RANK TWO COHOMOLOGY JUMP LOCI ON PROJECTIVE
VARIETIES

QUOC ANH TRAN

ABSTRACT. Let X be a smooth connected complex projective variety. We give a
structure theorem for irreducible components of the reduced rank two cohomology
jump loci on X. More precisely, for such a component Z, if the general point of Z
is projectively virtually abelian or projectively rigid, then either Z is a symmetric
square of an algebraic torus, or a quotient of a torus by an involution, or its
normalization Z” is a torus. If the general point is neither, then either Z” is a
torus, or an étale quotient of Q¥ x T where @ is a fixed-determinant, fixed-inertia
component of the character variety of some DM-curve.
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1. INTRODUCTION

Let X be a smooth projective variety, and
Rp(X,z,r) = Hom(m (X, x), GL,)
Mp(X,r) = [Rp(X,z,1)/GL,]
Mp(X,r) = Rp(X,x,r)//GL,

be, respectively, the moduli of framed local systems, the quotient stack, and the
GIT quotient/good moduli space for the stack. We have the cohomology jump loci

S (X, 2, 7) = {V € Rp(X,z,r) | dim HI(X,V) > k}

which can be equipped with a determinental subscheme structure. This loci is GL,-
invariant hence descends to a substack Xi(X,r) © Mp(X,r). Denote ¥, (X, r) its
reduced image in Mp(X, 7).

The study of these loci originated from Green-Lazarsfeld’s generic vanishing theo-
rem [GL87] for topologically trivial holomorphic line bundles on compact Kéhler X.
Their results concern jump loci in Pic’(X). They later proved that any irreducible
jump component must be a translated subtorus in [GL91]. The corresponding Betti
version is about rank one jump loci X} (X, 1) in

RB(XwT? ]-) = MB<X7 ]-)

which is a finite disjoint union of algebraic tori. Simpson [Sim93] improved on
Green-Lazarsfeld’s result by showing that any irreducible component of 3 (X, 1) is
a torsion-translated subtorus.

Since then, there have been several generalizations. Arapura [Ara97] studied
jump loci ¥¢(X, 1) on quasi-compact Kéahler manifolds and gave a description of ir-
reducible components via maps to curves. Budur-Wang [BW20b] proved the trans-
lated subtorus theorem for X} (X, 1) for all 4, k for quasi-compact Kéhler manifolds;
they also recovered the torsion statement of Simpson to smooth quasi-projective va-
rieties [BW15b; BW20a]. Esnault-Kerz developed an arithmetic approach to these
results [EK20].

In higher rank, the local picture has been studied extensively. Dimca-Papadima
[DP14] related the germs of nonabelian jump loci near the trivial representation
to commutative differential graded algebras (via Sullivan’s construction). Budur-
Wang [BW15a] formulated the deformation theory with cohomological constraints
using differential graded Lie algebra pairs. Specifically in rank two, Papadima-Suciu
[PS19; PS20] obtained decomposition and pullback (from maps to curves) results
for the jump loci germs near the trivial representation.

However, the global geometry of higher rank jump loci are largely unknown. Our
main result is a structure theorem for rank two jump loci components, up to nor-
malization.

Theorem 1.1. Let Z be an irreducible component of EZ(X, 2).

(1) In the reducible case, Z ~ Sym?*(N) for a translated torus N, or Z" is a
product of two translated tori. In the irreducible projectively dihedral case,
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Z" is a torus or Z is a quotient of a translated torus by an involution. In
the projectively finite and projectively dense rigid cases, Z¥ is a torus.

(2) In the projectively dense nonrigid case, either Z" is a torus or an étale
quotient

7' ~ (Q" x T)/H,

where T is an algebraic torus, @) is a component of a fized-determinant,
fized-inertia locus Mp(),2) where Y a proper hyperbolic Deligne-Mumford
curve.

Here Z¥ and Q¥ denote normalizations.

1.1. Hodge structures on jump loci. We first obtain several Hodge-theoretic
results concerning Hodge subvarieties of Rg(X, z,7), which should be of independent
interest.

Theorem 1.2 (Theorem 3.10). For smooth projective X, the jump locus ¥4 (X, x,1) <
Rp(X,z,7) is a Hodge subvariety (see Definition 3.8). Furthermore, it is closed un-
der semisimplification, and X% (X, x,7)wq is a Hodge subvariety which is absolute
Q-closed.

Every irreducible component of 34 (X, x,7)eq is a Hodge subvariety and is absolute
Q—closed.

At V e (X, z,r) underlying a complex variation of mixed Hodge structures,
this result gives a pro-MHS-algebra structure on (922 (X,zr)v- Hence we have an

alternative approach to the result of Lefevre [Lef21]. We do not know if our Hodge
structures agree.

Theorem 1.3 (Proposition 3.12, Proposition 3.18). Let Z < Mg(X,r) be the
scheme-theoretic image of a Hodge subvariety in Rg(X,x,r). Let V € Z be a local
system underlying a complex variation of Hodge structures, then

OZ,V) OZ”,z

both underlie pro-MHS-algebras, where Z¥ — Z is the normalization map with z €
ZY lying over V € Z. Furthermore, the morphism

OZ,V - OZV,z
1s @ morphism of pro-MHS-algebras.

In particular, this gives a pro-MHS-algebra structure on O My (x,r),v for V underly-
ing a complex variation of Hodge structures, thus recovering a result of Eyssidieux-
Simpson [ES11].

Remark 1.4. We opted for the projective setting due to later classification result, and
ease of exposition. However, most of section 3 (which contains these Hodge-theoretic
results) should translate to the case where X is smooth and quasi-projective, with
appropriate setup.
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1.2. Outline of the classification of jump components. Here we specialize to
the case r = 2. Let A = Mp(X,1). As consequence of a point-wise classification
theorem [NPTO08], we can label the components based on their general point:

Proposition 1.5 (Proposition 4.3). Let Z < %, (X, 2) be an irreducible component.
Consider a general point p € Z, with p : m (X, x) — PGLy(C) the projective quotient.
Then p is exactly one of the following cases:

(A): p is reducible, i.e., p ~ x1® Xa;

(B): p is irreducible and projectively dihedral, i.e. up to conjugation, G5 < Dq;
(C): G5 ~p(m(X,z)) ~ Ay, Sy or As;

(D): p has Zariski dense image and is rigid;

(E): p has Zariski dense image and is non-rigid.

Next, we have a structure theorem for the first 4 cases:

Theorem 1.6.

(A): (Proposition 4.5) either Z ~ Sym*(N) or Z¥ ~ N; x Ny with N, N;, N, € A
translated subtori of A;

(B): (Proposition 4.7) either Z¥ ~ N or Z ~ N /{T*) with N a translated subtorus
of Mp(X€, 1) and 7* an involution on N;

(C): (Proposition 4.9) Z¥ is an algebraic torus;

(D): (Proposition 4.10) Z" is an algebraic torus.

For the last case, which we will call nonabelian jump components, up to taking
a finite cover, we can consider a point of Z as a pair (V,LL) where V has fixed
determinant and L is a rank one local system. More precisely, there is a torsion lift
e € A of some € € A/A? such that Z € Mp(X,2,det € €A?). Consider the diagram:

Mp(X,2,det = €) x A T80 1r(X, 2, det € eA?)
pro det
A L—e@LE y A

and let C' be an irreducible component of ®.1(Z). We can recover Z, in a sense, as
follows (for more details, see Section 2.5)

Proposition 1.7 (Proposition 2.20). Z¥ ~ C¥/H¢ is an étale quotient of C".
Denote the projections:
Cc o (7)< Mp(X,2,det =¢) x A ———— A
lprl
Mp(X,2,det =€)

with images:

_D = prl(C’)red - MB(X7 27 det = 6)7 T = prZ(C)red = A
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Proposition 1.8 (Corollary 3.14). T' is a torsion-translated subtorus of A.
As a consequence of [CS08] we have a factorization of D through a DM-curve:

Proposition 1.9 (Proposition 5.8). There is a proper hyperbolic DM curve ) =
[Y/G] and a morphism s : X — Y and an irreducible component Q of a fived-
determinant, fized-inertia locus Mp(Y,2,det = 6, T) such that

(1) sy :m(X,2) > m(V,y) is a surjection.

(2) with the closed embedding s* : Mg(),2) — Mp(X,2), D < s*(Q).

Via the closed embedding, we can view C' as a subvariety of Q@ xT < Mpg(),2) x A.
More precisely,
Cc{W,L)eQxT|dmH(X,s*W®L) > k}
On the other hand,
RI'NX,s*W®L) ~ RI'(Y, W® Rs,L)

hence we can, instead, study a twisted jump loci on the DM-curve ). For a fixed
L, we understand when this cohomology jumps.

