., A is the constant

variation with fiber ωpAq.

Definition 2.14. Let A P MSC be an artinian local Tp0q-MS-algebra. An A-
variation of mixed structures (A-VMS) is a complex variation of mixed Hodge/twistor
structures V together with an action morphism

A b V Ñ V

which is a morphism of variations of mixed structures and which satisfies unit and
associativity diagrams. We also require the underlying local system of V to be a
local system of free ωpAq-modules.

If Λ is a pro-Tp0q-MS-algebra with

Λ “ lim
ÐÝ
n

Λn, Λn “ Λ{mn`1
Λ

where each Λn is an artinian local Tp0q-MS-algebra with Λn`1 Ñ Λn being a mor-
phism in MSC, then a pro-Λ-VMS is of the form

V “ lim
ÐÝ
n

Vn, Vn “ V{mn`1
Λ V

where V has an underlying local system of free ωpΛq-modules. Each Vn is a C-VMS
for which the maps Vn`1 Ñ Vn are morphisms of C-VMS, each Λ{mn`1

Λ Ă EndpVnq

is a sub C-MS.
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Proposition 2.15. Let X be a smooth projective complex variety. Let A P MSC be
an artinian local Tp0q-algebra, and V an A-VMS with underlying local system V.
Then there is a functorial

KApVq “ RaMS
X,˚V P Db

pA-MS-modq

such that ωpKApVqq » RΓpX,Vq in DbpωpAq-modq. Furthermore, for every mor-
phism A Ñ B in MSC with the corresponding A Ñ B of constant variations on X,
we have base change

KApVq b
L
A B » KBpV bA Bq

Proof. Forget about the coefficient A, we can regard V as a smooth object in the
derived category of algebraic complex mixed modules. Then the fact that we have
KpVq “ RaMS

X,˚V P DbpMSCq with ωpKpVqq » RΓpX,Vq follows from the six functor
formalism. In the Hodge setting, this follows from work of Saito [Sai90, Theorem
0.1]; in the twistor setting, this follows from works of Sabbah and Mochizuki [Sab05;
Moc15]. We now show compatibility with the A-structure. Apply the projection
formula, which in this specific case is a consequence of six functor formalism and
dualizability of A, to the action morphism paXq˚A b V Ñ V we get

A b RaMS
X,˚V Ñ RaMS

X,˚V
and similarly for the unit and associativity diagrams. Regarding the base change
A Ñ B, notice that we have a base change morphism by adjunction

B b
L
A RaMS

X,˚V Ñ RaMS
X,˚pV bA Bq

which, after applying ω, becomes the base change morphism RΓpX,VqbL
ωpAq

ωpBq Ñ

RΓpX,V bAX
BXq. This follows from the compatibility of ω with the six functors.

The base change RΓpX,Vq bL
ωpAq

ωpBq Ñ RΓpX,VbAX
BXq is an isomorphism due

to identifications with free cellular complexes, see (2.3). Finally, ω is faithful and
exact, hence its derived version is conservative, and BbL

ARaMS
X,˚V Ñ RaMS

X,˚pV bABq

must be an isomorphism to begin with. □

2.4. Absolute subset and rank one theory. We have a quasi-projective mod-
uli space RDRpX, x, rq of framed flat connections on X [Sim94, Theorem 6.13].
The Riemann-Hilbert correspondence then induces a complex analytic isomorphism
[Sim94, Theorem 7.1]:

RH : RDRpX, x, rq
»
ÝÑ RBpX, x, rq (2.4)

Given pE,∇q P RDRpX, x, rq and σ P AutpC{Qq, we have a base change Xσ Ñ X
and pulling back gives pEσ,∇σq P RDRpXσ, x, rq. In fact, this gives a bijection

σ : RDRpX, x, rq
»
ÝÑ RDRpXσ, rq.

Definition 2.16. AGLr-invariant subset Σ Ď RBpX, x, rq is absoluteQ-constructible
if for any σ P AutpC{Qq,

Σσ – RH ˝ σ ˝ RH´1
pΣq Ď RBpXσ, x, rq

is Q-constructible, i.e., a finite union of locally closed subvarieties defined over Q.
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We have similar notions for the stacks MB{DRpX, rq as well as the good moduli
spaces MB{DRpX, rq. Now, consider the rank one character variety

MBpX, 1q “ Hompπ1pX, xq,C˚
q » pC˚

q
rankH1pX,Zq

ˆ HompH1pX,Zqtors,C˚
q (2.5)

which is a finite disjoint union of algebraic tori.

Theorem 2.17 ([BW20a; Sim93]). Every irreducible absolute Q-closed subset Σ Ď

MBpX, 1q is a torsion-translated algebraic subtorus

Σ “ τ ¨ N

where N Ď MBpX, 1q is a subtorus, and LiepNq Ď H1pX,Cq is a complex Hodge
substructure. Absolute Q-constructible subsets are obtained from a finite sequence
of unions, intersections and complements.

Proof. The first and last statement follows from [Sim93, Theorem 6.1] and [BW20a,
Theorem 9.1.2]. Regarding the Lie algebra, by [Sim93, Theorem 6.1], N is a triple
torus, hence by [Sim93, Theorem 2.1] there exists abelian subvariety P Ď AlbpXq

such that N is the image of MBpAlbpXq{P, 1q ãÑ MBpX, 1q. The map on tangent
space is

H1
pAlbpXq{P,Cq ãÑ H1

pX,Cq

is induced by π˚ : H1pAlbpXq{P,Cq Ñ H1pAlbpXq,Cq » H1pX,Cq where π :
AlbpXq Ñ AlbpXq{P is the projection. Pullback is a Hodge morphism hence we
are done. □

Corollary 2.18 ([BW20a, Theorem 11.1.1]). Let F P Db
cpX,Cq be of geometric

origin, then the twisted jump loci

Σi
kpX,Fq “

␣

V P RBpX, 1q
ˇ

ˇ dimHi
pX,F b Vq ě k

(

is absolute Q-closed and thus a finite union of torsion-translated algebraic subtori.
If F is not of geometric origin, then Σi

kpX,Fq is only a finite union of translated
algebraic subtori.

2.5. Determinant sheet. In this section, let A “ MBpX, 1q and the decomposition

(2.5) be A “ A˝ ˆ T̂ , where T “ H1pX,Zqtors. Since T is finite, its dual T̂ is also
finite. We have the squaring map

r2s : A Ñ A, L ÞÑ Lb2

and let A2 “ imr2s, Ar2s “ kerr2s. Then A{A2 » T̂ {T̂ 2 is a finite group. For each ϵ̄ P

A{A2 we can pick a torsion lift ϵ P A. Let ϵA2 be the coset ϵA2 “ tϵ b Lb2 | L P Au,
then

A “
ğ

ϵ̄PA{A2

ϵA2

and thus

MBpX, 2q “
ğ

ϵ̄PA{A2

MBpX, 2, det P ϵA2
q

For each ϵ̄ P A{A2 with torsion lift ϵ P A, we have the following proposition
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Proposition 2.19. There is a Cartesian diagram

MBpX, 2, det “ ϵq ˆ A MBpX, 2, det P ϵA2q

A A

pV,LqÞÑVbL
Φϵ

pr2 det

LÞÑϵbLb2

(2.5)

and Φϵ is a finite étale Ar2s-torsor over MBpX, 2, det P ϵA2q, with the action

ρ ¨ pV,Lq “ pV b ρ,L b ρ´1
q

The same is true for the quotient stacks and framed moduli schemes.

Proof. Notice that

MBpX, 2, det P ϵA2
q ˆA A “

␣

pW,Lq
ˇ

ˇ detW “ ϵ b Lb2
(

which is isomorphic to MBpX, 2, det “ ϵq ˆ A via the maps

MBpX, 2, det P ϵA2
q ˆA A Ñ MBpX, 2, det “ ϵq ˆ A

pW,Lq ÞÑ pW b L´1,Lq

pV b L,Lq Ð[ pV,Lq

Next, the map downstair map is a Ar2s-torsor over ϵA2, with the action ρ ¨ L “

L b ρ´1. Hence Φϵ is also a Ar2s-torsor. The induced action on MBpX, 2, det P

ϵA2q ˆA A is ρ ¨ pW,Lq “ pW,L b ρ´1q which translate to the stated action on
MBpX, 2, det “ ϵq ˆ A. □

Now, let Z Ă MBpX, 2q be an irreducible subvariety, then it must be contained
in some MBpX, 2, det P ϵA2q. We can then look at ϕ´1

ϵ pZq and pick an irreducible
component C. Set HC “ tρ P Ar2s | ρ ¨ C “ Cu.

Proposition 2.20. The induced map between normalizations Cν Ñ Zν is a finite
étale HC-torsor, and Z

ν » Cν{HC.

Proof. We have a base change diagram

W Φ´1
ϵ pZq

Zν Z

f

g ϕχ

ν

where g is a finite étale Ar2s´torsor. Let ηZ be the generic point of Z, then the
generic point ηC of C lies over ηZ . Notice that we have an isomorphism of function
fields κpηZν q » κpηZq, hence the an isomorphism of generic fibersWηZν » Φ´1

ϵ pZqηZ .
Thus there is a WηZν Q η ÞÑ ηC under this identification. Let C be the closure of η
in W . Since W Ñ Zν is finite étale, C is an irreducible component of W . It follows
that C is open and closed in W , and C Ñ Zν is a finite étale HC´torsor.
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On the other hand, W Ñ Φ´1
ϵ pZq is finite, since it is the base change of ν which is

finite. Thus C Ñ C is finite. It is also birational by construction, hence C “ Cν . □

3. Hodge theory of RB and MB

In this section, we prove that the cohomological jump loci enjoy several nice Hodge
theoretic properties. We first briefly recall some results and definitions, following
the exposition of [BBT24].

3.1. Betti universal deformation algebra and Deligne-Hitchin space.

Theorem 3.1 ([BBT24, Theorem 4.2]). Let pV, ϕq be a framed rank r local system

underlying a C-VMS V, then the completed local ring ΛpV,ϕq – pORBpX,x,rq,pV,ϕq has a
pro-Tp0q-MS-algebra structure ΛpV,ϕq with

ωpΛpV,ϕqq “ ΛpV,ϕq

and the universal formal local system pV underlies a free pro-ΛpV,ϕq-VMS pV. Let
M be Cr equipped with the mixed structure induced by ϕ. The universal framing
pϕ : pVx Ñ ΛpV,ϕq

pbCCr is the image under ω of a morphism of pro-ΛpV,ϕq-MS-modules
pϕ : pVx Ñ ΛpV,ϕq

pbTp0qM.
These structures are uniquely determined by the following universal property: For

any artinian local Tp0q´MS-algebra A and any A-VMS U with a framing ψ : Ux Ñ

AbTp0q M which restricts to pV , ϕq mod mA, there is an unique morphism ΛpV,ϕq Ñ

A of local pro-Tp0q-MS-algebras such that

pA, pU , ψqq » ApbΛpV,ϕq

´

ΛpV,ϕq, ppV , pϕq

¯

or, in other words, ΛpV,ϕq represents the functor

A ÞÑ tframed free A-VMS deformations of pV , ϕqu{ »

For a C´scheme T , denote XT “ X ˆ T with projection πT : XT Ñ T .

Proposition 3.2 ([Sim97b, Proposition 4.1]). The moduli functor

RHodprqpT q “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

pλ,ET ,∇λ,T , ϕq ET locally free of rank r on XT ,
λ P ΓpT,OT q,
π´1
T OT ´ linear ∇λ,T : ET Ñ ET b Ω1

XT {T ,

∇2
λ,T “ 0,

∇λ,T pfsq “ λdXT {Tf b s ` f∇λ,T s
ϕ : ET |xˆT » Or

T

over λ “ 0 the resulting Higgs bundles are
semistable with vanishing Q-Chern classes

,

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

-

M

»

is representable by a relative scheme RHodpX, x, rq
λ
ÝÑ A1

λ parametrizing λ-connections
with a framing. Furthermore, there is a Gm-action on RHodpX, x, rq, covering the
scaling action on A1

λ, by scaling the λ´connection.
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Definition 3.3. Consider the complex conjugate variety Xc, we can similarly define
RHodpXc, x, rq and there is a holomorphic isomorphism

RHodpX, x, rq|Gm » RHodpXc, x, rq|Gm (3.1)

and there is a gluing to get the analytic Deligne-Hitchin space RDHpX, x, rq Ñ

P1. We have the derivations associated to the Gm-actions on RHodpX, x, rq and
RHodpXc, x, rq which glue to a derivation Θ on RDHpX, x, rq.

Proposition 3.4 ([BBT24, Corollary 8.8]). Let A be an artinian local Tp0q-MS-
algebra. A framed A-VMTS V induces a P1-morphism SpecP1 A Ñ RDHpX, x, rq.