Proposition 1.10 (Proposition 5.18). Fither C = Q x T,C = {V} x T, or pr, :
C — T is generically finite.

For the case where pr, : C' — T is generically finite, using an invariant Grass-
mannian construction, we construct a finite scheme over 7' (Proposition 5.22) which
contains a Zariski open subset of C. As a consequence,

Proposition 1.11 (Proposition 5.23). If pr, : C — T is generically finite, then it
18 finite and surjective.

Finally, suppose that pr, : ¢' — T is finite, and consider the normalized map
pry : C” — T. If this is not étale, we can produce a unitary I € T with ¢ € (pry) (L)
such that C" is smooth at ¢, prY is ramified at ¢, and

OT,L - OC”,C
is an injective morphism of pro-MHS-algebras. This results in a contradiction
(Proposition 5.26). Putting everything together we get:
Theorem 1.12. Either C =Q x T, C ={V} x T, orpry : C¥ — T is étale.

Corollary 1.13. If the general point of Z is of type (E), then either Z is an algebraic
torus, Z¥ is an algebraic torus, or ZV is an €tale quotient of Q¥ x T.

1.3. Acknowledgement. [ would like to thank my advisor, Benjamin Bakker, for
suggesting the problem of putting Hodge structures on jump loci which became the
basis of this project. I am grateful for numerous conversations and suggestions, as
well as his careful reading of previous versions. I would also like to thank Daniel
Litt for his interest in the result.

AT discloure: No part of this paper was Al generated. OpenAl’s ChatGPT Plus
was used for literature searches, and later the Pro version of ChatGPT Astra was
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used to audit the paper. Along with minor issues, it pointed out previous errors
with Proposition 3.12 and Lemma 3.17. The fixes are the author’s.

2. PRELIMINARIES

We work with schemes over C. For a scheme S, let S,.q be the reduced scheme,
and S” be the normalization of S.

2.1. Jump ideals. Let A be a noetherian ring, and K* a bounded above complex of
A—modules such that H'(K*) is a finitely generated A-module for all 7. By [Har77,
Lemma II1.12.3], there exists a quasi-isomorphism ¢ : L* — K*® where (L*,d*) is a
bounded above complex of finitely generated free A-modules.

Definition 2.1. The cohomological jump ideals of K* are defined to be
JUK®) = ImnkA(Li)—kH(dF1 ®d)c A

where I denotes the determinantal ideal generated by (rank4(L?) — k + 1)%-minors.
This definition does not depend on the choice of L* [BW15a, Definition-Proposition
2.2]. We also have that, for a base change A — B,

JHK")B = Ji(K" &k B) 1)
V(JU(K*)) = {s € Spec A | dim,,) H'(K* ®'; k(s)) = k} (2.2)

Let S = Spec A — Rp(X,z,r) = Hom(m (X, x), GL,) be a classifying map. This
is equivalent to a representation

ps :m(X,z) > GL.(A)

which we might think of as a A[m (X, z)]-module Vs. Let the corresponding local
system of free A-modules on X be denoted Vg. Here we have an explicit free
model for RI'(X, Vg). Fix a finite CW complex structure for X, we can form the

cellular complex C, ()N( ,Z) on the universal cover X — X this is a complex of free
Z|m (X, xz)]-modules. Then

C* ()(7 VS) = HOIIIZ[M(X@)] (C, (5(:, Z), Vs)

is a complex of free A-modules. Cellular cohomology with local system coefficients
identifies this with RT'(X, Vg). Furthermore, for f : Spec B — S, we have that

C*(X,Vs®a, Bx) = C*(X,Vs)®4 B (2.3)

with Ay, Bx being the constant local systems on X. Recall that Rp(X,z, 1)
is affine, and denote the universal local system, which is a local system of free
D(Rp(X,z, 1), Opy(xzm)-modules on X, to be V"™V (which is just Vg for S =
Rp(X,z,7)). We can then give a scheme structure to

(X, z,r) = {VeRp(X,z,r) | dim H(X,V) > k}
as X5(X,z,r) = V(JL(RT(X, V™iv))).
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2.2. Variations of complex mixed Hodge and twistor structures.

Definition 2.2. A complex pure Hodge structure (C-HS) of weight n is a finite-
dimensional C-vector space V with n—opposed decreasing filtrations F*, F'*, i.e.,

othertl, V=0 p+q#n, V= C_B YPe YPa = [P A [
p+q=n

Morphisms are filtered morphisms. A polarization of V' is a hermitian form A such
that V =@, ,, VP? is h-orthogonal, and &P, ,_,(—1)Phlvra is positive definite.

Definition 2.3. A complex mixed Hodge structure (C-MHS) is (V,W,, F*, F"*),
with W, an increasing (weight) filtration, such that for any n, the filtrations induced
by F*, F'* on gr’'V define a pure Hodge structure of weight n.

Morphisms are those compatible with all three filtrations. A graded polarization
is a polarization h,, on gr’’'V for each n.

Definition 2.4. A complex pure twistor structure (C-TS) of weight n is a vector
bundle V ~ Op1(n)®". A complex mixed twistor structure (C-MTS) is a pair (V, W,)
where V is a vector bundle on P!, W,V is a locally split increasing (weight) filtration
by subbundles satisfying
gtV ~ Opi (n)®n
Morphisms of complex mixed twistor structures are Opi1 —linear morphisms which
preserve the weight filtrations.

The complex mixed Hodge and twistor structures form categories MHS¢ and
MTSc. These are C-linear abelian categories. We have fiber functors w, with image
C-vector spaces, where w(V, W,, F*, F’*) =V and w(V,W,) = V|=1.

Theorem 2.5 ([Del71], [Sab18, Proposition 1.10]). (MHS¢,w) and (MTSc,w) are
neutral Tannakian categories.

Definition 2.6. A graded polarized complex variation of mixed Hodge structures
(C-VMHS) on X is (V,W,, F'*, F"*) where
e V is a complex local system on X and W, is a flat increasing (weight) filtra-
tion;
e F* F'* are locally split decreasing filtrations
FPCOX®(CXV, FIqC@X@(CXV

by holomorphic and anti-holomorphic subbundles respectively;
e for the natural flat connections V,V coming from the exterior derivative,
these must satisfy Griffiths transversality

VEP c FP @Oy, VFc F7'®0%
e there exists a flat hermitian form h,, on each gr’’'V such that for each z € X,

the restriction of the tuple to x gives a graded polarized complex mixed
hodge structure.

For the twistor analogue, we first review the theory of harmonic bundle developed
by Corlette and Simpson in [Cor88; Sim92].
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Definition 2.7. Let £ be a complex C®-vector bundle on a projective complex
manifold X equipped with a flat C*-connection D. For h a hermitian metric on &,
we have a decomposition

D=D,+V
where D), is unitary with respect to h, and ¥ is self-adjoint for h. Take a further
type decomposition into (1,0) and (0, 1) components
Dy=0,+0, VU=0+6*
We say that h is pluriharmonic if (§ + J),)> = 0. A harmonic bundle (€, D, h),

equivalently (&,0,,0,h), is then a smooth complex vector bundle £ with a flat
smooth connection D and a pluriharmonic metric h.

Let &x = C¥XOp be the sheaf of C®-functions on Xp1 = X x P! which are holo-
morphic in the P!-direction, and choose generating sections g, ,, € H°(P', Opi (1))
vanishing at 0 and oo respectively. Then we get a derivative

anX]Pl/IP’l + xoogXﬂﬂ/IP’l . @{X — JZ){X ® Q;Pl/P1(1)
with Qkpl/Pl(l) = Q% X Op:1 (1), where QY is the sheaf of C*-one-forms on X. Let
(5 . 0On, 0, h) be a harmonic bundle on X, and define &p1 := £ [X] Op1. Then we have

a Z'OaX]Pl /pr+ xooéxﬂﬂ /pt-connection
D = .CCo(ah + 9*) + .ZEOO(H + éh) . g]pl i g]pl X Qkpl/Pl(l)’ D2 =0

where we abuse notation so that dj, + 6%, 6 + 0, really mean their natural extensions
to gﬂml.
Definition 2.8. The resulting (£p1, D) is the variation of pure twistor structures
(C—VTS) of weight 0 associated to the harmonic bundle (5 ,On, 0, h). We get the
weight £ C-VTS associated to (5, on, 9, h) by twisting Ep1 = & X Op (k).
Remark 2.9. Every semisimple complex local system on X underlies a harmonic
bundle, hence a variation of pure twistor structures.
Definition 2.10. A graded-polarized variation of mixed twistor structures (C-
VMTS) on X is a triple (¥, W,, D) such that

e 7 is an &/x-module on Xpi; B

oDV -V Q§P1/1P’1(1) is a 2o0x,, jp1 + TooOx,, /pr-connection with D? = 0;

e W, 7 is a D—flat increasing weight filtration of Epi;

e cach (gr?f”//, ngVD) has a pluriharmonic hermitian metric h; making it a

C—VTS of weight k associated to a harmonic bundle.

Morphisms are @7x-linear morphisms which preserve W, and commutes with D.
Remark 2.11. On an affine chart A} = P' — {oo}, let Dy = 2'D|xxy. The data
of a C-VMTS is equivalently a family of integrable A-connections

Va(fs) = XMdf®s+ fVa(s), Vi=0

where V) = Dg’l on the holomorphic vector bundle (¥y, Dg’l). The fibers A =1
and A = 0 give a flat bundle, hence an underlying local system by Riemann-Hilbert
correspondence, and a Higgs bundle respectively.
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2.3. Variations with artinian coefficients. Let MS¢ be either MHS¢ or MTSc,
and T(0) be the tensor unit in MSc.

Definition 2.12. A T(0)-MS-algebra is a commutative unital algebra object A €
MSc, i.e., A € MS¢ with morphisms in MSc:

TO) S A, ARALA

satisfying the usual unit, associativity, and commutativity diagrams. Similarly, we
can define A-MS-algebra (and module) from a T(0)-MS-algebra A.

We say that A is artinian local if w(A) is an artinian local C—algebra, and the
residue map A — T(0) is a morphism in MS¢. Since MSc is abelian, ma = ker(A —
T(0)) is a subobject of A in MSc, and we have a splitting A = T(0) ® ma.

Definition 2.13.

(1) A pro-MS is a pro-object in MSc.

(2) A pro-T(0)-MS-algebra is a T(0)-algebra object in the category of pro-MS.
Equivalently, it is an inverse system of T'(0)-MS-algebras.

(3) A pro-T(0)-MS-algebra A is complete, noetherian, artinian, or local when
w(A) is as a C-algebra.

(4) An ideal subobject I of a (pro-)T(0)-MS-algebra is a (pro-)T(0)-MS-ideal if
it is a sub pro-C-MS.

(5) If A is a pro-T(0)-MS-algebra, we define a pro-A-MS-module to be a pro-A-
module object in MS¢.

Let ax : X — pt, and denote A = a% A for A € MSg, i.e., A is the constant
variation with fiber w(A).

Definition 2.14. Let A € MSc¢ be an artinian local T(0)-MS-algebra. An A-
variation of mixed structures (A-VMS) is a complex variation of mixed Hodge/twistor
structures V together with an action morphism

ARY —V

which is a morphism of variations of mixed structures and which satisfies unit and
associativity diagrams. We also require the underlying local system of V to be a
local system of free w(A)-modules.

If A is a pro-T(0)-MS-algebra with

A=lmA,, A,=A/m;"

where each A, is an artinian local T(0)-MS-algebra with A, .; — A,, being a mor-
phism in MS¢, then a pro-A-VMS is of the form

V=limV,, V,=V/my

n

where V has an underlying local system of free w(A)-modules. Each V, is a C-VMS
for which the maps V,y; — V,, are morphisms of C-VMS, each A/m’y"' < End(V),)
is a sub C-MS.



10 QUOC ANH TRAN

Proposition 2.15. Let X be a smooth projective complex variety. Let A € MS¢ be
an artinian local T(0)-algebra, and V an A-VMS with underlying local system V.
Then there is a functorial

Ka(V) = RaX,V € D’(A-MS-mod)

such that w(Ka(V)) ~ RI'(X,V) in D*(w(A)-mod). Furthermore, for every mor-
phism A — B in MSc¢ with the corresponding A — B of constant variations on X,
we have base change

Ka(V)®% B ~ Kg(V®4B)

Proof. Forget about the coefficient A, we can regard V as a smooth object in the
derived category of algebraic complex mixed modules. Then the fact that we have
K(V) = Ra),V € D*(MS¢) with w(K (V)) ~ RT(X, V) follows from the six functor
formalism. In the Hodge setting, this follows from work of Saito [Sai90, Theorem
0.1]; in the twistor setting, this follows from works of Sabbah and Mochizuki [Sab05;
Moc15]. We now show compatibility with the A-structure. Apply the projection
formula, which in this specific case is a consequence of six functor formalism and
dualizability of A, to the action morphism (ax)*A®V — V we get

A ®Ra},V — RayV
and similarly for the unit and associativity diagrams. Regarding the base change
A — B, notice that we have a base change morphism by adjunction
B ®4 Ra\5V — Ral',(V ®4 B)

which, after applying w, becomes the base change morphism RI'(X, V) ®£( A)w(B) —
RI'(X,V ®a, Bx). This follows from the compatibility of w with the six functors.
The base change RI'(X, V) ®ULJ(A) w(B) — RI'(X,V®a, Bx) is an isomorphism due
to identifications with free cellular complexes, see (2.3). Finally, w is faithful and
exact, hence its derived version is conservative, and B®% Ra}5V — RadS (V@4 B)
must be an isomorphism to begin with. 7 7 O

2.4. Absolute subset and rank one theory. We have a quasi-projective mod-
uli space Rpgr(X,x,r) of framed flat connections on X [Sim94, Theorem 6.13].
The Riemann-Hilbert correspondence then induces a complex analytic isomorphism
[Sim94, Theorem 7.1]:

RH : Rpr(X,z,7) = Rp(X,z,7) (2.4)

Given (E,V) € Rpr(X,x,r) and 0 € Aut(C/Q), we have a base change X7 — X
and pulling back gives (E7,V?) € Rpr(X7?,z,r). In fact, this gives a bijection
o RDR(X, x,r) = RDR(XU, 7“).

Definition 2.16. A GL,-invariant subset ¥ € Rp(X, z,) is absolute Q-constructible
if for any o € Aut(C/Q),

EU = RH oOg o RHil(E) - RB(XU7.CE,7’)

is Q-constructible, i.e., a finite union of locally closed subvarieties defined over Q.
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We have similar notions for the stacks Mpg/pr(X, ) as well as the good moduli
spaces Mp/pr(X,r). Now, consider the rank one character variety

Mp(X,1) = Hom(m (X, z),C*) ~ (C*) XD 5 Hom(Hy (X, Z)ors, C*)  (2.5)
which is a finite disjoint union of algebraic tori.

Theorem 2.17 ([BW20a; Sim93]). Every irreducible absolute Q-closed subset ¥ <
Mpg(X,1) is a torsion-translated algebraic subtorus
Y=71-N

where N = Mp(X,1) is a subtorus, and Lie(N) < H'(X,C) is a complex Hodge
substructure. Absolute QQ-constructible subsets are obtained from a finite sequence
of unions, intersections and complements.

Proof. The first and last statement follows from [Sim93, Theorem 6.1] and [BW20a,
Theorem 9.1.2]. Regarding the Lie algebra, by [Sim93, Theorem 6.1], N is a triple
torus, hence by [Sim93, Theorem 2.1] there exists abelian subvariety P < Alb(X)
such that N is the image of Mp(Alb(X)/P,1) — Mp(X,1). The map on tangent
space is
H'(Alb(X)/P,C) — H'(X,C)

is induced by 7* : H'(AIb(X)/P,C) — H'(AIb(X),C) ~ HYX,C) where 7 :
Alb(X) — Alb(X)/P is the projection. Pullback is a Hodge morphism hence we
are done. O

Corollary 2.18 ([BW20a, Theorem 11.1.1]). Let F € D%(X,C) be of geometric
origin, then the twisted jump loci

SLX,F) ={VeRp(X,1) | dmH(X,F®V) > k}

is absolute Q-closed and thus a finite union of torsion-translated algebraic subtori.
If F is not of geometric origin, then X\ (X, F) is only a finite union of translated
algebraic subtori.

2.5. Determinant sheet. In this section, let A = Mp(X, 1) and the decomposition
(2.5) be A = A° x T, where T' = Hy(X,Z)tors- Since T is finite, its dual T" is also
finite. We have the squaring map

[2] : A— A, L—L®

and let A? = im[2], A[2] = ker[2]. Then A/A? ~ T/T? is a finite group. For each €
A/A? we can pick a torsion lift € € A. Let €A? be the coset €A? = {e @ L®* | L € A},

then
A= || e
eeA/A?
and thus
Mp(X,2) = | | Mp(X,2 det € eA®)
ecA/A2?

For each € € A/A? with torsion lift € € A, we have the following proposition
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Proposition 2.19. There is a Cartesian diagram

Mp(X,2,det = ) x A 2780 A1 (X, 2, det € eA2)
pro det (25)
A Lol . A

and ®, is a finite étale A[2]-torsor over Mp(X,2,det € €A?), with the action
p-(V,.L)=(Vep,Lep™)
The same is true for the quotient stacks and framed moduli schemes.