Definition 3.5. If V is a C-VTS on X, then the resulting P1 Ñ RDHpX, x, rq is
called a preferred section.

More concretely, if pV, ϕq P RBpX, x, rq is a semisimple framed local system, then
it underlies a canonical weight 0 C-VTS, giving a preferred section

spV,ϕq : P1
Ñ RDHpX, x, rq (3.2)

where spV,ϕqp1q is the flat bundle corresponding to pV, ϕq via the Riemann-Hilbert
correspondence.

Proposition 3.6 ([BBT24, Lemma 8.11], [Sim97a, Theorem 8.1]). We have a clas-

sifying map for the universal pro-ΛpV,ϕq-VMS pV ,

pspV,ϕq : SpfP1ΛpV,ϕq
»
ÝÑ pRDHpX, x, rqspV,ϕq

(3.3)

which is an isomorphism onto the completion of RDHpX, x, rq along the preferred
section.

Proposition 3.7 ([Sim92, Corollary 4.2]). There is a continuous C˚ action on
MBpX, rq with fixed points underlying canonical weight zero complex variations of
Hodge structures.

3.2. Jump loci are Hodge subvarieties. Let MBpX, rq be the quotient stack of
local systems of rank r, and Z Ď MBpX, rq locally closed substack. Let V P ZpCq

be a semisimple local system, and pick a framing ϕ : Vx
»
ÝÑ Cr. Denote RZ Ď

RBpX, x, rq the base change to the framed space.

Definition 3.8 ([BBT24, Section 8.5]). Z is Hodge at V if

(H1): equipping V with the canonical weight 0 C´VTS, the quotient ΛpV,ϕq ↠
pORZ,pV,ϕq underlies a quotient map of pro-Tp0q-MTS-algebras. If V is a C˚-
fixed point, then we can equip V with a canonical weight 0, and the quotient

ΛpV,ϕq ↠ pORZ,pV,ϕq underlies a quotient map of pro-Tp0q-MHS-algebra. De-

note ΓZ,pV,ϕq the corresponding pro-Tp0q-MS-algebra on pORZ,pV,ϕq.
(H2): The formal twistor subspace SpfP1ΓZ,pV,ϕq Ď SpfP1ΛpV,ϕq is tangent to the

derivation Θ in Definition 3.3.
(H3): We have an induced map by composition

psRZ,pV,ϕq : SpfP1ΓZ,pV,ϕq Ñ pRDHpX, x, rqspV,ϕq
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Denote ZHod (resp. ZHod) the Zariski closure of the image of psRZ,pV,ϕq|A1
λ
(resp.

psRZ,pV,ϕq|P1zt0u) in RHodpX, x, rq (resp. RHodpXc, x, rq). Then psRZ,pV,ϕq|Gm

induces an isomorphism onto the completion of ZHod|Gm along the image of
spV,ϕq, and the same is true for psRZ,pV,ϕq|Gm and ZHod|Gm .

Z is a Hodge substack if it is closed under semisimplification and Hodge at every
semisimple V P ZpCq. Notice that these conditions rely only on RZ Ď RBpX, x, rq,
so we have a similar notion of Hodge subvariety for a GLr-invariant subvariety
Z Ď RBpX, x, rq. We also have obvious generalization to Hodge subvarieties of
products of character varieties.

Lemma 3.9. Let A P MSC be an artinian local Tp0q-MS-algebra, with A “ ωpAq,
and K P DbpA-MS-modq with K “ ωpKq quasi-isomorphic to a bounded above
complex of free A-modules. Then J i

kpKq Ď A is the image under ω of an ideal
subobject J i

kpKq Ď A. This construction commutes with Tp0q-MS-algebra coefficient
base change.

Proof. Let G “ Autb
pωq be the Tannakian dual of MSC. Then we have an equiva-

lence of category MSC » Repfd
C pGq. Under this equivalence, A is identified with A “

ωpAq with an algebraic G´action, i.e., a comodule structure δA : A Ñ A b OpGq;
this is an action by algebra automorphism. Similarly, K gives a G-equivariant com-
plex K “ ωpKq of A´modules.
Let B be a C-algebra, and g P GpBq, all the tensor product below will be over C

unless specified otherwise. We have a B-algebra automorphism g : AbB Ñ AbB.
Since B is flat over C, the action of g on K bL B “ K b B satisfies

g ¨ pbmq “ gpbqpg ¨ mq b P A b B,m P Ki
b B

coming from applying ω to the action morphism A b K Ñ K. It follows that

g˚
pK b Bq – pA b Bq bg pK b Bq » K b B

since g : A b B Ñ A b B is an isomorphism. Determinantal ideals commute with
arbitrary base change, and by (2.1) we get

gpJ i
kpK b Bqq “ J i

kpg˚
pK b Bqq » J i

kpK b Bq

thus J i
kpK b Bq is stable under the action of g P GpBq. It follows that J i

kpKq is a
G-subrepresentation. The equivalence then gives a unique subobject J i

kpKq Ď A in
MSC with ωpJ i

kpKqq “ J i
kpKq. To check that J i

kpKq is an ideal subobject, it suffices
to check that the composition

A b J i
kpKq Ñ A b A

µ
ÝÑ A

factors through J i
kpKq Ď A. Equivalently,

A b J i
kpKq Ñ A Ñ A{J i

kpKq

is zero. This follows from ω being faithful and the image of that map under ω is
zero. Compatibility with coefficient base change follows from (2.1). □

The jump loci Σi
kpX, rq Ď RBpX, x, rq is invariant under the conjugation action

by GLr, so we can ask whether it is a Hodge subvariety.
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Theorem 3.10. For smooth projective X, the jump locus Σi
kpX, rq Ď RBpX, x, rq

is a Hodge subvariety. Furthermore, it is closed under semisimplification, and
Σi

kpX, rqred is a Hodge subvariety which is absolute Q-closed.
Every irreducible component of Σi

kpX, rqred is a Hodge subvariety and is absolute
Q´closed.

Proof. We first verify that Σi
kpX, rq satisfies the three conditions in Definition 3.8.

pH1q. Consider pV, ϕq P RBpX, x, rq semisimple, and let

Λ “ pORBpX,x,rq,pV,ϕq, Λn “ Λ{mn`1
Λ

Equip V with the canonical weight 0 C-VTS. If V is a C˚-fixed point, then it
underlies a canonical weight 0 C-VHS. By Theorem 3.1, Λ underlies a pro-Tp0q-

MS-algebra Λ, and the universal formal local system ppV, pϕq underlies a pro-Λ-VMS

ppV , pϕq. Each Λn underlies a Tp0q-MS-algebra Λn “ Λ{mn`1
Λ . Write Vn “ pV pbΛΛn,

and Vn the underlying local system of Vn. By Proposition 2.15 we have

Kn “ RaMS
X,˚Vn P Db

pΛn-MS-modq, ωpKnq » RΓpX,Vnq

Let R “ ΓpRBpX, x, rq,ORBpX,x,rqq, then RBpX, x, rq “ SpecR. By the discus-
sion of universal cellular complex in Section 2.1, we get a complex C‚pX,Vunivq »

RΓpX,Vunivq of free R-modules which we can think of as a complex of free sheaves
on RBpX, x, rq. Its fiber over a point pW, ψq P RBpX, x, rq gives RΓpX,Wq. Notice
that in Λ, the jump ideal becomes

J i
kpRΓpX,Vuniv

qq ¨ Λ “ lim
ÐÝ

J i
kpRΓpX,Vuniv

qq ¨ Λn

Recall that we have base change

J i
kpRΓpX,Vuniv

qq ¨ Λn » J i
kpRΓpX,Vuniv

q b
L
R Λnq

» J i
kpRΓpX,Vuniv

b
L
R Λnqq

» J i
kpRΓpX,Vnqq

thus J i
kpRΓpX,Vunivqq ¨ Λ » J i

kpRΓpX, pVqq. Now, ωpKnq is quasi-isomorphic to a
complex of free Λn-modules, which is C‚pX,Vnq, hence by Lemma 3.9 we get that

J i
kpRΓpX, pVqq underlies a pro-Tp0q-MS-ideal J i

kpKq Ď Λ. It follows that we get
pH1q since MSC is abelian.

pH3q. We first take a detour. Let A P MTSC with A “ ωpAq, and W an A-VMTS
with underlying local system W of free A-modules. By Remark 2.11, this is the same
as a family of holomorphic integrable λ-connections. Let Xλ “ X ˆA1

λ with projec-
tion π : Xλ Ñ A1

λ, then the family of λ-connections, over the patch A1
λ, is the same

as a holomorphic bundle Wλ on Xλ with an integrable ∇λ : Wλ Ñ Wλ b Ω1
Xλ{A1

λ
.

The A-action becomes an Arλs´action. We can then form the λ-De Rham complex

DRλpWλq “

”

Wλ
∇λ
ÝÝÑ Wλ b Ω1

Xλ{A1
λ

Ñ ¨ ¨ ¨ Ñ Wλ b ΩdimX
Xλ{A1

λ

ı
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and pRaMS
X,˚Wq|A1

λ
» Rπ˚DRλpWλq P DbpArλs-modq, by [Sim97a, proof of Theorem

4.1] and the proof of Proposition 2.15. Denote

KHodpWq – Rπ˚DRλpWλq

Next, let q : RHodpX, x, rq Ñ A1
λ be the Hodge moduli space. This carries a

universal λ-connection pVuniv
λ ,∇λq on X ˆ RHod. If the classifying Deligne-Hitchin

section for W is sW : SpecP1 A Ñ RDHpX, x, rq, denote sW,λ – sW |A1
λ
: SpecArλs Ñ

RHodpX, x, rq, and
pWλ,∇λq “ s˚

W,λpVuniv
λ ,∇λq

The complex KHod satisfies base change (same proof as in [Sta26, Tag 0FM0]
works), hence

KHodpWq » s˚
W,λKHodpVuniv

q

where KHodpVunivq – Rπ˚DRλpVuniv
λ ,∇λq. We can think of this as a complex of

Arλs-modules, hence a notion of λ-jump ideal makes sense. Denote Σi
k,HodpX, rq “

V pJ i
kpKHodpVunivqqq. The restriction to λ “ 1 gives the De Rham complex for the

flat bundle corresponding to W via the Riemann-Hilbert correspondence, hence by
the comparison theorem this gives Σi

kpWq.

Back to our situation, let sn : SpecP1Λn Ñ RDHpX, x, rq be the classifying map
for the Λn-VMTS Vn. The reduction mod mΛ gives spV,ϕq : P1 Ñ RDHpX, x, rq, the
preferred section associated to the canonical weight 0 C-VTS on semisimple V. Let
Γ “ Λ{J i

kpKq be the pro-Tp0q-MTS-algebra on pOΣi
k,pV,ϕq, and put

sn,Σ : SpecP1 Γn Ñ SpecP1Λn
sn
ÝÑ RDHpX, x, rq

Notice that

s˚
nJ

i
kpKHodpVuniv

qq “ J i
kps˚

nKHodpVuniv
qq » J i

kpKn|A1
λ
q » J i

kpKnq|A1
λ

thus the image of sn,Σ|Gm agrees with the pn` 1q-th order neighborhood of the im-
age of spV,ϕq|Gm in Σi

k,HodpX, rq. It follows that the image of psΣ|Gm agrees with the

completion of Σi
k,HodpX, rq along the image of spV,ϕq, as desired.

pH2q. The scaling Gm-action turns t ¨ pVuniv
λ ,∇λq ÞÑ pVuniv

λ , t∇λq. Multiplication by
tp in degree p gives a quasi-isomorphism

DRλpVuniv
λ ,∇λq » DRλpVuniv

λ , t∇λq

thus J i
kpKHodpVunivqq is Gm-invariant, hence so is Σi

k,HodpX, rq. It follows that

ΘpJ i
kpKHodqq Ď J i

kpKHodq

and completing along the image of spV,ϕq gives pH2q by the identification in the
previous section.

Closed under semisimplification and absoluteness. Closure under semisimplification
follows from semicontinuity of local system cohomology. Asboluteness follows from
the same proof as in [BW20a, Theorem 11.1.1]. Finally, irreducible components and
reduction remains Hodge, due to [BBT24, Proposition 8.21(3)], and absolute. □

https://stacks.math.columbia.edu/tag/0FM0
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Corollary 3.11. Using the notation of Section 2.5, let Z be an irreducible compo-
nent of Σi

kpX, 2q Ď RBpX, x, 2q. Let C be an irreducible component of ϕ´1
χ pZq Ă

RBpX, 2, det “ χq ˆ A, and denote

T – pr2pCqred

the Zariski closure of the reduced image of the projection onto A “ MBpX, 1q. Then
T is a torsion-translated subtorus of A.