Proof. Notice that
Mp(X,2,det € eA?) x4 A = {(W,]L) ‘ det W = 6®L®2}
which is isomorphic to Mp(X,2,det =€) x A via the maps
Mp(X,2,det € eA?) x4 A — Mp(X,2,det =€) x A
(W,L) —» (W®L™' L)
(VRL,L) « (V,L)

Next, the map downstair map is a A[2]-torsor over €A?, with the action p L =

L ® p~'. Hence @, is also a A[2]-torsor. The induced action on Mp(X,2,det €

€A?) x4 Ais p- (W,L) = (W,L ® p~!) which translate to the stated action on
Mp(X,2,det =€) x A. O

Now, let Z ¢ Mp(X,2) be an irreducible subvariety, then it must be contained
in some Mp(X,2,det € eA?). We can then look at ¢_!(Z) and pick an irreducible
component C. Set Ho = {pe A[2] | p- C = C}.

Proposition 2.20. The induced map between normalizations C¥ — Z¥ 1is a finite
étale Ho-torsor, and Z¥ ~ C¥/H¢.

Proof. We have a base change diagram

w—7' a2

g b

7V — 7

where ¢ is a finite étale A[2]—torsor. Let 7z be the generic point of Z, then the
generic point ne of C lies over 1. Notice that we have an isomorphism of function
fields k(nz) ~ k(nz), hence the an isomorphism of generic fibers W, ,, ~ ®-1(2),,,.
Thus there is a W,,,, 3 7 — n¢ under this identification. Let C be the closure of 7
in W. Since W — ZV is finite étale, C' is an irreducible component of . It follows

that C is open and closed in W, and C' — ZV is a finite étale Ho—torsor.
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On the other hand, W — ®_*(Z) is finite, since it is the base change of v which is
finite. Thus C' — C'is finite. It is also birational by construction, hence C' = C¥. [

3. HODGE THEORY OF Rp AND Mp

In this section, we prove that the cohomological jump loci enjoy several nice Hodge
theoretic properties. We first briefly recall some results and definitions, following
the exposition of [BBT24].

3.1. Betti universal deformation algebra and Deligne-Hitchin space.

Theorem 3.1 ([BBT24, Theorem 4.2]). Let (V,¢) be a framed rank r local system

underlying a C-VMS V), then the completed local Ting A 4y = Ory(x,2,0),(v,¢) has a
pro-T(0)-MS-algebra structure Ay g with

W(Aw,g) = Mg

and the universal formal local system V underlies a free pro-Aey 4)-VMS V. Let
M be C" equipped with the mized structure induced by ¢. The universal framing
gb V — Aw.g) ®(C(C7" is the image under w of a morphism of pro-A 4 -MS-modules
¢ V — A, ®T

These structures are um’quely determined by the following universal property: For
any artinian local T'(0)—MS-algebra A and any A-VMS U with a framing ¢ : U, —
A ®r0) M which restricts to (V, $) mod ma, there is an unique morphism Ay 4 —
A of loca,l pro-T(0)-MS-algebras such that

(A, U ¥) > A8, (Ao (V.9))
or, in other words, A 4y represents the functor
A — {framed free A-VMS deformations of (V, )}/ ~
For a C—scheme T', denote X1 = X x T with projection wp : Xp — T

Proposition 3.2 ([Sim97b, Proposition 4.1]). The moduli functor

( (N, Er,Var,¢) | Er locally free of rank r on Xr, )
A E F(T, OT),
ﬂflOT — linear Vyr: Er — Er ® Qﬁ(T/T,
_ Vi,T = 07 /

Rioa (r)(T) = 3 Var(fs) = Mxrf ®s+ fVirs (
¢ Brlexr ~ Of
over A = 0 the resulting Higgs bundles are

semistable with vanishing Q-Chern classes |

\

is representable by a relative scheme Ryoq(X, x,7) ER A3 parametrizing \-connections
with a framing. Furthermore, there is a G,,-action on Ryeq(X,z,7), covering the
scaling action on A}, by scaling the A\— connection.
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Definition 3.3. Consider the complex conjugate variety X¢, we can similarly define
Ruoa(X€, x,r) and there is a holomorphic isomorphism

Ruoa(X, z,7)|g,, > Ruoa(X z,7)|c,, (3.1)

and there is a gluing to get the analytic Deligne-Hitchin space Rpu(X,z,r) —
P!, We have the derivations associated to the G,,-actions on Ryoa(X, z,r) and
Ruoa(X¢, z,7) which glue to a derivation © on Rpy (X, z,7).

Proposition 3.4 ([BBT24, Corollary 8.8]). Let A be an artinian local T(0)-MS-
algebra. A framed A-VMTS ¥ induces a P'-morphism Specpr A — Rpu(X, x,7).

Definition 3.5. If ¥ is a C-VTS on X, then the resulting P* — Rpu(X,z,7) is
called a preferred section.

More concretely, if (V, ¢) € Rg(X, x,r) is a semisimple framed local system, then
it underlies a canonical weight 0 C-VTS, giving a preferred section

swe) : P' — Rpu(X,z,7) (3.2)

where sy (1) is the flat bundle corresponding to (V,¢) via the Riemann-Hilbert
correspondence.

Proposition 3.6 ([BBT24, Lemma 8.11}, [Sim97a, Theorem 8.1]). We have a clas-
sifying map for the universal pro-Aw g)-VMS V¥,

S(v.¢) : SPfp A(v,g) — -ﬁuDH(X,% r) (3.3)

S(V,¢)

which is an isomorphism onto the completion of Rpu(X,x,r) along the preferred
section.

Proposition 3.7 ([Sim92, Corollary 4.2]). There is a continuous C* action on
Mp(X,r) with fired points underlying canonical weight zero complex variations of
Hodge structures.

3.2. Jump loci are Hodge subvarieties. Let Mpg(X,r) be the quotient stack of
local systems of rank r, and Z € Mpg(X,r) locally closed substack. Let V e Z(C)
be a semisimple local system, and pick a framing ¢ : V, = C". Denote RZ <
Rp(X,z,r) the base change to the framed space.

Definition 3.8 ([BBT24, Section 8.5]). Z is Hodge at V if

(H1): equipping V with the canonical weight 0 C—VTS, the quotient A g4 —
@RZ,(V@ underlies a quotient map of pro-T(0)-MTS-algebras. If V is a C*-
fixed point, then we can equip V with a canonical weight 0, and the quotient
Aw,g) — @Rz,(y(z,) underlies a quotient map of pro-T(0)-MHS-algebra. De-
note I'z (v 4) the corresponding pro-T(0)-MS-algebra on @RZW,@.

(H2): The formal twistor subspace SpfpI'z (v.4) S Spfpi Ay, is tangent to the
derivation © in Definition 3.3.

(H3): We have an induced map by composition

gRZ,(V,(i)) : Spf[plrg,(y(ﬁ) - RDH(Xa Z, T)S(v,@



RANK TWO COHOMOLOGY JUMP LOCI 15

Denote Zoq (resp. Ziggq) the Zariski closure of the image of Spz (v.¢)[a1 (vesp.
:‘3\337@/@)’]}»1\{0}) n RHOd(X,JZ,T) (resp. RHod(XC,Z’,T’)). Then gRZ,(V,d))|Gm
induces an isomorphism onto the completion of Zy.qlg,, along the image of
S(v,¢), and the same is true for Spz (v, |c,, and Zgsglc,.-
Z is a Hodge substack if it is closed under semisimplification and Hodge at every
semisimple V € Z(C). Notice that these conditions rely only on RZ < Rp(X,z,r),
so we have a similar notion of Hodge subvariety for a GL,-invariant subvariety
Z < Rp(X,z,r). We also have obvious generalization to Hodge subvarieties of
products of character varieties.

Lemma 3.9. Let A € MSc be an artinian local T(0)-MS-algebra, with A = w(A),
and K € D°(A-MS-mod) with K = w(K) quasi-isomorphic to a bounded above
complex of free A-modules. Then Ji(K) < A is the image under w of an ideal
subobject J(K) = A. This construction commutes with T(0)-MS-algebra coefficient
base change.

Proof. Let G = Aut®(w) be the Tannakian dual of MSc. Then we have an equiva-
lence of category MS¢ ~ Repféi(G). Under this equivalence, A is identified with A =
w(A) with an algebraic G—action, i.e., a comodule structure d4 : A - A® O(G);
this is an action by algebra automorphism. Similarly, K gives a G-equivariant com-
plex K = w(K) of A—modules.