Furthermore, if L P T is a unitary point, then pOT,t underlies a pro-Tp0q-MHS-

algebra such that for every pV,Lq P C underlying C-VHS, pOT,L Ñ pOC,pV,Lq is a
morphism of pro-Tp0q-MHS-algebras.

Proof. By [BBT24, Proposition 9.10], all the morphisms in

RBpX, 2, det “ χq ˆ A RBpX, 2, det P χA2q

A A

pV,LqÞÑVbL
Φχ

pr2 det

L ÞÑχbLb2

are absolute Q-morphism [BBT24, Definition 9.9]. By the previous theorem, Z
is absolute Q-closed. Thus ϕ´1

χ pZq is absolute Q-closed, and pr2pCq is absolute

Q-constructible. By [BBT24, Proposition 9.14], T is absolute Q-closed. Thus by
Theorem 2.17, T “ τ ¨ N where N is a subtorus of A, and LiepNq is a complex sub
Hodge structure of H1pX,Cq.
Now, suppose L P T is unitary, then L underlies a canonical weight 0 C-VHS,

and by Theorem 3.1, pOA,L underlies a pro-Tp0q-MHS-algebra. Furthermore, since

A and T are smooth, pOT,L and pOA,L are determined by tangent spaces, i.e.,

pOA,L » ySym H1
pX,Cq

_, pOT,L » ySym LiepNq
_

and pOA,L Ñ pOT,L is a quotient of pro-Tp0q-MHS-algebras. Furthermore, H1pX,Cq

is pure of weight 1, hence so is LiepNq and we get mT,L “ W´1
pOT,L with mT,L{m2

T,L
is pure of weight ´1. Suppose that pV,Lq P C is a C-VHS point, equivalently V
underlies a weight 0 C-VHS, then

pORBpX,2,det“χq,V pb pOA,L ↠ pOC,pV,Lq

is a quotient of pro-Tp0q-MHS-algebras. The composition

pOA,L Ñ pORBpX,2,det“χq,V pb pOA,L ↠ pOC,pV,Lq

is thus a morphism of pro-Tp0q-MHS-algebras. This factors through pOA,L Ñ pOT,L
which is a quotient of pro-Tp0q-MHS-algebras, hence the factorization

pOT,L Ñ pOC,pV,Lq

is a morphism of pro-Tp0q-MHS-algebras, as desired. □
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3.3. Hodge structures on good moduli image. For a Hodge subvariety W Ď

RBpX, x, rq, at a point pV, ϕq P W with V underlying a canonical weight 0 com-
plex variation of Hodge structures, we have a pro-Tp0q-MHS-algebra structure on
pOW,pV,ϕq. We prove a similar statement for the image of W under the GIT quotient
q : RBpX, x, rq Ñ MBpX, rq “ RBpX, x, rq{{GL2.

Proposition 3.12. Let W Ď RBpX, x, rq be a Hodge subvariety, and Z “ qpW q Ă

MBpX, rq be the scheme-theoretic image. Let V P Z be a C˚-fixed point, hence

underlying a weight 0 complex variation of Hodge structures. Then pOZ,V underlies
a pro-Tp0q-MHS-algebra, with

mZ,V “ W´1
pOZ,V

Proof. The stabilizer of pV, ϕq P RBpX, x, rq under the GLr-action is AutpVq. Denote
HV “ AutpVq Ă GLr. We have an isotypic decomposition

V »
à

Vα b Mα

where tVαu are pairwise non-isomorphic irreducible local systems, and tMαu are
complex vector spaces. By equipping each Vα with a weight 0 C-VHS and Mα with
a pure complex Hodge structure of type p0, 0q, we get an equality of C-VHS. Then
by Schur’s lemma, HV “

ś

GLpMαq, hence acts by weight 0 automorphisms of the
C-VHS on V.

On the other hand, by picking a framing we get pV, ϕq P W lying over V. Recall
that included in the definition of Hodge subvariety is the fact that W is GLr-
invariant. Since V is semisimple, the GLr-orbit of pV, ϕq is closed. Then by the
Luna étale slice theorem (see [Lun73] or [AHR20, Remark 4.6]) there exists a HV-
invariant affine subscheme Y Ď RBpX, x, rq containing pV, ϕq such that GLrˆ

HVY Ñ

RBpX, x, rq is étale; its image U Ď RBpX, x, rq is a GLr-invariant saturated (i.e.,
U “ q´1 ˝ qpUq) affine open. Here

GLr ˆ
HV Y “ pGLr ˆ Y q{HV

where the HV-action is h ¨ pg, yq “ pg ¨ h, h´1 ¨ yq. Furthermore, the diagram

GLr ˆHV Y U

Y {{HV U{{GLr
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is cartesian with two horizontal maps étale. This induces the following cartesian
diagram of quotient stacks by restricting to GLr-invariant W

rpW X Y q{HVs rW {GLrs

pW X Y q{{HV Z

and étaleness of the bottom horizontal map then gives an isomorphism pOZ,V »

pOHV
WXY,pV,ϕq

. Now, notice that pOY,pV,ϕq is a miniversal algebra for MB [AHR20,

Remark 4.17], and

rW {GLrs ˆMB
Y » rW {GLrs ˆMB

RB ˆRB
Y » W X Y

It follows that the map pOY,pV,ϕq Ñ pOWXY,pV,ϕq is the base change of the miniversal

family Spf pOY,pV,ϕq Ñ MBpX, rq along rW {GLrs ãÑ MB. Then, by [BBT24, Lemma

4.59] and the fact that W is Hodge at pV, ϕq, pOY,pV,ϕq Ñ pOWXY,pV,ϕq must be a
quotient of pro-Tp0q-MHS-algebras; the pro-Tp0q-MHS-algebra on the miniversal
pOY,pV,ϕq is given by [BBT24, Theorem 4.3]. Let e P HV be the identity. We have a

diagram

Spf pOHV,e ˆ Spf pOWXY,pV,ϕq

HV ˆ Spf pOWXY,pV,ϕq Spf pOWXY,pV,ϕq ˆ Spf pOWXY,pV,ϕq

MBpX, rq MBpX, rq ˆ MBpX, rq

completion
ps,tq

∆

(3.4)

and by [BBT24, Theorem 4.3(3)] there is a pro-Tp0q-MHS-algebra structure on

Spf pOHV,e ˆ Spf pOWXY,pV,ϕq making ps˚, t˚q (the ring maps) a morphism of pro-

Tp0q-MHS-algebras. Notice that ps, tq gives the formal groupoid action of pHV,e “

Spf pOHV,e on Spf pOWXY,pV,ϕq, hence (or alternatively using [Alp12, §4]) we have

pOHV
WXY,pV,ϕq

» pO
pHV,e
WXY,pV,ϕq

» kerps˚
´ t˚ : pOWXY,pV,ϕq Ñ pOWXY,pV,ϕq b pOHV,eq

Since s˚, t˚ are morphisms of pro-Tp0q-algebras with MHSC abelian, we get an

induced pro-Tp0q-MHS-algebra structure on pOZ,V » pOHV
WXY,pV,ϕq

. By [BBT24, The-

orem 4.3] again,

mY,pV,ϕq “ W´1
pOY,pV,ϕq
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hence the same is true for the quotient pOWXY,pV,ϕq. Finally, due to strictness of s˚, t˚

as morphisms of pro-Tp0q-MHS-algebras, we get

W´1
pOZ,V » W´1

pOHV
WXY,pV,ϕq

» pOHV
WXY,pV,ϕq

X m
pOWXY,pV,ϕq

“ m
pOHV
WXY,pV,ϕq

“ m
pOZ,V

as desired. □

The same proof gives the following twistor version:

Corollary 3.13. Let W Ď RBpX, x, rq be a Hodge subvariety, and Z “ qpW q Ď

MBpX, rq. Let V P Z, then pOZ,V underlies a pro-Tp0q-MTS-algebra with

mZ,V “ W´1
pOZ,V

With this pro-Tp0q-MHS-algebra structure on the good moduli space MBpX, rq,
we have a version of Corollary 3.11 for MBpX, 2q instead of the framed space
RBpX, x, 2q, as follows.

Corollary 3.14. Using the notation of Section 2.5, let Z be an irreducible compo-

nent of the reduced image Σ
i

kpX, 2q Ď MBpX, 2q. Let C be an irreducible component
of ϕ´1

χ pZq Ă MBpX, 2, det “ χq ˆ A, and denote

T – pr2pCqred

the Zariski closure of the reduced image of the projection onto A “ MBpX, 1q. Then
T is a torsion-translated subtorus of A.

Furthermore, if L P T is a unitary point, then pOT,t underlies a pro-Tp0q-MHS-

algebra such that for every pV,Lq P C underlying C-VHS, pOT,L Ñ pOC,pV,Lq is a
morphism of pro-Tp0q-MHS-algebras.

Proof. Firstly, the image of pr2 is the same whether we work with MBpX, 2q or
RBpX, x, 2q, hence T is still a torsion-translated subtorus of A. Secondly, every such
irreducible component Z is the good moduli image of some irreducible component
W of Σi

kpX, 2q Ď RBpX, x, 2q. Next, since the miniversal pro-Tp0q-MHS-algebra
structure of [BBT24, Theorem 4.3] is compatible with tensor product, and that the
proof of Proposition 3.12 is clearly functorial with respect to the inclusion of Hodge
subvarieties W Ď RBpX, x, rq, we get that

pOMBpX,2,det“χq,V pb pOA,L Ñ pOC,pV,Lq

is a quotient of pro-Tp0q-MHS-algebras for when V,L underlie weight 0 complex
variation of Hodge structures. Then the same proof as in Corollary 3.11 works. □

3.4. Hodge structures on normalization. The goal of this section is to show
that if we have a normalization Cν Ñ C, and pV,Lq is a C-VHS point of C, then for

every c P Cν lying over pV,Lq there is a pro-Tp0q-MHS-algebra structure on pOCν ,c

as well. We will start with some algebra facts.
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Lemma 3.15. Let ϕ : pA,mAq Ñ pB,mBq be a finite homomorphism of pro-Tp0q-
MHS-algebras, with pA,mAq and pB,mBq complete local domains. Assume further
that

mA “ W´1A, W0A “ A

then W0B “ B and mB “ W´1B as well.

Proof. We have the functorial Deligne splitting [PS08, Lemma-Definition 3.4] for
the weight filtrations on A on B, giving A »

ś

wPZď0

Aw, B »
ś

wPZ
Bw, and a finite map

ϕ̄ :
ź

wPZď0

Aw Ñ
ź

wPZ

Bw

compatible with the weights. Let 0 ‰ b P Bw be a homogeneous element, then b is
integral, say of degree d, over

ś

wPZď0

Aw. Take the dw-homogeneous part of the monic

polynomial for b, we get

bd ` a1b
d´1

` ¨ ¨ ¨ ` ad “ 0

with aj P Ajw. If w ą 0 then Ajw “ 0 hence aj “ 0 and bd “ 0 which gives a
contradiction since A is a domain. If w “ 0 then all aj P A0 “ C hence b P C. It
follows that W´1B “ mB and W0B “ B. □

Lemma 3.16. Let B be a complete noetherian local pro-Tp0q-MHS-algebra with
W´1B “ mB. Then the ideal of the reduced singular locus IpSingpSpecBqredq is a
pro-Tp0q-MHS-ideal of B.

Proof. This follows from the proof of [BBT24, Lemma 8.23] which implies that
IpSingpSpecBqq is a pro-Tp0q-MHS-ideal of B, and [BBT24, Lemma 4.36] which
says that taking the reduction preserves the Hodge structure. □

Lemma 3.17. Let pB,mBq be a pro-Tp0q-MHS-algebra which is a complete noether-
ian local domain, and I Ă B a pro-Tp0q-MHS-ideal. Then EndBpIq underlies a local
pro-Tp0q-MHS-algebra structure such that the natural map defined by multiplication

B Ñ EndBpIq

is an finite injective morphism of pro-Tp0q-MHS-algebras.

Proof. Write

B “ lim
ÐÝ

B{mn`1
B “ lim

ÐÝ
Bn, I “ lim

ÐÝ
I{mn`1

B I “ lim
ÐÝ

In

then each EndBnpInq is just the kernel of the morphism of C-MHS

EndCpInq Ñ HomCpBn bC In, Inq

hence carries the structure of an associative algebra object on the category of Tp0q-
MHS-algebra. Next, we have tensor-Hom adjunction

HomMHSCpBn b In, Inq » HomMHSCpBn,EndCpInqq
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under which the multiplication map Bn Ñ EndCpInq corresponds to the Bn-module
structure map BnbIn Ñ In which is a morphism of C-MHS since In is a Tp0q´MHS-
ideal of Bn. Hence Bn Ñ EndCpInq is a morphism of C-MHS which factors through
Bn Ñ EndBnpInq in MHSC.