Let B be a C-algebra, and g € G(B), all the tensor product below will be over C
unless specified otherwise. We have a B-algebra automorphism g: AQ B - A® B.
Since B is flat over C, the action of g on K ®@" B = K ® B satisfies

g-(bm)=gb)(g-m) be ARB,me K'®B
coming from applying w to the action morphism A ® K — K. It follows that
JF(K®B)=(A®B)®, ( K®B)~K®B

since g : A® B — A® B is an isomorphism. Determinantal ideals commute with
arbitrary base change, and by (2.1) we get

9(Ji(K ® B)) = Ji(9"(K ® B)) ~ Jy(K ® B)
thus J).(K ® B) is stable under the action of g € G(B). It follows that J(K) is a
G-subrepresentation. The equivalence then gives a unique subobject J.(K) < A in
MS¢ with w(Ji(K)) = Ji(K). To check that Ji(K) is an ideal subobject, it suffices
to check that the composition
ARJI(K) - ARA LA
factors through J/(K) = A. Equivalently,
AR J(K) > A — A/J(K)

is zero. This follows from w being faithful and the image of that map under w is
zero. Compatibility with coefficient base change follows from (2.1). 0

The jump loci 3¢ (X,7) € Rp(X,x,r) is invariant under the conjugation action
by GL,, so we can ask whether it is a Hodge subvariety.
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Theorem 3.10. For smooth projective X, the jump locus ¥i(X,r) < Rp(X,z,7)
1s a Hodge subvariety. Furthermore, it is closed under semisimplification, and
(X, T)red 18 a Hodge subvariety which is absolute Q-closed.

Every irreducible component of X4 (X, 1)eq 18 a Hodge subvariety and is absolute

Q—closed.
Proof. We first verify that 3¢ (X, r) satisfies the three conditions in Definition 3.8.
(H1). Consider (V,¢) € Rp(X,z,r) semisimple, and let

A = Opp(xamvey  An=A/my!

Equip V with the canonical weight 0 C-VTS. If V is a C*-fixed point, then it
underlies a canonical weight 0 C-VHS. By Theorem 3.1, A underlies a pro-T(0)-

MS-algebra A, and the universal formal local system (V gzﬁ) underlies a pro-A-VMS

v, <b) Each A, underlies a T(0)-MS-algebra A,, = A/m}™. Write V, = — VRAA.,,
and V,, the underlying local system of V,,. By Proposition 2.15 we have

K, = Ra\,V, € D'(A,-MS-mod), w(K,) ~ RI'(X,V,)

Let R = I'(Rp(X,z,7), Opy(x,2,), then Rp(X,x,7) = Spec R. By the discus-
sion of universal cellular complex in Section 2.1, we get a complex C*(X, V™) ~
R (X, V'iv) of free R-modules which we can think of as a complex of free sheaves
on Rp(X,x,r). Its fiber over a point (W, ) € Rg(X,x,r) gives R['(X, W). Notice
that in A, the jump ideal becomes

JLRD(X, V™)) - A = lim J{(RI(X, V7)) - A,
Recall that we have base change
JURT(X, V™)) - A, ~ JERIT(X, V™) @F A,)
~ J{(RD(X, V™Y ®% A,))
~ JL(RI'(X,V,))
thus Ji (RT(X, V™)) - A ~ J{(RT(X,V)). Now, w(K,) is quasi-isomorphic to a
complex of free A,-modules, which is C*(X,V,,), hence by Lemma 3.9 we get that

J,i(RI‘(X,\?)) underlies a pro-T(0)-MS-ideal J(K) < A. It follows that we get
(H1) since MS¢ is abelian.

(H3). We first take a detour. Let A € MTS¢ with A = w(A), and W an A-VMTS
with underlying local system W of free A-modules. By Remark 2.11, this is the same
as a family of holomorphic integrable A-connections. Let Xy = X x A} with projec-
tion 7 : X, — A}, then the family of A-connections, over the patch A}, is the same
as a holomorphic bundle W, on X, with an integrable V) : W)\, — W), ® Qﬁg /L

The A-action becomes an A[A]—action. We can then form the A-De Rham complex

DR)\(W)\) = [W)\ REN WA@QX /AL . WA@Q%T/;@\]
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and (Ra%iWﬂAi ~ R, DRA(W)) € D’(A[A]-mod), by [Sim97a, proof of Theorem
4.1] and the proof of Proposition 2.15. Denote

KHod(W) = RW*DR)\(W,\)

Next, let ¢ : Rpoa(X,z,7) — A} be the Hodge moduli space. This carries a
universal A-connection (Vi V) on X X Ryoq. If the classifying Deligne-Hitchin
section for W is sy : Specpt A — Rpu(X, z, 1), denote sy x = sw[a1 : Spec A[A] —
Ryoa(X, x,r), and

(Wa, Vi) = s5y (V" V)

The complex Kyoq satisfies base change (same proof as in [Sta26, Tag 0FMO]

works), hence

Khoa(W) = s}y 3 Ktoa (V™)
where Kpoq(V™Y) = Rm,DRA\(V}"V, V). We can think of this as a complex of
A[M]-modules, hence a notion of A-jump ideal makes sense. Denote X} y1,q(X,7) =
V(Ji(Koa(V'™Y))). The restriction to A = 1 gives the De Rham complex for the
flat bundle corresponding to W via the Riemann-Hilbert correspondence, hence by
the comparison theorem this gives 3 (W).

Back to our situation, let s, : Specp A, — Rpu(X,z,7) be the classifying map
for the A,-VMTS V,. The reduction mod ma gives sw4) : P! — Rpu(X,z,r), the
preferred section associated to the canonical WeigAht 0 C-VTS on semisimple V. Let
' = A/J.(K) be the pro-T(0)-MTS-algebra on Osi (v,¢), and put

Snx : Specp: Ty, — Specp A, = Rpu(X, x,7)
Notice that
sk (Koa(V™)) = Ji(s5 Koa (V™)) = Ji(Kalay) = Ji(Ka)lay
thus the image of s, x|g,, agrees with the (n + 1)-th order neighborhood of the im-

age of sw.g)lc, In X} 1,q(X,7). It follows that the image of 5x|g,, agrees with the
completion of X ;;,4(X, ) along the image of sy 4), as desired.

(H2). The scaling G,,-action turns ¢ - (Vy™¥, Vy) — (V¥ ¢V ). Multiplication by
t? in degree p gives a quasi-isomorphism
DRA(V;\miV, V)\) =~ DR)\(V;\miV, tV)\)
thus J;(Kuoea(V™")) is Gy-invariant, hence so is ¥, y,4(X, 7). It follows that
O(Ji(Ktod)) € Ji(Kttod)

and completing along the image of s 4 gives (H2) by the identification in the
previous section.

Closed under semisimplification and absoluteness. Closure under semisimplification
follows from semicontinuity of local system cohomology. Asboluteness follows from
the same proof as in [BW20a, Theorem 11.1.1]. Finally, irreducible components and
reduction remains Hodge, due to [BBT24, Proposition 8.21(3)], and absolute.  [J
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Corollary 3.11. Using the notation of Section 2.5, let Z be an irreducible compo-
nent of ¥3(X,2) € Rp(X,x,2). Let C be an irreducible component of ¢ (Z)
Rp(X,2,det = x) x A, and denote

T = pTry (C)red

the Zariski closure of the reduced image of the projection onto A = Mp(X,1). Then
T is a torsion-translated subtorus of A.

Furthermore, if L. € T' is a unitary point, then OT,; underlies a pro- T( )-MHS-
algebra such that for every (V,L) € C underlying C-VHS, OT]L — Oc (VL) s a
morphism of pro-T(0)-MHS-algebras.

Proof. By [BBT24, Proposition 9.10], all the morphisms in

Rp(X,2,det = x) x A 27 Ro(X,2,det € yA?)
pro det
— ®2
A Lol , A

are absolute ( Q-morphism [BBT24, Definition 9.2] . By the previous theorem, Z
is absolute Q-closed. Thus ¢ '(Z) is absolute Q-closed, and pry(C) is absolute

Q-constructible. By [BBT24, Proposition 9.14], T is absolute Q-closed. Thus by
Theorem 2.17, T = 7 - N where N is a subtorus of A, and Lie(N) is a complex sub
Hodge structure of H'(X, C).