The map EndBpIq Ñ EndBnpInq is not surjective, and with kernel

Kn “
␣

f P EndBpIq
ˇ

ˇ fpIq Ď mn`1
B I

(

Let xx1, . . . , xly be a generating set of I as a B-module. Then the map

EndBpIq Ñ I l, f ÞÑ pfpx1, x2, . . . , xlqq

is an injection, and gives Kn “ EndBpIq X mn`1
B I l. By [AM69, Theorem 10.11],

the two filtrations m‚`1
B EndBpIq and K‚ are cofinal. Thus we can take the inverse

limit of the first part of the proof to get the desired statements. The kernel is
AnnBpIq “ 0 since B is a domain. □

Proposition 3.18. Let Λ be a reduced complete noetherian local C-algebra which
underlies a pro-Tp0q-MHS-algebra such that mΛ “ W´1Λ. For every minimal prime
p Ă Λ, denote A “ Λ{p and Aν its normalization. Then Aν underlies a pro-Tp0q-
MHS-algebra structure with

W0A
ν

“ Aν , W´1A
ν

“ mν

such that the normalization map ν : A Ñ Aν and its composition Λ Ñ Aν are
morphisms of pro-Tp0q-MHS-algebras.

Proof. We will make use Oka’s criterion for normality [GR84, Chapter 6 §5.2], which
says that for a reduced ring B, B is normal if and only if the multiplication map

B Ñ EndBpIpSingpSpecBqredqq

is an isomorphism. Start with B0 “ A “ Λ{p which is a domain, and define
recursively

Bj`1
“ EndBjpIpSingpSpecBj

qredqq

then each Bj`1 Ď Aν and is finite . We will prove this by induction. Denote
Ij “ IpSingpSpecBjqredq. Suppose Bj Ď Aν is a domain and FracpBjq “ FracpAq,
which is automatically satisfied for j “ 0. Pick 0 ‰ b P Ij, then for

f P EndBjpIjq

fpbq{b P FracpAq. We get that fpb1q “
fpbq

b
b1 for all b1 P Ij, which gives an embedding

EndBjpIjq ãÑ FracpAq by f ÞÑ fpbq{b. Thus we get

Bj
Ď EndBjpIjq “ Bj`1

Ď FracpAq

where the first inclusion is by the multiplication map and the fact that Bj is a
domain. Finally Bj`1 is finite over Bj hence Bj`1 Ď Aν as well. We have a chain

A Ď B1
Ď B2

Ď ¨ ¨ ¨ Ď Aν

which must stabilize due to Aν being finite over A. At the stable stage we get
Bj » EndBjpIjq hence Bj “ pBjqν “ Aν .
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By [BBT24, Lemma 4.36], Λ Ñ A “ Λ{p is a morphism of pro-Tp0q-MHS-
algebras. By Lemma 3.16 and Lemma 3.17, the inclusions

A Ď B1
Ď B2

Ď ¨ ¨ ¨ Ď Aν

are all morphisms of pro-Tp0q-MHS-algebras. It follows that A Ñ Aν is a morphisms
of pro-Tp0q-MHS-algebras, which is a finite map hence by Lemma 3.15 we get the
weight statements. □

Corollary 3.19. Using the notation of Section 2.5, let Z be an irreducible compo-

nent of the reduced image Σ
i

kpX, 2q Ď MBpX, 2q. Let C be an irreducible component
of ϕ´1

χ pZq Ă MBpX, 2, det “ χq ˆ A, and pV,Lq P C a C-VHS point. Consider

the normalization ν : Cν Ñ C with c lying over pV,Lq, then pOCν ,c underlies a
pro-Tp0q-MHS-algebra with

W0
pOCν ,c “ pOCν ,c, W´1

pOCν ,c “ mCν ,c

such that the map pOC,pV,Lq Ñ pOCν ,c is a morphism of pro-Tp0q-MHS-algebras.

Proof. Any such pOCν ,c would be isomorphic to
´

pOC,pV,Lq{p
¯ν

for some minimal prime

p. Proposition 3.18 then gives the desired statements. □

4. Projectively virtually abelian and projectively rigid jump
components

Let Σi
kpX, 2q Ď RBpX, x, 2q be a jump locus, and Σ

i

kpX, 2q Ď MBpX, 2q be the

reduced good moduli image. Denote Z Ď Σ
i

kpX, 2q an irreducible component. We
first justify labeling Z based on its general point.

4.1. Generic projective type. Consider the following algebraic subgroups of PGL2:

B “ Stabp8q “

"„ˆ

a b
0 d

˙ȷ
ˇ

ˇ

ˇ

ˇ

ad ‰ 0

*

(4.1)

T0,8 “ Stabp8q X Stabp0q “

"„ˆ

a 0
0 d

˙ȷ
ˇ

ˇ

ˇ

ˇ

ad ‰ 0

*

(4.2)

D8 “ T0,8 Y

"„ˆ

0 b
c 0

˙ȷ
ˇ

ˇ

ˇ

ˇ

bc ‰ 0

*

(4.3)

where square bracket denotes the projective class. Notice that T0,8 is an algebraic
torus, D8 is the normalizer of T0,8, fixes the set of points t0,8u Ă P1 and is
D8 » T0,8 ¸ Z{2Z.

Let ρ : π1pX, xq Ñ GL2pCq be a semisimple representation, and ρ : π1pX, xq Ñ

PGL2pCq its projective quotient. Denote the Zariski closure

Gρ – ρpπ1pX, xqq
Zar

Ď PGL2

the algebraic monodromy group of ρ.

Lemma 4.1. For each semisimple ρ : π1pX, xq Ñ GL2pCq, exactly one of the fol-
lowing is true:
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(A): ρ is reducible, i.e., ρ » χ1 ‘ χ2;
(B): ρ is irreducible, and, up to conjugation, Gρ Ď D8;
(C): Gρ » ρpπ1pX, xqq » A4, S4 or A5;
(D): ρ has Zariski dense image and is rigid;
(E): ρ has Zariski dense image and is non-rigid.

Proof. ρ is reducible if and only if it fixes a line, or equivalently, Gρ fixes a point in
P1. Up to conjugation, this is equivalent to Gρ being contained in the Borel B. The
fact that this classification is exhaustive follows from [NPT08, Theorem 1].

For mutual exclusivity, it is clear that (A), (B), (D), and (E) are mutually
exclusive; same for (C), (D) and (E). For (B), and (C), notice that the only finite
subgroups of D8 “ T0,8 ¸ Z{2Z is either dihedral Dn or a cyclic group. Finally for
(A) and (E), a finite subgroup fixing a point must fix another (it acts as an affine
transformation on A1), hence, up to conjugation, is contained in the torus T0,8. It
follows that it must be cyclic. □

We will show that a general point of an irreducible component must be of exactly
one of the previous 5 types. In other words, we cannot have two types whose points
are both dense in the component. It suffices to show that each type is a locally
closed condition.

Definition 4.2. Denote

D Ă MBpX, 2q be
ď

0‰ϵPHompπ1,Z{2Zq

Dϵ as in Lemma 4.6,

R Ă MBpX, 2q the locus of reducible representations,

F Ă MBpX, 2q the locus of representations of type (C),

G Ă MBpX, 2q the locus of projectively dense representations.

then MBpX, 2q “ R Y D Y F Y G.

Proposition 4.3. Let Z be an irreducible component of Σ
i

kpX, 2q, the reduced good
moduli image of Σi

kpX, 2q Ď RBpX, x, 2q. Then Z has a nonempty Zariski open
subset on which exactly one of the types in Lemma 4.1 occurs. If the type is pAq, pBq,
or pCq, then Z is contained in, respectively, R, D or F.

Proof. The locus of type pAq is R, which is closed by Lemma 4.4. The locus of type
pCq is closed by (4.7). The locus of type pBq is open in D by Lemma 4.6. Type pDq

locus is closed in G, since it is a finite union of images of θρ as defined in Lemma 4.8;
this is because there are only finitely many rigid points in MBpX,PGL2q. Finally
the locus of type pEq is open in G hence open. □

4.2. Reducible jump component.

Lemma 4.4. Let A “ MBpX, 1q, then the map

ι : pA ˆ Aq{S2 Ñ MBpX, 2q, pχ1, χ2q ÞÑ rχ1 ‘ χ2s (4.4)

is a closed embedding, with image the reducible locus R.
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Proof. These are both affine schemes, and the corresponding map of rings is

ι# : H0
pRBpX, x, 2q,ORB

q
GL2 Ñ pH0

pA,OAq b H0
pA,OAqq

S2

mapping

f ÞÑ

„

pχ1, χ2q ÞÑ f

ˆ

γ ÞÑ

ˆ

χ1pγq 0
0 χ2pγq

˙˙ȷ

where f is a function on Hompπ1pX, xq,GL2q. Notice that H0pA,OAq bH0pA,OAq

is generated by the functions

γ1 : pχ1, χ2q ÞÑ χ1pγq, γ2 : pχ1, χ2q ÞÑ χ2pγq γ P π1pX, xq

i.e., every regular function on A ˆ A has the form
ř

γ1δ2 with γ, δ P π1pX, xq. Let
1 ‰ σ P S2, then σ

˚pγ1δ2q “ δ1γ2. The S2-invariant functions are then generated by

γ1δ2 ` δ1γ2 δ, γ P π1pX, xq

Next, notice that the trace functionals

trγ : RBpX, x, 2q Ñ C, ρ ÞÑ trpρpγqq

are GL2-invariant and satisfies ι#ptrγq “ γ1 ` γ2, hence

ι#ptrγtrδ ´ trγδq “ γ1δ2 ` δ1γ2

thus ι# is a quotient map. As a result, ι is a closed embedding. □

Let q : AˆA Ñ pAˆAq{S2 be the quotient. Since H
ipX,χ1 ‘χ2q “ H ipX,χ1q ‘

H ipX,χ2q, we get that

Σ
i

kpX, 2q X R “ ι

˜

ď

a`b“k

Σi
apX, 1q ˆ Σi

bpX, 1q

¸

(4.5)

which is a finite union of images under q of products of torsion-translated subtori,
by Corollary 2.18.

Proposition 4.5. Let Z be an irreducible component of Σ
i

kpX, 2q, the reduced good
moduli image of Σi

kpX, 2q Ď RBpX, x, 2q. If the general point of Z is reducible, then
there is a product N “ N1ˆN2 Ď MBpX, 1qˆMBpX, 1q of torsion-translated subtori
such that

#

Zν » N1 ˆ N2 if N1 ‰ N2

Z » Sym2
pN1q if N1 “ N2

Proof. Since R is closed, Z Ă R. Z is an irreducible component, hence it picks out
one component N “ Σi

apX, 1q ˆΣi
bpX, 1q in (4.5). It follows that Z “ ιpqpNqq hence

Z » qpNq.
If N1 ‰ N2 then N1 X σN2 is closed subset of N1, for 1 ‰ σ P S2. Therefore the

map N1 ˆ N2 Ñ qpN1 ˆ N2q is finite, surjective with generic degree 1. It follows
that it must be the normalization. If N1 “ N2 then qpN1 ˆ N1q » Sym2

pN1q. □
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4.3. Projectively dihedral jump component. If, up to conjugation, Gρ Ď D8

then ρ fixes a set of two lines tl1, l2u with l1 ‘ l2 » C2. Each ρpγqpliq P tl1, l2u hence
we get a permutation character

ϵ : π1pX, xq Ñ Z{2Z
If ϵ ‰ 0 (equivalently, ρ is of type pBq), ρ|ker ϵ then fixes both line hence ρ|ker ϵ »

χ1 ‘ χ2. An element δ P π1pX, xqz ker ϵ has nontrivial ϵpδq. Conjugation by δ on
ker ϵ Ĳ π1pX, xq then permutes χ1 and χ2.

Now pick any 0 ‰ ϵ P Hompπ1pX, xq,Z{2Zq, and denote

Aϵ – Hompker ϵ,Gmq

then conjugation by any δ P π1pX, xqz ker ϵ on ker ϵ Ÿ π1pX, xq, denoted τ : ker ϵ Ñ

ker ϵ, induces an involution τ˚ on Aϵ. This is because δ2 P ker ϵ; the choice of δ does
not matter.

Lemma 4.6. Induction gives a morphism

ιϵ : A
ϵ
{xτ˚

y Ñ MBpX, 2q, rχs ÞÑ rInd
π1pX,xq

ker ϵ χs

which is a closed embedding with image Dϵ. The irreducible points in the image
correspond to representations of type pBq with the permutation character ϵ, and
form a Zariski open subset of Dϵ.