Now, suppose L. € T is unitary, then IL underlies a canonical weight 0 C-VHS,
and by Theorem 3.1, O 4L underlies a pro-T(0)-MHS-algebra. Furthermore, since

A and T are smooth, Ory, and Oy, are determined by tangent spaces, i.e.,
Oar ~Sym H'(X,C)Y, Opp ~ Sym Lie(N)"

and O AL — @T,]L is a quotient of pro-T(0)-MHS-algebras. Furthermore, H'(X, C)
is pure of weight 1, hence so is Lie(N) and we get mpp, = W_; @T,L with mpp, /mgp’]L
is pure of weight —1. Suppose that (V,LL) € C is a C-VHS point, equivalently V
underlies a weight 0 C-VHS, then

Orp (X 2.det=y)v @ Oar, = Oc v
is a quotient of pro-T(0)-MHS-algebras. The composition
Oar — Opp(x2detmyv @ Oar — Oc v

is thus a morphism of pro-T(0)-MHS-algebras. This factors through O AL — @TJL
which is a quotient of pro-T(0)-MHS-algebras, hence the factorization

OrpL — Oc, L)

is a morphism of pro-T(0)-MHS-algebras, as desired. O
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3.3. Hodge structures on good moduli image. For a Hodge subvariety W <
Rp(X,z,r), at a point (V,¢) € W with V underlying a canonical weight 0 com-
plex variation of Hodge structures, we have a pro-T(0)-MHS-algebra structure on

Ow,v,¢)- We prove a similar statement for the image of W under the GIT quotient
q: Rp(X,z,r) > Mp(X,r) = Rp(X,z,7)//GLs.

Proposition 3.12. Let W < Rp(X,z,r) be a Hodge subvariety, and Z = q(W) <
Mpg(X,r) be the scheme-theoretic image. Let V € Z be a C*-fized point, hence

underlying a weight 0 complex variation of Hodge structures. Then @Z,V underlies
a pro-T(0)-MHS-algebra, with

mzy = W_10zv

Proof. The stabilizer of (V, ¢) € Rg(X, z,r) under the GL,-action is Aut(V). Denote
Hy = Aut(V) < GL,. We have an isotypic decomposition

Va@V,® M,

where {V,} are pairwise non-isomorphic irreducible local systems, and {M,} are
complex vector spaces. By equipping each V, with a weight 0 C-VHS and M, with
a pure complex Hodge structure of type (0,0), we get an equality of C-VHS. Then
by Schur’s lemma, Hy = [ [ GL(M,,), hence acts by weight 0 automorphisms of the
C-VHS on V.

On the other hand, by picking a framing we get (V, ¢) € W lying over V. Recall
that included in the definition of Hodge subvariety is the fact that W is GL,-
invariant. Since V is semisimple, the GL,-orbit of (V,¢) is closed. Then by the
Luna étale slice theorem (see [Lun73] or [AHR20, Remark 4.6]) there exists a Hy-
invariant affine subscheme Y < Rp(X, z,r) containing (V, ¢) such that GL, x VY —
Rp(X,x,r) is étale; its image U < Rp(X,x,r) is a GL,-invariant saturated (i.e.,
U = q'ogq(U)) affine open. Here

GL, x"™Y = (GL, x Y))/Hy

where the Hy-action is h - (g,y) = (g - h, ™! - y). Furthermore, the diagram

GL, xTVYy ——— U

Y//Hy ———— U//GL,
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is cartesian with two horizontal maps étale. This induces the following cartesian
diagram of quotient stacks by restricting to GL,-invariant W

(W nY)/Hy] ——— [W/GL,]

(W AY)//Hy . Z

and étaleness of the bottom horizontal map then gives an isomorphism @Z,V ~

O{fv"ﬂy v,4)- Now, notice that @y,(yd,) is a miniversal algebra for Mp [AHR20,

Remark 4.17], and
[W/GLT] X Mg Y ~ [W/GLT] X Mg Rp XRp Y~WnY

It follows that the map @Y,(V@) — @me, (v,¢) 1s the base change of the miniversal
family Spf @Y,(V7¢) — Mp(X,r) along [W/GL,] < Mp. Then, by [BBT24, Lemma
4.59] and the fact that W is Hodge at (V,¢), @yﬁ(v,@ — @meﬁ(v,@ must be a
quotient of pro-T(0)-MHS-algebras; the pro-T(0)-MHS-algebra on the miniversal
@Y,(V@) is given by [BBT24, Theorem 4.3]. Let e € Hy be the identity. We have a

diagram

Spf @H\/,e X Spf @WQY,(V,(ﬁ)

|
|
- (s,t)
completion
i
+

Hy x Spf OWmY,(V,d)) » Spf OWmY,(V,¢>) x Spf OWmY,(V,¢>)

(3.4)

MB(er) £ > MB(XJT) XMB(er)
and by [BBT24, Theorem 4.3(3)] there is a pro-T(0)-MHS-algebra structure on
Spf C’)Hve x Spf Owﬁy@w making (s*,t*) (the ring maps) a morphism of pro-
T(0)-MHS-algebras. Notice that (s,t) gives the formal groupoid action of Hy, =
Spf Om,.e on Spf Ow Ay, (v,4), hence (or alternatively using [Alp12, §4]) we have

AH HV e
OWVmY V,9) = mey (V,8)

~ ker(s* —t* : @me,(v#)) — @me,(v’(z,) ® @Hv,e)

Since s*,t* are morphisms of pro-T(0)-algebras with MHS¢ abelian, we get an
induced pro-T(0)-MHS-algebra structure on @Zy ~ (’){,{me (.- BY [BBT24, The-
orem 4.3| again,

My .5 = WOy g
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hence the same is true for the quotient (’A)me (v,¢)- Finally, due to strictness of s*,¢*
as morphisms of pro-T(0)-MHS-algebras, we get

A At Ay )
WOzy =~ Wflovvmy,(v,qs) - OWmY,(W) ARG

as desired. 0
The same proof gives the following twistor version:

Corollary 3.13. Let W < Rp(X,z,r) be a Hodge subvariety, and Z = q(W) <
Mgp(X,r). Let Ve Z, then Ozy underlies a pro-T(0)-MTS-algebra with

mzy = W—loz,v

With this pro-T(0)-MHS-algebra structure on the good moduli space Mpg(X,r),
we have a version of Corollary 3.11 for Mp(X,2) instead of the framed space
Rp(X,x,2), as follows.

Corollary 3.14. Using the notation of Section 2.5, let Z be an irreducible compo-

nent of the reduced image %,,(X,2) € Mp(X,2). Let C be an irreducible component
of 971 (Z) € Mp(X,2,det = x) x A, and denote

T = pr2<0)red

the Zariski closure of the reduced image of the projection onto A = Mp(X,1). Then
T is a torsion-translated subtorus of A.

Furthermore, if I € T is a unitary point, then @T,t underlies a pro-T(0)-MHS-
algebra such that for every (V,L) € C underlying C-VHS, @TJL — @C,(V,L) is a
morphism of pro-T(0)-MHS-algebras.

Proof. Firstly, the image of pr, is the same whether we work with Mp(X,2) or
Rp(X,x,2), hence T is still a torsion-translated subtorus of A. Secondly, every such
irreducible component Z is the good moduli image of some irreducible component
W of ¥4 (X,2) € Rp(X,z,2). Next, since the miniversal pro-T(0)-MHS-algebra
structure of [BBT24, Theorem 4.3] is compatible with tensor product, and that the
proof of Proposition 3.12 is clearly functorial with respect to the inclusion of Hodge
subvarieties W € Rp(X, z,7), we get that

Onrp(x,2,det=x),v ® OarL — Ocyv)

is a quotient of pro-T(0)-MHS-algebras for when V,IL underlie weight 0 complex
variation of Hodge structures. Then the same proof as in Corollary 3.11 works. [

3.4. Hodge structures on normalization. The goal of this section is to show
that if we have a normalization C* — C', and (V, L) is a C-VHS point of C, then for
every ¢ € CV lying over (V,LL) there is a pro-T(0)-MHS-algebra structure on @Cuvc
as well. We will start with some algebra facts.
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Lemma 3.15. Let ¢ : (A,my) — (B,mg) be a finite homomorphism of pro-T(0)-
MHS-algebras, with (A,m,) and (B,mpg) complete local domains. Assume further
that

my=W_A WyA=A
then WoB = B and mg = W_1 B as well.

Proof. We have the functorial Deligne splitting [PS08, Lemma-Definition 3.4] for
the weight filtrations on A on B, giving A ~ [[ A, B ~ || Bw, and a finite map

weZ<o WEZL
o: [[ A —~]]B
WEZ<0 wWeZL

compatible with the weights. Let 0 # b € B,, be a homogeneous element, then b is

integral, say of degree d, over [] A,. Take the dw-homogeneous part of the monic
weZ<o
polynomial for b, we get

b+ a b+ +ag =0

with a; € Aj,. If w > 0 then Aj, = 0 hence a; = 0 and b = 0 which gives a
contradiction since A is a domain. If w = 0 then all a; € Ag = C hence b e C. It
follows that W_1B = mp and Wy,B = B. O

Lemma 3.16. Let B be a complete noetherian local pro-T(0)-MHS-algebra with
W_1B = mg. Then the ideal of the reduced singular locus I(Sing(Spec B)yed) S a
pro-T(0)-MHS-ideal of B.

Proof. This follows from the proof of [BBT24, Lemma 8.23] which implies that
I(Sing(Spec B)) is a pro-T(0)-MHS-ideal of B, and [BBT24, Lemma 4.36] which
says that taking the reduction preserves the Hodge structure. 0

Lemma 3.17. Let (B, mp) be a pro-T(0)-MHS-algebra which is a complete noether-
ian local domain, and I < B a pro-T(0)-MHS-ideal. Then Endg(I) underlies a local
pro-T(0)-MHS-algebra structure such that the natural map defined by multiplication

B — Endp(I)
is an finite injective morphism of pro-T(0)-MHS-algebras.
Proof. Write
B = LiLnB/m%“ =lmB,, I= liLnI/m%“[ = lim [,
then each Endp, (I,) is just the kernel of the morphism of C-MHS
Endc(7,) = Home (B, ®c I, I,,)

hence carries the structure of an associative algebra object on the category of T(0)-
MHS-algebra. Next, we have tensor-Hom adjunction

Hommns, (B, ® In, I,,) ~ Hommus, (By, Endc(1,))
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under which the multiplication map B,, — End¢(I,,) corresponds to the B,-module
structure map B,,®I, — I, which is a morphism of C-MHS since I,, is a T(0)—MHS-
ideal of B,,. Hence B, — End¢([,) is a morphism of C-MHS which factors through
B, — Endg, (I,) in MHSc.

The map Endg(I) — Endg, (I,) is not surjective, and with kernel
K, ={f€Endg(I) | f(I) = m}y'I}
Let {(z1,...,2;) be a generating set of I as a B-module. Then the map

Endg(I) = I',  f— (f(z1,22,...,3)))

is an injection, and gives K, = Endg(I) n my"' I\, By [AMG69, Theorem 10.11],
the two filtrations m% ' Endg(/) and K, are cofinal. Thus we can take the inverse
limit of the first part of the proof to get the desired statements. The kernel is
Anng(I) = 0 since B is a domain. O

Proposition 3.18. Let A be a reduced complete noetherian local C-algebra which
underlies a pro-T(0)-MHS-algebra such that my = W_1A. For every minimal prime
p < A, denote A = N/p and AY its normalization. Then A” underlies a pro-T(0)-
MHS-algebra structure with

WoAY =AY, W_1A” =m,
such that the normalization map v : A — AY and its composition A — A" are
morphisms of pro-T(0)-MHS-algebras.

Proof. We will make use Oka’s criterion for normality [GR84, Chapter 6 §5.2], which
says that for a reduced ring B, B is normal if and only if the multiplication map

B — Endg(I(Sing(Spec B)eq))

is an isomorphism. Start with B = A = A/p which is a domain, and define
recursively

B = Endg, (I(Sing(Spec B?);eq))
then each B/™! < A” and is finite . We will prove this by induction. Denote
I’ = I(Sing(Spec B?)yeq). Suppose B? < A is a domain and Frac(B;) = Frac(A),
which is automatically satisfied for j = 0. Pick 0 # b e I7, then for

f € Endg; (1Y)

f(b)/b e Frac(A). We get that f(b') = @b’ for all b € I7, which gives an embedding
Endp;(I7) < Frac(A) by f — f(b)/b. Thus we get

B? < Endp; (I?) = B’ < Frac(A)
where the first inclusion is by the multiplication map and the fact that B’ is a
domain. Finally B/*! is finite over B’ hence B'*! < A” as well. We have a chain

AcB'cB’c...c A

which must stabilize due to A” being finite over A. At the stable stage we get
B’ ~ Endg;(I7) hence B/ = (B7)" = A”.
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By [BBT24, Lemma 4.36], A — A = A/p is a morphism of pro-T(0)-MHS-
algebras. By Lemma 3.16 and Lemma 3.17, the inclusions

AcB'cB’c...c A

are all morphisms of pro-T(0)-MHS-algebras. It follows that A — A" is a morphisms
of pro-T(0)-MHS-algebras, which is a finite map hence by Lemma 3.15 we get the
weight statements. O
Corollary 3.19. Using the notation of Section 2.5, let Z be an irreducible compo-
nent of the reduced image $,(X,2) € Mp(X,2). Let C be an irreducible component
of 9. (Z)  Mp(X,2,det = x) x A, and (V,L) € C' a C-VHS point. Consider
the normalization v : C¥ — C with ¢ lying over (V,L), then @CU,C underlies a
pro-T(0)-MHS-algebra with
WO@C’V,C = @CV,m W—I@CV,C = Mecr .

such that the map @C,(V’]L) — @CU,C is a morphism of pro-T(0)-MHS-algebras.

Proof. Any such @Cu,c would be isomorphic to ((507(V7L) / p> for some minimal prime
p. Proposition 3.18 then gives the desired statements. ([l

4. PROJECTIVELY VIRTUALLY ABELIAN AND PROJECTIVELY RIGID JUMP
COMPONENTS

Let ¥}(X,2) € Rp(X,r,2) be a jump locus, and EZ(X, 2) € Mp(X,2) be the
reduced good moduli image. Denote Z < %, (X,2) an irreducible component. We
first justify labeling Z based on its general point.

4.1. Generic projective type. Consider the following algebraic subgroups of PGLs:

B = Stab(o0) = {Kg Z)]

T, = Stab(0) N Stab(0) = H(g 2)]

o[ 3)

where square bracket denotes the projective class. Notice that Tj ,, is an algebraic
torus, D, is the normalizer of Ty, fixes the set of points {0,00} < P! and is
Dy, ~ Ty oo ¥ Z/27.

Let p : m(X,2) — GLy(C) be a semisimple representation, and p : m (X, x) —
PGL;y(C) its projective quotient. Denote the Zariski closure

ad # o} (4.1)

ad # 0} (4.2)

be o} (4.3)

G = p(m (X, x))zar < PGL,
the algebraic monodromy group of p.

Lemma 4.1. For each semisimple p : m(X,z) — GLo(C), ezactly one of the fol-
lowing is true:
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(A): p is reducible, i.e., p ~ x1 @ Xa;

(B): p is irreducible, and, up to conjugation, G5 < Dg,;
(C): Gz ~p(m(X,x)) ~ Ay, Sy or As;

(D): p has Zariski dense image and is rigid;

(E): p has Zariski dense image and is non-rigid.

Proof. p is reducible if and only if it fixes a line, or equivalently, G5 fixes a point in
P!. Up to conjugation, this is equivalent to G5 being contained in the Borel B. The
fact that this classification is exhaustive follows from [NPT08, Theorem 1].

For mutual exclusivity, it is clear that (A), (B), (D), and (E) are mutually
exclusive; same for (C), (D) and (E). For (B), and (C), notice that the only finite
subgroups of Dy, = T % Z/27 is either dihedral D,, or a cyclic group. Finally for
(A) and (E), a finite subgroup fixing a point must fix another (it acts as an affine
transformation on A'), hence, up to conjugation, is contained in the torus Ty . It
follows that it must be cyclic. O

We will show that a general point of an irreducible component must be of exactly
one of the previous 5 types. In other words, we cannot have two types whose points
are both dense in the component. It suffices to show that each type is a locally
closed condition.

Definition 4.2. Denote
D < Mp(X,2) be U D as in Lemma 4.6,

0#ecHom(m,Z/27Z)
R < Mp(X,2) the locus of reducible representations,
§ < Mp(X,2) the locus of representations of type (C),

® < Mp(X,2) the locus of projectively dense representations.

then Mp(X,2) =RuUDuUuFuB.

Proposition 4.3. Let Z be an irreducible component ofijﬂ(X, 2), the reduced good
moduli image of ¥4 (X,2) < Rp(X,z,2). Then Z has a nonempty Zariski open
subset on which exactly one of the types in Lemma 4.1 occurs. If the type is (A), (B),
or (C), then Z is contained in, respectively, R, © or §.