Proof. The corresponding map on rings is

ι#ϵ : H0
pRBpX, x, 2q,ORB

q
GL2 Ñ H0

pAϵ,OAϵq
τ˚

mapping f ÞÑ

”

χ ÞÑ f
´

Ind
π1pX,xq

ker ϵ χ
¯ı

. Explicitly, with the same δ as before, and

ρ “ Ind
π1pX,xq

ker ϵ χ,

ρpγq “

ˆ

χpγq 0
0 χpδ´1γδq

˙

, γ P kerpϵq

ρpδ1q “

ˆ

0 χpδhδq

χphq 0

˙

, δ1 P π1pX, xqz ker ϵ, δ1 “ δ ¨ h

Now, regular functions on Aϵ are generated by those of the form γ : χ ÞÑ χpγq

with γ P kerpϵq. Thus τ˚´invariant functions are generated by

γτ : χ ÞÑ χpγq ` χpδ´1γδq, γ P kerpϵq

which are clearly ι#ϵ ptrγq hence ι#ϵ is a quotient map.

Notice that ιϵpχq|ker ϵ “ χ‘ τ˚χ. If χ ‰ τ˚χ then the only possible invariant line
must be generated by either basis vectors, i.e., C

`

1
0

˘

or C
`

0
1

˘

. However, any element
in π1pX, xqz ker ϵ swaps these two lines, thus there is no invariant line and ιϵ is of
type pBq. By the discussion at the beginning of the section, this gives all type pBq

respresentations with permutation character ϵ.
Now if χ “ τ˚χ then for γ P ker ϵ and δ1 “ δ ¨ h P π1pX, xqz ker ϵ,

ιϵpχqpγq “ χpγq ¨ Id, ιϵpδ
1
q “ χphq

ˆ

0 χpδ2q

1 0

˙
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then the eigendecomposition for ιϵpδ
1q, which is independent of h hence independent

of δ1 P π1pX, xqz ker ϵ, gives a decomposition of ιϵpχq. Finally, the set of χ fixed by
τ˚pχq is closed, hence we get the Zariski open statement. □

For 0 ‰ ϵ P Hompπ1pX, xq,Z{2Zq, let πϵ : Xϵ Ñ X be the connected étale double
cover coming from ker ϵ Ÿπ1pX, xq. For χ P Aϵ with the corresponding local system

L onXϵ, Ind
π1pX,xq

ker ϵ χ corresponds to the local system πϵ
˚L onX. By a straightforward

application of Leray’s spectral sequence,

H i
pX, Ind

π1pX,xq

ker ϵ χq » H i
pXϵ, χq (4.6)

and we get the following consequence for a type pBq jump component.

Proposition 4.7. Let Z be an irreducible component of Σ
i

kpX, 2q, the reduced good
moduli image of Σi

kpX, 2q Ď RBpX, x, 2q. If the general point of Z is of type pBq, then
there exists a torsion-translated subtorus N Ď MBpXϵ, 1q such that either Zν » N
or, if τ˚N “ N , Z » N{xτ˚y.

Proof. Since Z is irreducible, and its general point is of type pBq, it must lie in some
Dϵ in Lemma 4.6. By (4.6), it must be the image of an irreducible component N of
Σi

kpXϵ, 1q, hence N is a torsion-translated subtorus by Corollary 2.18. If N is τ˚-
invariant, then since ιϵ is a closed embedding, Z » N{xτ˚y. If N is not τ˚-invariant,

then N X τ˚N is closed in N , thus the composition N Ñ Aϵ{xτ˚y
ιϵ
ÝÑ Z is a finite

map of generic degree 1, hence N » Zν . □

4.4. Projectively finite and rigid jump components. Let Vρ P MBpX, 2q

be an irreducible semisimple representation with corresponding representation ρ :
π1pX, xq Ñ GL2pCq. Let A “ MBpX, 1q.

Lemma 4.8. The morphism

θρ : A Ñ MBpX, 2q, χ ÞÑ rρ b χs

is finite, with fibers being the orbits of the finite group

Kpρq “
␣

χ P A
ˇ

ˇ ρ b χ » ρ
(

Ď Ar2s

Proof. Consider the diagram

A

MBpX, 2q ˆA A MBpX, 2q

A A

χ ÞÑpρbχ,χq

χ ÞÑρbχ

Φ

det

χ ÞÑdetpρqbχb2

then A Ñ MBpX, 2q ˆAA is a closed embedding, and Φ is finite since the horizontal
A Ñ A is finite. Thus θρ, being the composition, is finite. For the fiber identification,
notice that ρ b χ » ρχ1 if and only if χ1 b χ´1 P Kpρq. □
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Let Γ P tA4, S4, A5u. Since π1pX, xq is finitely generated and Γ is finite, there
are only finitely many homomorphism φ : π1pX, xq ↠ Γ Ă PGL2pCq. Since every
subgroup of PGL2 isomorphic to Γ is conjugate to the standard embedding, and we
are working with MB, there is no ambiguity with φ. Suppose φ has a GL2-lift VΓ,φ.
Since any two lifts differ by a rank one twist, we get that

F “
ď

Γ,φ

θVΓ,φ
pAq Ă MBpX, 2q (4.7)

with F the locus of type pCq representations.

Proposition 4.9. Let Z be an irreducible component of Σ
i

kpX, 2q, the reduced good
moduli image of Σi

kpX, 2q. If the general point of Z is of type pCq, then there is a
torsion-translated N Ă A such that Z has a normalization

Zν
“ N{H

where H “ tχ P Kpρq | χN “ Nu. Consequently, Zν is a torsion-translated subtorus
of A{H.

Proof. Since Z is irreducible, it must lie in some θVΓ,φ
pAq, with VΓ,φ a GL2-lift of

some φ : π1pX, xq Ñ PGL2pCq with image Γ. We first claim that it is possible
to pick VΓ,φ with finite monodromy. Equivalently, there is some χ P A such that
χ b VΓ,φ has finite monodromy. Recall that every class in A{A2 has a torsion lift
in A, and pick one such lift ϵ for rdetVΓ,φs P A{A2. We get that for some L P A,
ϵ “ detpVΓ,φq b Lb2. Then

detpVΓ,φ b Lq “ e

is torsion. It follows that VΓ,φ b L has finite monodromy projective quotient, and
finite monodromy determinant. Since the map

GL2 Ñ PGL2 ˆ Gm, g ÞÑ prgs, det gq

is finite of degree 2, we get that VΓ,φ b L has finite monodromy. In particular,
VΓ,φ b L is of geometric origin.

We can now assume that VΓ,φ is of geometric origin. Pick an irreducible compo-
nent of θ´1

VΓ,φ
pZq. It must be an irreducible component of the twisted jump loci

Σi
kpX,VΓ,φ, 1q “

␣

χ P A
ˇ

ˇ dimH i
pX,VΓ,φ b χq ě k

(

which is then a torsion-translated subtorus N Ă A by Corollary 2.18. It follows
that Z “ θVΓ,φ

pNq. Next, denote H “ tχ P Kpρq | χN “ Nu, then since H acts by
translation, N{H is a translated subtorus of A{H. Finally, N{H Ñ θVΓ,φ

pNq is finite
of degree 1 (since the extra identifications come from the fixed loci of χ P Kpρq with
χN ‰ N ; these fixed loci are closed proper subset of N). As a result, N{H Ñ Z is
the normalization map. □

Proposition 4.10. Let Z be an irreducible component of Σ
i

kpX, 2q, the reduced good
moduli image of Σi

kpX, 2q. If the general point of Z is of type pDq. Then there exists
a translated subtorus N Ď A such that Zν » N{H with tχ P Kpρq | χN “ Nu.
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Proof. Here we must have Z Ď θVΓ,φ
pAq, with VΓ,φ a GL2-lift of an isolated point in

MBpX,PGL2q. Hence it is the image under θVΓ,φ
pAq of an irreducible component of

Σi
kpX,VΓ,φ, 1q “

␣

χ P A
ˇ

ˇ dimH i
pX,VΓ,φ b χq ě k

(

hence it is θVΓ,φ
pNq with N Ď A a translated subtorus by Corollary 2.18 (we lose

that the translation is torsion). The remaining statements are exactly as in the
proof of Proposition 4.9. □

5. Nonabelian jump component

This section will handle the remaining case from the previous section, i.e., Z is an

irreducible component of Σ
i

kpX, 2q with general point of type pEq (see Lemma 4.1).
Let A “ MBpX, 1q. Following Section 2.5, Z is contained in some MBpX, 2, det P

ϵA2q with torsion ϵ P A. Pick an irreducible component

C Ď Φ´1
ϵ pZq Ď MBpX, 2, det “ ϵq ˆ A

MBpX, 2, det “ ϵq A

pr1 pr2 (5.1)

then by Proposition 2.20, the normalized Cν Ñ Zν is a finite étale torsor.
First we take a detour to talk about local systems and cohomology on a Deligne-

Mumford quotient stack.

5.1. Local systems on finite quotient curves. We are following the exposition
in [CS08, §2.1 and 2.2]. For more details, see [Noo04].

Definition 5.1. A DM curve is a connected smooth one-dimensional complex
Deligne-Mumford stack, and an orbicurve is a DM curve with trivial generic stabi-
lizer.

In this paper, we work only with DM curves Y of the form Y “ rY {Gs where Y
is a connected smooth projective curve and G is a finite group acting on Y .

Definition 5.2. Let ȳ P Y be a point, then we have the fundamental group π1pY , ȳq.
For y P Y lying over ȳ P Y in the étale map

π : Y Ñ Y “ rY {Gs

an element of π1pY , ȳq is a pair pg, γq with g P G and γ a path from y to g ¨ y. Thus
we have an exact sequence

1 Ñ π1pY, yq Ñ π1pY , ȳq Ñ G Ñ 1

Definition 5.3. A complex local system on Y is a G-equivariant local system on
Y , i.e. a pair pV, αq where V is a local system on Y and α is an action associating

to each g P G an isomorphism αg : g
˚V »

ÝÑ V such that

αg ˝ g˚αh “ αgh, g, h P G

Then we recover the familiar equivalence [Noo05, Theorem 18.19]

LocGpY q » LocCpYq » RepCpπ1pY , ȳqq
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between complex local systems on Y and complex representations of π1pY , ȳq.
We have similar definitions for constructible complexes and perverse sheaves, i.e.

Db
cpY ,Cq “ Db,G

c pY,Cq and PervpYq “ PervGpY q. For K P Db
cpY ,Cq, RΓpY , Kq »

RΓpY, π˚KqG.

Definition 5.4. Since LocCpYq » RepCpπ1pY , ȳqq, we have framed character vari-
eties of Y ,

RBpY , ȳ, rq – Hompπ1pY , ȳq,GLrq

which are affine schemes. Its affine good moduli space is the GIT quotient

MBpY , rq – RBpY , ȳ, rq{{GLr “ SpecH0
pRBpY , ȳ, rq,ORB

q
GLr

by the conjugation action.

For y P Y let Gy “ tg P G | g ¨ y “ yu be the stabilizer group. Notice that
replacing y by g¨y identifiesGy withGgy by conjugation, which then gives a canonical
isomorphism

MBpBGy, rq » MBpBGgy, rq

where BH “ rSpecC{Hs. Denote Iη “ kerpG Ñ AutpY qq the generic inertia, then
for general y P Y , Gy “ Iη. There are finitely many exceptional points y P Y with
Iη Ĺ Gy; pick their G´orbit representatives y1, . . . , yl with Gj “ Gyj . Pulling back
along the residual gerbes ιj : BGj Ñ Y gives

ι˚j :MBpY , rq Ñ MBpBGj, rq, 0 ď j ď l

where ι0 : BIη Ñ Y be the residual gerbe of a generic y P Y . Since Iη acts trivially
on Y , ι˚0 does not depend on the choice of general point.

Definition 5.5. For τ “ pτjq P
ś

1ďjďl

MBpBGj, rq, we define the fixed-inertia locus

to be

MBpY , r, τ q “
č

0ďjďj

ι˚j pτjq

SinceMBpBGj, rq is finite and reduced for Gj finite, we get that every irreducible
subvariety of MBpY , rq lies in one such fixed-inertia locus.

Proposition 5.6. For π : Y Ñ Y “ rY {Gs we have the following

(1) If j : U Ñ Y is a nonempty open substack, then j˚ : π1pU , ūq Ñ π1pY , ūq

is surjective. Consequently restriction of local systems from Y to U is fully
faithful and preserves irreducibility.

(2) If f : X Ñ Y induces surjection on fundamental groups, then

f˚ :MBpY , rq Ñ MBpX , rq

is a closed immersion.
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Proof. Let U “ U ˆY Y then U is a G´invariant subset of Y , and we have a
commutative diagram

1 π1pU, uq π1pU , ūq G 1

1 π1pY, uq π1pY , ūq G 1

where the left vertical surjection comes from Y zU being finitely many points. Thus
we get a surjection π1pU , ūq ↠ π1pY , ūq. The second statement (2) is exactly the
same as for character varieties of varieties. □

5.2. A factorization theorem following Corlette-Simpson. With the nota-
tions in (5.1), let

D “ pr1pCqred Ă MBpX, 2, det “ ϵq, T “ pr2pCqred Ă A

with T a torsion-translated subtorus, and ϵ P A torsion. Notice that since a general
point of Z has dense PGL2-image, the same is true for D.

Remark 5.7. We can look at the image of D under P : MBpX, 2q Ñ MBpX,PGL2q.
If the image is zero-dimensional, then D itself must be finite since two fixed-
determinant lifts of a PGL2-representation differs by an element of Ar2s which is
finite. Since C is irreducible, we must have D “ tVu and C “ tVu ˆ T . From now
on, we assume that PpDq is positive-dimensional in MBpX,PGL2q.

The goal of this section is the following proposition:

Proposition 5.8. There is a proper hyperbolic DM curve Y “ rY {Gs and a mor-
phism s : X Ñ Y and an irreducible component Q of a fixed-determinant, fixed-
inertia locus MBpY , 2, det “ δ, τ q such that

(1) s˚ : π1pX, xq Ñ π1pY , ȳq is a surjection.
(2) with the closed embedding s˚ :MBpY , 2q ãÑ MBpX, 2q, D Ď s˚pQq.

Let p : Xϵ Ñ X be the connected finite étale cover corresponding to ker ϵ Ÿ

π1pX, xq. Then for every ρ P D Ă MBpX, 2, det “ ϵq, the restriction ρ|Xϵ P

MBpXϵ, SL2q. Call this map resϵ :MBpX, 2, det “ ϵq Ñ MBpXϵ, SL2q.

Lemma 5.9. The general point of resϵpDq has Zariski-dense image in SL2, and is
non-rigid.

Proof. We start with some claims.

Claim. If ρ̄ : π1pX, xq Ñ PGL2pCq has Zariski-dense image in PGL2 and Γ Ÿ

π1pX, xq a normal finite-index subgroup, then ρ̄pΓq is Zariski-dense in PGL2.

Proof of Claim. Let H “ ρ̄pΓq be the Zariski closure. Then H is a normal finite-
index subgroup of PGL2. However, PGL2 is connected, hence H “ PGL2. ■

Claim. On the locus of Zariski-dense representations, the restriction

res :MBpX,PGL2q Ñ MBpXϵ,PGL2q
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is injective on closed points. Consequently, resϵpDq has positive-dimensional image
in MBpXϵ, SL2q.

Proof of Claim. Suppose otherwise, and ρ̄1, ρ̄2 are Zariski-dense projective represen-
tations such that their restrictions to Xϵ are conjugate. Since ρ̄2 P MBpX,PGL2q

only depends on conjugacy class, we might assume that ρ̄1|Xϵ “ ρ̄2|Xϵ “ ρ̄ϵ. For
γ P π1pX, xq and h P ker ϵ, denote

cγ “ ρ̄2pγq
´1

˝ ρ̄1pγq P PGL2

and we have, since γhγ´1 P kerpϵq,

cγ ˝ ρ̄ϵphq ˝ c´1
γ “ ρ̄ϵphq

Now, by the previous claim, ρ̄ϵ has Zariski-dense image. Hence the centralizer
of ρ̄ϵpker ϵq agrees with the center ZpPGL2q which is trivial. Thus cγ “ Id for all
γ P π1pX, xq. It follows that

res :MBpX,PGL2q Ñ MBpXϵ,PGL2q

is injective on closed points. We have a diagram

MBpX, 2, det “ ϵq MBpXϵ, SL2q

MBpX,PGL2q MBpXϵ,PGL2q

resϵ

P P

res

where both vertical maps are finite, PpDq is positive dimensional and its general
point has Zariski-dense image, hence by the second claim res ˝ PpDq has positive
dimensional image. It follows that resϵpDq has positive dimensional image. ■

Thus the general point ρϵ P resϵpDq is non-rigid. By the diagram, such a general

point has Ppρϵq with Zariski-dense image in PGL2. On the other hand, let ρϵpker ϵq Ď

SL2 be the Zariski closure of the image of ρϵ, then ρϵpker ϵq ↠ PGL2. As a result,

dim ρϵpker ϵq ě 3 hence ρϵpker ϵq “ SL2. □

For a general ρ P D, by Lemma 5.9, the restriction ρ|Xϵ has Zariski-dense im-
age and is non-rigid in MBpXϵ, SL2q. Hence we have the following as immediate
consequences of [CS08]; see also [Sim91, Theorem 10].

Lemma 5.10 ([CS08, Corollary 3.3 and Theorem 6.8]). For a general ρ P D, the
restricted projective representation ρ̄|Xϵ factors through an algebraic map Xϵ Ñ Y
where Y is a proper hyperbolic orbicurve.

To get a factorization for ρ̄ instead of ρ̄|Xϵ we have the following lemma.

Lemma 5.11 ([CS08, Lemma 3.6]`ϵ). Let f : X 1 Ñ X be a finite étale map
of smooth projective varieties, and ρ̄ : π1pX, xq Ñ PGL2pCq is a Zariski-dense
representation such that ρ̄|X 1 factors through a proper hyperbolic orbicurve. Then ρ̄
itself factors through a proper hyperbolic orbicurve.
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Proof. By taking the Galois closure, we might assume f : X 1 Ñ X is a Galois cover
and X “ rX 1{Gs. Let s : X 1 Ñ Y be the factorization map for ρ̄|X 1 with Y proper
hyperbolic orbicurve. Let Y 1 Ñ Y be the finite cover by a smooth curve. Replacing
X 1 with X 1 ˆY Y

1 we can assume that the factorization map s1 : X 1 Ñ Y has smooth
curve target. Take the Stein factorization, and remove from X the closure of the
image of all fibers of s1 which are reducible or not smooth (passing to an open subset
of X is fine by [CS08, Lemma 3.5]). Thus we may assume that all fibers of s1 are
irreducible, and smooth.

The fibers of s1 are maximal subvarieties W of X 1 such that ρ̄|W is trivial. For
g P G “ GalpX 1{Xq, f ˝ g “ f hence g permutes the fibers of s1 : X 1 Ñ Y . Hence
the G-action descends to Y making s1 a G´equivariant map. Thus it descends to
s : X Ñ rY {Gs.

rY {Gs is an orbicurve if and only if the G-action is faithful. Let Iη “ kerpG Ñ

AutpY qq, then Iη is finite, and a normal subgroup of π1prY {Gs, ȳq. By the previous
paragraphs, ρ̄ descends to some θ̄ : π1prY {Gs, ȳq Ñ PGL2pCq which must also have
Zariski-dense image. Then the normalizer NPGL2pθ̄pIηqq contains θ̄pπ1prY {Gs, ȳqq,
thus must be PGL2. Hence θ̄pIηq is finite and normal in PGL2, which gives that
θ̄pIηq is trivial. We can then replace rY {Gs by rY {pG{Kqs which has trivial generic
inertia. □

Corollary 5.12. For a general ρ P D, the projective representation ρ̄ factors through
a nonconstant map sρ̄ : X Ñ Yρ̄ where Yρ̄ is a proper hyperbolic orbicurve.

Proof. Apply Lemma 5.11 to the cover Xϵ Ñ X, and use Lemma 5.10 to get factor-
ization on Xϵ. □

Notice that if we have a finite cover π : Y Ñ Yρ̄, and a lift s : X Ñ Y of sρ̄, then
s˚
ρ̄ “ s˚ ˝ π˚. Hence s : X Ñ Y also satisfies the factorization property. By the
following lemma, we can assume that psρ̄q˚ : π1pX, xq Ñ π1pYρ̄, yq is a surjection.

Lemma 5.13. Let s : X Ñ Y be a nonconstant algebraic morphism from projective
connected variety X to a proper hyperbolic orbicurve Y . Then there is a finite étale
cover π : Y 1 Ñ Y and an algebraic lift s1 : X Ñ Y 1 such that s1 is surjective and
s1

˚ : π1pX, xq Ñ π1pY
1, y1q is surjective.

Proof. By [Noo05, Proposition 18.18 and Corollary 18.20] there is a cover π : Y 1 Ñ Y
corresponding to imps˚q Ď π1pY, yq, and an analytic lift s1 : X Ñ Y 1 with s1

˚

surjective. Since X is a projective variety and s1 is nonconstant, we get that imps1q “

Y 1, and Y 1 is also proper. Thus Y 1 Ñ Y is a finite analytic covering map. By [Noo05,
Theorem 20.4] this is algebraizable. □

Corollary 5.14. For a general ρ P D, the projective representation ρ̄ factors through
a map sρ̄ : X Ñ Yρ̄ where Yρ̄ is a proper hyperbolic orbicurve, sρ̄ is surjective, and
the induced map psρ̄q˚ : π1pX, xq Ñ π1pYρ̄, yq is surjective.

Proposition 5.15. There is a proper hyperbolic orbicurve Y and an algebraic s :
X Ñ Y such that s˚ : π1pX, xq Ñ π1pY, yq is surjective, and for every ρ P D, the
projective representation ρ̄ factors through s.



RANK TWO COHOMOLOGY JUMP LOCI 35

Proof. By [CS08, Proposition 2.8], there are only finitely many maps sj : X Ñ Yj
with Yj a hyperbolic orbicurve, and sj is surjective. By Lemma 5.13, we can assume
all psjq˚ are surjective, thus by Proposition 5.6, we have closed embeddings

s˚
j :MBpYj,PGL2q ãÑ MBpX,PGL2q

Let PpDq be the closure of the image of D under

P :MBpX, 2q Ñ MBpX,PGL2q

then by Corollary 5.14, a dense open subset of PpDq must be contained in the

finite union
Ť

j imps˚
j q which is Zariski-closed. Hence PpDq Ď

Ť

j imps˚
j q. Since D

is irreducible, so is PpDq and thus must lie entirely in some imps˚
j q, and we are

done. □

Next we recover a factorization for every ρ P D through the projective factoriza-
tion. See also [CS08, Lemma 3.1] for the strategy in the case ϵ is trivial, which we
will adapt.

Lemma 5.16. Let Y and s be as in Proposition 5.15. There is a finite gerbe Y Ñ Y
and a lift sD : X Ñ Y such that sD,˚ : π1pX, xq Ñ π1pY , ȳq is surjective, and every
ρ P D factors through sD : X Ñ Y.

Proof. For ρ P D, notice that ρ̄ factors through s : X Ñ Y hence kerps˚q Ď kerpρ̄q.
It follows that for every k P kerps˚q, ρpkq is scalar, and we can write

ρpkq “ λρpkq ¨ Id, λρpkq
2

“ det ρpkq “ ϵpkq

This λρ is independent of ρ P D.

Claim. There is a π1pX, xq-invariant character λ : kerps˚q Ñ µ2m such that ρpkq “

λpkq ¨ Id for every ρ P D and k P kerps˚q.

Proof of Claim. Indeed, for each k P kerps˚q consider the regular function fk P

ODpDq by

fkpρq “
1

2
trpρpkqq

then fkpρq “ λρpkq, f 2
k pρq “ ϵpkq for all ρ P D. Since ODpDq is integral, fkpρq must

be constant and equal to one of the two square roots of ϵpkq; denote this square root
λpkq “ fk. For k1, k2 P kerps˚q and ρ P D,

λpk1k2q ¨ Id “ λρpkq ¨ Id “ ρpk1k2q “ ρpk1qρpk2q “ λpk1qλpk2q ¨ Id

hence λ is multiplicative. Similarly, one can check that λ is invariant under conju-
gation by π1pX, xq. Finally, since ϵ is torsion, there is m P Z` such that ϵm “ 1
hence λ2m “ 1. ■

We thus have a central (since rπ1pX, xq, kerps˚qs Ď kerpλq) extension

1 Ñ kerps˚q{ kerpλq Ñ π1pX, xq{ kerpλq
s˚
ÝÑ π1pY, yq Ñ 1

with kerps˚q{ kerpλq » impλq finite. By [CS08, Lemma 2.5], this determines a finite
kerps˚q{ kerpλq-gerbe Y Ñ Y with π1pY , ȳq “ π1pX, xq{ kerpλq. Furthermore, the
quotient π1pX, xq Ñ π1pY , ȳq is a lift of s˚ : π1pX, xq Ñ π1pY, yq which gives a lift
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sD : X Ñ Y of s : X Ñ Y . By construction, sD,˚ is surjective. Notice that every
ρ P D has ρpkerpλqq “ 1 hence ρ factors through π1pY , ȳq as desired. □

Proof of Proposition 5.8. By Lemma 5.16 we get a proper hyperbolic DM curve Y
and sD : X Ñ Y such that every ρ P D factors through sD, i.e. D lies in the image
of the closed embedding

s˚
D :MBpY , 2q Ñ MBpX, 2q

The preimage ps˚
Dq´1pDq is irreducible. Furthermore, for every ψ P ps˚

Dq´1pDq,

s˚
Dpdetψq “ detps˚

Dψq “ ϵ

and s˚
D : MBpY , 1q ãÑ MBpX, 1q is also injective hence detpψq is constant for all

ψ P ps˚
Dq´1pDq. It follows that ψ P ps˚

Dq´1pDq has fixed-determinant, and thus
must lie in a fixed-determinant, fixed-inertia locus by Definition 5.5. Finally, the
construction of Lemma 5.11 gives an proper hyperbolic orbicurve of the form rY {Gs.
The finite gerbe Y Ñ rY {Gs from Lemma 5.16 remains a proper hyperbolic finite
quotient curve. □

5.3. C Ñ T is either a product or generically finite. Recall (5.1) that we
have C an irreducible component of Φ´1

ϵ pZq Ď MBpX, 2, det “ ϵq ˆ A with Z an

irreducible component of the reduced jump loci Σ
i

kpX, 2q Ď MBpX, 2q. And the two
projections give

D “ pr1pCqred Ď MBpX, 2q, T “ pr2pCqred Ď A

and by Proposition 5.8, there is a proper hyperbolic DM curve Y “ rY {Gs (with
Y smooth and G finite), an irreducible component Q of a fixed-determinant, fixed-
inertia locus of MBpY , 2q such that, and a map s : X Ñ Y such that D Ď s˚pQq.
Since C Ď D ˆ T , and

ps˚, idq :MBpY , 2q ˆ A Ñ MBpX, 2q ˆ A

is a closed embedding, there is some rC Ď Qˆ T isomorphic to C. We might as well
work with C Ď Q ˆ T . Denote

rΣi
k “

␣

pW,Lq P Q ˆ T
ˇ

ˇ dimH i
ps˚W b Lq ě k

(

then C Ď rΣi
k. We start with a decomposition lemma for the proper map s : X Ñ Y .

We have the following diagram

X 1 X

Y Y

π1

s1 s

π

(5.2)

where π and π1 are both finite étale G-torsor. X “ rX 1{Gs, and s1 : X 1 Ñ Y is
G´equivariant. We have base change for K P Db

cpX,Cq,

π˚Rs˚K » Rs1
˚pπ1

q
˚K
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Lemma 5.17. Let L be a rank one local system on X, then there is G-invariant
dense open j : U ãÑ Y and a G-equivariant decomposition

Rs1
˚pπ1

q
˚L »

à

α

j˚Uαr´aαs ‘
à

β

ιβ,˚Vβr´bβs

where aα, bβ P Z, Uα is an irreducible G-equivariant local system on U , and Vβ is an
irreducible local system on the orbit G ¨ yβ of a point yβ P Y zU with G-equivariant
inclusion ιβ : G ¨ yβ ãÑ Y .

For W a local system on Y, let Vβ “ pVβqyβ and Gβ the stabilizer of yβ. There is
a decomposition of cohomology

H i
pX, s˚W b Lq »

à

α

H i´aαpY, pπ˚Wq b j˚Uαq
G

‘
à

β,bβ“i

ppπ˚Wqyβ b Vβq
Gβ

Proof. We give a sketch here. L1 “ pπ1q˚L has rank one, and thus is irreducible. By
[Sab05, Main Theorem 1], we have a decomposition

Rs1
˚pL1

r´ dimXsq »
à

i

pHi
pRs1

˚pL1
r´ dimXsqqr´is (5.3)

where each pHipRs1
˚pL1r´ dimXsqq further decomposes into intersection complexes

supported on closed irreducible analytic subset of Y . Since Y is a smooth projective
curve here, these are either of the form j˚U where U is a local system on a Zariski
open subset of Y , or skycraper sheaves.
Notice that L1 “ pπ1q˚L is G-equivariant, and s1 is G´equivariant hence the same

is true for

K – Rs1
˚pL1

r´ dimXsq

For g P G, g : Y Ñ Y is an isomorphism hence g˚ preserves perverse t-structure.
Thus the truncation triangle

pτďi´1K Ñ
pτďiK Ñ

pHi
pKqr´is Ñ

pτďi´1Kr1s (5.4)

is also G-equivariant. Sabbah’s decomposition (5.3) gives a splitting of this triangle.
Since G is finite, by averaging we get a G-equivariant splitting. Thus we might
assume that (5.3) is G-equivariant. Each pHipKq is G´equivariant, hence the G-
action will permute the skyscraper sheaves. Thus the skyscraper sheaves come in
G-orbits, as stated in the lemma.

Next, the full-support part of pHipKq has to look like j0,˚pU0r1sq for some semisim-
ple local system U0 on Zariski open j0 : U0 ãÑ Y . Let U Ď U0 be a G-invariant
Zariski open subset of Y with G-equivariant inclusion j : U ãÑ Y , and put

U “ H´1
pj´1j0,˚pUr1sqq » U0|U

then U is a G-equivariant local system on U . It is semisimple since π1pUq ↠ π1pU0q.
By uniqueness of intermediate extension, we get a G-equivariant isomorphism

j˚pUr1sq » j0,˚pU0r1sq
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For the cohomology statement, by projection formula we have

H i
pX, s˚W b Lq » H i

pX 1, pπ1
q

˚s˚W b pπ1
q

˚Lq
G

» H i
pX 1, ps1

q
˚π˚W b pπ1

q
˚Lq

G

» Hi
pY, π˚W b Rps1

q˚pπ1
q

˚Lq
G

and we can apply the decomposition of Rps1q˚pπ1q˚L to conclude. □

Proposition 5.18. C is an irreducible component of rΣi
k. For every L P T , the fiber

rΣi
k|L is either Q, a finite set, or empty. Consequently, C “ Q ˆ T , or C Ñ T is

generically finite.

Proof. If an irreducible component C 1 of rΣi
k contains C, then

Z “ ΦϵpCq Ď ΦϵpC
1
q Ď Σ

i

kpX, 2q

and Φϵ is finite hence ΦϵpC
1q is irreducible. But Z is an irreducible component,

hence Z “ ΦϵpC
1q. Finiteness then gives dimC “ dimC 1 thus C “ C 1.

Next, recall that the fiber rΣi
k|L is the locus

␣

W P Q
ˇ

ˇ dimH i
ps˚W b Lq ě k

(

and by Lemma 5.17, it suffices to look at the jumping behavior of each

H i´a
pY, pπ˚Wq b j˚Uq

G, ppπ˚Wqy b V q
Gy

with j : U ãÑ Y the inclusion of a G-invariant open, U an irreducible G-equivariant
local system on U , y P Y zU with Gy the stabilizer, and V an irreducible Gy-
representation. Notice that j : U Ñ Y , U, Gy and V do not depend on W. Also,
since Y is a smooth curve, H i´a “ 0 unless 0 ď i ´ a ď 2.

Claim. The Gy-representation pπ˚Wqy does not depend on W. Consequently,

dimppπ˚Wqy b V q
Gy

is constant as W varies in Q.

Proof of Claim. We have injective Gy ãÑ π1pY , ȳq hence each g P Gy determines an
element of γg P π1pY , ȳq. Thus it induces a regular function on Q

W ÞÑ trpg|pπ˚Wqyq “ trpρWpγgqq

where ρW is the π1pY , ȳq-representation corresponding to W. Since Gy is finite,
the function defined above has discrete image. Since Q is irreducible, it must be
constant. It follows that all Gy-representations pπ˚Wqy, as W varies in Q, have the
same characters hence must be isomorphic. ■

Moving on, notice that pπ˚Wq b j˚U “ j˚ppπ˚Wq|U b Uq, and denote

hlGpW,Uq “ dimH l
pY, j˚ppπ˚Wq|U b Uqq

G

and χGpW,Uq “ h0GpW,Uq ´ h1GpW,Uq ` h2GpW,Uq.

Claim. χGpW,Uq is constant as W varies in Q.
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Proof of Claim. Let Y “ Y {G be the coarse space for rY {Gs, with the quotient
q : Y Ñ Y which is a finite map. Denote the constructible sheaf

LpW,Uq – j˚ppπ˚Wq|U b Uq, LpW,Uq – pq˚LpW,Uqq
G

then H lpY,LpW,UqqG » H lpY ,LpW,Uqq. Denote Iη “ kerpG Ñ AutpY qq the
generic inertia. Denote E Ă Y a finite set of points, consisting of qpY zUq and
images of points on Y with larger then generic stabilizer. Then LpW,Uq|Y zE is a
local system of dimension

rpW,Uq “ dimppπ˚Wqy b Uyq
Gy “ dimppπ˚Wqy b Uyq

Iη , y P q´1
pY zEq

and for z P E, LpW,Uq|z is a vector space of dimension

dimppπ˚Wqy b pj˚Uqyq
Gy , y P q´1

pzq

By the same argument as in previous claim, both of these values are constant as
W varies in Q. On the other hand, since compactly supported Euler characteristic
is additive for the stratification Y “ E \ pY zEq we get that

χGpW,Uq “ χpY ,LpW,Uqq

“ χcpY zE,LpW,Uq|Y zEq `
ÿ

zPE

dimLpW,Uq|z

“ χcpY zEq ¨ rpW,Uq `
ÿ

zPE

dimLpW,Uq|z

“ p2 ´ 2gpY q ´ |E|q ¨ rpW,Uq `
ÿ

zPE

dimLpW,Uq|z

which is constant as W varies in Q, as desired. ■

Next, we examine these cohomology groups more explicitly:

H0
pY, j˚ppπ˚Wq|U b Uqq

G
» H0

pU, pπ˚Wq|U b Uq
G

» HomLocGpUqpU_, pπ˚Wq|Uq

and by Poincaré duality [Dim04, Corollary 3.3.12]

H2
pY, j˚ppπ˚Wq|U b Uqq

G
» HomLocGpUqppπ˚Wq|U ,U_

q
_

Since W is semisimple on Y , π˚W is semisimple in LocGpY q. Thus pπ˚Wq|U is
semisimple in LocGpUq. It follows that the two cohomology groups above both count
the multiplicities of U_ in pπ˚Wq|U and h0GpW,Uq “ h2GpW,Uq.

Claim. h0GpW,Uq ‰ 0 for only finitely many W P Q.

Proof of Claim. The observation which will be used throughout is that the functor

LocpYq Ñ LocGpUq, W ÞÑ pπ˚Wq|U

is fully faithful. If U has rank ě 2, then if h0GpW,Uq ‰ 0 we must have pπ˚Wq|U »

U_. There is at most one such W P Q.
Now suppose U has rank 1. If h0GpW,Uq ‰ 0 then U_ must be a summand of

pπ˚Wq|U and pπ˚Wq|U must be reducible in LocGpUq. It follows that pπ˚Wq must
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be reducible in LocGpY q. Since W P Q Ď MBpY , 2, det “ δ, τ q, π˚W has fixed
determinant π˚δ. It follows that

π˚W » M ‘ pM_
b π˚δq

and U_ “ M or M_ b π˚δ. Again, finitely many W giving this. ■

Each U in Lemma 5.17 gives a finite set ofW P Q where h0GpW,Uq ‰ 0. Take F pLq

to be the union as U runs over all the finitely many summands in the decomposition
of Rs1

˚pπ1q˚L, then F pLq is also finite. To summarize, for a fixed L

dimH0
pY, pπ˚Wq b j˚Uq

G
“ h0GpW,Uq “ 0 @ W P QzF pLq

dimH2
pY, pπ˚Wq b j˚Uq

G
“ h2GpW,Uq “ h0GpW,Uq @ W P QzF pLq

and thus for all W P QzF pLq,

dimH1
pY, pπ˚Wq b j˚Uq

G
“ ´χGpW,Uq ` 2h0GpW,Uq

“ ´χGpW,Uq

which is constant for W P Q. It follows that there is a constant kL such that

dimH i
pX, s˚W b Lq “ kL @ W P QzF pLq (5.5)

dimH i
pX, s˚W b Lq ě kL @ W P Q (5.6)

and consequently we have proven:

Claim. For every L P T , the fiber rΣi
k|L is either Q, finite, or empty.

Back to C Ď rΣi
k Ď Q ˆ T . The map C Ñ T is dominant by definition. Here we

can assume dimQ ą 0 by Remark 5.7. Suppose that the general fiber of C Ñ T

has positive dimension, then on a Zariski open subset T ˝ Ď T , since rΣi
k Ą C, rΣi

k|L
has fiber Q. Hence,

Q ˆ T ˝
Ă rΣi

k Ă Q ˆ T

and since rΣi
k is closed, we get rΣi

k “ Qˆ T . This is irreducible, so C “ Qˆ T . The
other case is that C Ñ T is generically finite. □

5.4. Finiteness of C Ñ T . In this section, we will prove that if C
pr2
ÝÝÑ T is

generically finite, then it must in fact be finite. To differentiate, let the G´invariant
dense open in Lemma 5.17 be denoted jL : UL ãÑ Y for the decomposition of
Rs1

˚pπ1q˚L. Also denote L1 “ pπ1q˚L.
For U Ď Y a G´equivariant Zariski open subset, we have a diagram by restricting

(5.2)

X 1
U XU

U rU{Gs

π1
U

s1
U

sU

πU
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and we can pick U so that the map s1
U : X 1

U Ñ U is smooth and proper. Then

Hm
L “ Rm

ps1
Uq˚

`

L1
|X 1

U

˘

(5.7)

is a G-equivariant local system on U .

Lemma 5.19. Let L P T , and suppose that the fiber rΣi
k|L is finite. Let pW,Lq P

C Ď rΣi
k with W irreducible in LocpYq, then, for some m, there is a quotient

Hm
L ↠ ppπ˚Wq|Uq

_

in LocGpUq. In fact, pπ˚Wq|_
U is a direct summand of Hm

L .

Proof. Look at the G-equivariant decomposition of Lemma 5.17,

Rps1
˚qL1

»
à

α

jL,˚Uαr´aαs ‘
à

β

ιβ,˚Vβr´bβs (5.8)

with Uα irreducible in LocGpULq. By the proof of Proposition 5.18 (see in particular

the paragraphs around (5.5)), if rΣi
k|L is finite, then it consists of points pW,Lq such

that
dimH0

pY, pπ˚Wq b jL,˚Uαq
G

ą 0

which implies that HomLocGpULqpU_
α , pπ

˚Wq|ULq ą 0. Since W ÞÑ pπ˚Wq|UL is a fully
faithful functor which preserves irreducibility, we have that

Uα » ppπ˚Wq|ULq
_ in LocGpULq

Next, by restricting the decomposition (5.8) to U we get that pjL,˚Uαq|U is a direct
summand of Haα

L in LocGpUq; in particular, pjL,˚Uαq|U is a local system on U . The
previous argument show that

pjL,˚Uαq|UXUL » Uα|UXUL » ppπ˚Wq|UXULq
_

and since restriction LocGpUq Ñ LocGpU X ULq is fully faithful, we get that

pjL,˚Uαq|U » ppπ˚Wq|Uq
_ in LocGpUq

and thus ppπ˚Wq|Uq_ is a direct summand of Haα
L . Since Haα

L is semisimple we get
the quotient statement as well. □

Let OpT q “ ΓpT,OT q. Pulling back the universal rank 1 local system along
T Ď MBpX, 1q we get Luniv a local system of free OpT q-modules on X. For L P T ,

Luniv bOpT q κpLq » L
where we are taking tensor products with, and over, constant local systems on
X. Again, denote L1

univ “ pπ1q˚Luniv, then L1
univ is a G-equivariant local system of

OpT q-modules on X 1 (the G-action on T is trivial). We also have that

Hm
univ “ Rm

ps1
Uq˚pL1

univ|X 1
U

q

is a G-equivariant local system of OpT q-modules on U , since s1
U is a smooth and

proper G-equivariant map. Equivalently, fixing u P U with ū the image in rU{Gs,
pHm

univqu is a OpT q-module, and we have a OpT q-linear representation

π1prU{Gs, ūq Ñ GLOpT qppHm
univquq
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On the other hand, we can also think of pHm
univqu as a OT -module on T . There is

then a Zariski dense open T bc Ď T where cohomology and base change is available,
i.e., for L P T bc, there is an isomorphisms of π1prU{Gs, ūq-representations

pHm
univqu b κpLq » pHm

L qu

with Hm
L defined in (5.7).

Remark 5.20. By Lemma 5.19, a point pW,Lq in a finite fiber of C Ñ T with L P T bc

and W irreducible correspond to a rank two quotient

pHm
univqu b κpLq ↠ ppπ˚Wq|Uq

_
u

as π1prU{Gs, ūq-representations.

Proposition 5.21 ([HS04, Corollary 2.4]). Let T be an affine noetherian variety,
H a coherent OT -module, and Π a finitely generated group. Suppose that there is a
OT -linear action of Π on H. The functor assigning to an affine T -scheme ϕ : S Ñ T
the set

tΠ ´ invariant locally free rank 2 quotients of ϕ˚Hu

is representable by a projective T -scheme.

Proof. Since we are on affine schemes, we will abuse notation between sheaves and
modules. Denote the OpT q-linear action of Π on H by

ρ : Π Ñ GLOpT qpHq

then our functor assigns to a commutative OpT q-algebra R the set of ρpΠq´invariant
locally freeR-module quotients ofHbOpT qR. To apply the cited result, let k “ OpT q,
A be the singleton set, T “ H, and F “ ρpΠq. □

Apply the previous proposition to Π “ π1prU{Gs, ūq and H “ pHm
univqu. Let the

resulting projective T -scheme be denoted Gm. Notice that a closed point of Gm, over
L P T bc, is a π1prU{Gs, ūq-invariant quotient of pHm

univqu bκpLq » pHm
L qu. If L R T bc

then the quotient is still a rank 2 π1prU{Gs, ūq-representation. We have a natural
map over T

Φm : Gm Ñ MBprU{Gs, 2q ˆ T, rpHm
univqu b κpLq ↠ Vs ÞÑ prV_

s,Lq

which has image finite over T since MBprU{Gs, 2q is affine.

Proposition 5.22. There is a closed subscheme FQ Ă Q ˆ T , finite over T , with
the following property: if W P Q and L P T bc, and ppπ˚Wq|Uq_ is a rank two
G-equivariant quotient of Hm

L for some m, then pW,Lq P FQ.

Proof. Denote the disjoint union

G “

2 dimX´1
ğ

m“0

Gm

and let F be the scheme-theoretic image of Φ : G Ñ MBprU{Gs, 2q ˆ T . Then F
is finite over T . We have a closed embedding

MBpY , 2q ãÑ MBprU{Gs, 2q, W ÞÑ pπ˚Wq|U
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hence we can view Q ˆ T as a closed subscheme of MBprU{Gs, 2q ˆ T , and define

FQ – F ˆMBprU{Gs,2qˆT pQ ˆ T q

which is finite over T . On the other hand, a point pW,Lq with L P T bc and
ppπ˚Wq|Uq_ is a rank two G-equivariant quotient of Hm

L for some m must be in
the image of Φm by Remark 5.20. As a result it must be in FQ. □

Proposition 5.23. If pr2 : C Ñ T is generically finite, then it must be finite and
surjective.

Proof. There is an Zariski open subset T ˝ Ď T such that

‚ T ˝ Ď T bc;

‚ rΣi
k|L is finite or empty for every L P T ˝;

‚ every pW,Lq P C with L P T ˝ has W irreducible.

Let pW,Lq be a closed point of CˆT T
˝. Then rΣi

k|L is a finite fiber. By Lemma 5.19
we get a quotient

Hm
L ↠ ppπ˚Wq|Uq

_

for some m. By Proposition 5.22, pW,Lq P FQ. It follows that

C ˆT T
˝

Ď FQ

On the other hand, since pr2 is dominant, C ˆT T
˝ is dense in C. Taking closures

in Q ˆ T then gives C is a closed subscheme of FQ. Since FQ is finite over T , we
get that C Ñ T is finite. Since it is dominant, it must be surjective as well. □

5.5. Étaleness of Cν Ñ T . We have that pr2 : C Ñ T is finite. Let ν : Cν Ñ C
be the normalization, and prν2 – pr2 ˝ ν : Cν Ñ T . Then prν2 is also finite and
surjective. Let C ét Ď C be Zariski open locus where pr2 is étale, and denote

∆ppr2q – pr2pCzC ét
qred Ă T

which is closed in T .

Lemma 5.24. The set ∆ppr2q is absolute Q-closed in A.

Proof. See (5.1) for the setup. By the first paragraph of the proof of Corollary 3.11,
but withMB, we have that C Ď MBpX, 2, det “ ϵqˆA and T Ď A are both absolute
Q-closed. In the notation of Definition 2.16, Cσ and T σ are both Q-closed for any
σ P AutpC{Qq. By [Sim94, Proposition 7.8] we have an analytic isomorphism

RH :MDRpX, rqan
»
ÝÑ MBpX, rqan

and CDR “ RH´1
pCq, TDR “ RH´1

pT q are both algebraic by [BW20a, Proposition
7.4.5]. We also have diagrams

pCDRqan pTDRqan pCσ
DRqan pT σ

DRqan

Can T an pCσqan pT σqan

pprDR,2qan

RH RH

pprσDR,2qan

RH RH

ppr2qan pprσ2 qan

(5.9)
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where pprσDR,2q
an is induced by pprDR,2q

an through an isomorphism of schemes

σ :MDRpX, rq
»
ÝÑ MDRpXσ, rq

which is itself the pullback along the base change Xσ Ñ X.
We have that analytification detects étaleness [Sta26, Last paragraph of Tag

025L], i.e. an algebraic map is étale if and only if its analytification is a local isomor-
phism. We also have that pprσDR,2q

an is a local isomorphism if and only if pprDR,2qan

is one. It follows that ∆ppr2qσ “ ∆pprσ2 q. Thus ∆ppr2q is absolute Q-closed. □

Lemma 5.25. If prν2 is not étale, then there is a prime divisor E Ă Cν such that
prν2 is ramified at the generic point ηE of E. Furthermore, prν2pEq is an irreducible
component of ∆ppr2q.

Proof. The existence of ηE follows from (5) of [Sta26, Tag 0BMB] since prν2 satisfies
all (1-4). Since prν2 is ramified at ηE, pr2 must not be étale at νpηEq because otherwise
C is smooth at νpηEq (since T is smooth) and ν is an isomorphism at ηE. Thus
prν2pEq Ď ∆ppr2q. A finite map preserves dimensions, so prν2pEq is a prime divisor
in T hence must be an irreducible component of ∆ppr2q. □

Proposition 5.26. The finite map prν2 : Cν Ñ T is étale.

Proof. Suppose otherwise, then by Lemma 5.25 we get a prime divisor E Ă Cν

such that prν2 is ramified at every point of E, and prν2pEq “ T0 is an irreducible
component of ∆ppr2q. Since ∆ppr2q is absolute Q-closed, the same is true for T0 and
by Theorem 2.17, T0 is a torsion-translated subtorus of A.
Since Cν is normal, the singular locus is codimension 2, and Cν is smooth on a

Zariski open subset of E. T0 is a torsion-translated subtorus, hence unitary points
are Zariski dense in T0. It follows that there exists a point c P E Ă Cν lying over
pV,Lq such that prν2pcq “ L P T0 is unitary. We have a C˚-action onMBpX, 2qˆA Ą

C. Now, C is the good moduli image of a Hodge substack ofMBpX, 2qˆA, hence by
[BBT24, Corollary 8.24], C is C˚-stable. Now look at the C˚-orbit of pV,Lq. Since
L is unitary, it is C˚-fixed, hence the image under pr2 of this orbit is just L. But
pr2 : C Ñ T is finite, so the C˚-orbit is finite, thus pV,Lq must be C˚-fixed to begin
with. To summarize, we have c P Cν a smooth point lying over pV,Lq with both
V,L underlying weight 0 variation of complex Hodge structures. By Corollary 3.19
and Corollary 3.14 we get a morphism of pro-Tp0q-MHS-algebras

prν,#2,c : pOT,L Ñ pOC,pV,Lq Ñ pOCν ,c

which is a finite local map between regular complete local rings of the same dimen-
sion. By [Sta26, Tag 00R4] it must be flat, hence faithfully flat. In particular prν,#2,c

is injective. Next look at the map on cotangent spaces

dpprν2q
_
c : mT,L{m2

T,L Ñ mCν ,c{m
2
Cν ,c

which must have nontrivial kernel since prν2 is ramified at c. Take the functorial
Deligne weight splitting (similar to the proof of Lemma 3.15) to talk about homo-
geneous elements. Notice that mT,L{m2

T,L is pure of weight ´1. Pick a homogeneous
weight ´1 element in the kernel of dpprν2q_

c . Its image must either be 0 or also

https://stacks.math.columbia.edu/tag/025L
https://stacks.math.columbia.edu/tag/025L
https://stacks.math.columbia.edu/tag/0BMB
https://stacks.math.columbia.edu/tag/00R4
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homogeneous of weight ´1. The latter is impossible since m2
Cν ,c Ď W´2

pOCν ,c, and

the former is also impossible since pOT,L Ñ pOCν ,c is injective. Thus we reach a
contradiction, and prν2 : Cν Ñ T is étale. □

Corollary 5.27. Cν is an algebraic torus.

Notice that HC (as in Proposition 2.20) acts on T by translations, and the map
Cν Ñ T is HC-equivariant, hence Z

ν{HC is finite étale over T {HC , which is an
algebraic torus. Thus we end up with:

Corollary 5.28. Zν » Cν{HC is an algebraic torus.
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