Proof. The locus of type (A) is R, which is closed by Lemma 4.4. The locus of type
(C) is closed by (4.7). The locus of type (B) is open in © by Lemma 4.6. Type (D)
locus is closed in &, since it is a finite union of images of 6, as defined in Lemma 4.8;
this is because there are only finitely many rigid points in Mp(X,PGLy). Finally
the locus of type (E) is open in & hence open. d

4.2. Reducible jump component.
Lemma 4.4. Let A = Mp(X,1), then the map
vi(AxA)/S — Mp(X,2),  (x1,x2) = [x1 @ x] (4.4)

1s a closed embedding, with image the reducible locus R.
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Proof. These are both affine schemes, and the corresponding map of rings is

o HY(Rp(X, 2,2), Op, )2 — (HY(A, 04) @ HY(A, 0 4))

f l(XlaXQ) — f<7 — (Xl(gw m?v)))l

where f is a function on Hom(7; (X, z), GLy). Notice that H°(A, O4) ® H°(A, O4)
is generated by the functions

mapping

Yl xe) — xa(y), Y (s xe) — xe(r) vyem(X, )

i.e., every regular function on A x A has the form >’ ~'§% with ,6 € m (X, z). Let
1 # 0 € Sy, then 0*(7'6%) = §'92. The Ss-invariant functions are then generated by

16?4 6142 5,7 € m(X,x)
Next, notice that the trace functionals
try: Rp(X,2,2) > C, p—tr(p(7))
are GLo-invariant and satisfies «* (tr,) = v* + 72, hence
(b trs — tr) = 7107 + 612
thus ¢ is a quotient map. As a result, ¢ is a closed embedding. 0

Let ¢: Ax A — (Ax A)/S, be the quotient. Since H (X, x1®x2) = H(X,x1)®
H(X, x2), we get that

a+b=k

TL(X,2) AR = L< | BiX.1) x Di(X, 1)) (4.5)

which is a finite union of images under ¢ of products of torsion-translated subtori,
by Corollary 2.18.

Proposition 4.5. Let Z be an irreducible component ofij'f(X, 2), the reduced good
moduli image of ¥4 (X,2) € Rp(X,x,2). If the general point of Z is reducible, then
there is a product N = Ny x Ny € Mp(X,1)x Mp(X,1) of torsion-translated subtori
such that

ZV2N1XN2 Zle;éNg
Z ~Sym*(Ny) if Ny = N

Proof. Since R is closed, Z < R. Z is an irreducible component, hence it picks out
one component N = 3¢ (X, 1) x 3¢ (X, 1) in (4.5). It follows that Z = ¢(¢(NN)) hence
Z ~ q(N).

If N7 # Ny then Ni n 0Ny is closed subset of Ny, for 1 # o € S,. Therefore the
map N7 x Ny — q(N; x Ny) is finite, surjective with generic degree 1. It follows
that it must be the normalization. If N; = N, then ¢(N; x N;) ~ Sym?(N;). O
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4.3. Projectively dihedral jump component. If, up to conjugation, G; S Dy,
then p fixes a set of two lines {I1,lo} with [; @1, ~ C% Each p(y)(l;) € {l1, 12} hence
we get a permutation character

e:m(X,x) —> Z/27

If € # 0 (equivalently, p is of type (B)), p|kere then fixes both line hence p|gere ~
X1 @D X2- An element 0 € m (X, x)\ ker ¢ has nontrivial €(d). Conjugation by § on
ker e < 1 (X, x) then permutes x; and x».

Now pick any 0 # € € Hom(m (X, z),Z/27), and denote
A¢ := Hom(ker €, G,,)
then conjugation by any 0 € m1(X, x)\ kere on kere < (X, z), denoted 7 : kere —

ker €, induces an involution 7* on A¢. This is because §2 € ker €; the choice of § does
not matter.

Lemma 4.6. Induction gives a morphism

e AU = Mp(X,2), [x] = [Indp 7]

ker e

which is a closed embedding with image ®.. The irreducible points in the image
correspond to representations of type (B) with the permutation character €, and
form a Zariski open subset of D,.

Proof. The corresponding map on rings is
W HY(Rp(X,x,2),05,)8 — HY(AS,04)7
mapping f — [X — f(Indﬁelr(f’x)Xﬂ. Explicitly, with the same ¢ as before, and

p = Ind™ )y

p(v) = X<07) X(CSOLY(S) , 7 € ker(e)
0 x(0hd)

p(d") = (X(h) 0 ) , 0 em(X,x)\kere,d =4§-h

Now, regular functions on A€ are generated by those of the form v : y — x(v)
with 7 € ker(e). Thus 7*—invariant functions are generated by

YT ix = X(7) + X(67198), € ker(e)
which are clearly 7 (tr,) hence (¥ is a quotient map.

Notice that tc(X)|kere = X @ 7*x. If x # 7*x then the only possible invariant line
must be generated by either basis vectors, i.e., (C((l)) or (C((l)). However, any element
in 71 (X, x)\ ker e swaps these two lines, thus there is no invariant line and ¢, is of
type (B). By the discussion at the beginning of the section, this gives all type (B)
respresentations with permutation character e.

Now if x = 7*x then for 7 € kere and ¢’ = ¢ - h € (X, x)\ kere,

Le(0)(7) = x(7) - 1d, (&) = x(h) ((1’ X(SQ))
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then the eigendecomposition for ¢.(d"), which is independent of h hence independent
of ¢ € m (X, )\ kere, gives a decomposition of (). Finally, the set of x fixed by
7*(x) is closed, hence we get the Zariski open statement. O

For 0 # € € Hom(m (X, ), Z/2Z), let 7€ : X¢ — X be the connected étale double
cover coming from kere <7 (X, x). For y € A® with the corresponding local system
L on X¢, Ind;’ (X’w)x corresponds to the local system 7¢Il on X. By a straightforward

ker e
application of Leray’s spectral sequence,
H'(X, Ind ™)) ~ B (X, ) (4.6)

and we get the following consequence for a type (B) jump component.

Proposition 4.7. Let Z be an irreducible component ofijf(X, 2), the reduced good
moduli image of 3% (X, 2) € Rp(X,x,2). If the general point of Z is of type (B), then
there exists a torsion-translated subtorus N < Mp(X€, 1) such that either Z¥ ~ N
or, if T™*N = N, Z ~ N /{T%).

Proof. Since Z is irreducible, and its general point is of type (B), it must lie in some
D, in Lemma 4.6. By (4.6), it must be the image of an irreducible component N of
3¢ (X€ 1), hence N is a torsion-translated subtorus by Corollary 2.18. If N is 7*-
invariant, then since ¢, is a closed embedding, Z ~ N /{7*). If N is not 7*-invariant,
then N n 7*N is closed in N, thus the composition N — A¢/(7*) <> Z is a finite
map of generic degree 1, hence N ~ Z". [l

4.4. Projectively finite and rigid jump components. Let V, € Mp(X,?2)
be an irreducible semisimple representation with corresponding representation p :

m1 (X, z) > GLo(C). Let A = Mp(X,1).
Lemma 4.8. The morphism
0p: A= Mp(X,2), x—[p®x]
is finite, with fibers being the orbits of the finite group
K(p)={xeA|p®x=~p}c A2
Proof. Consider the diagram

A X p®X

MB(X, 2) XAA T) MB(X,Q)

det

x—>det(p)@x®?

A S|

then A — Mp(X,2) x4 A is a closed embedding, and ® is finite since the horizontal
A — Ais finite. Thus 6,, being the composition, is finite. For the fiber identification,
notice that p® x ~ px’ if and only if Y’ ® x ! € K(p). O
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Let I" € {A4, S4, As}. Since m (X, x) is finitely generated and I' is finite, there
are only finitely many homomorphism ¢ : m (X, z) - I' € PGLy(C). Since every
subgroup of PGLy isomorphic to I' is conjugate to the standard embedding, and we
are working with Mp, there is no ambiguity with ¢. Suppose ¢ has a GLy-lift Vi .
Since any two lifts differ by a rank one twist, we get that

§ =0, (4) © Mp(X,2) (4.7)

with § the locus of type (C) representations.

Proposition 4.9. Let Z be an irreducible component ofﬂ(X, 2), the reduced good
moduli image of 3% (X,2). If the general point of Z is of type (C), then there is a
torsion-translated N < A such that Z has a normalization

7" = N/H

where H = {x € K(p) | xN = N}. Consequently, Z" is a torsion-translated subtorus
of A/H.

Proof. Since Z is irreducible, it must lie in some Oy, (A), with Vr, a GLo-lift of
some ¢ : m(X,z) — PGLy(C) with image I'. We first claim that it is possible
to pick Vr, with finite monodromy. Equivalently, there is some x € A such that
X ® Vr, has finite monodromy. Recall that every class in A/A? has a torsion lift
in A, and pick one such lift € for [det Vi ] € A/A%. We get that for some L € A,
e = det(Vr,) ® L®2. Then

det(Vr,®L) =e

is torsion. It follows that Vr , ® L has finite monodromy projective quotient, and
finite monodromy determinant. Since the map

GLQ - PGL2 X Gm7 g — ([g]7detg)

is finite of degree 2, we get that Vp, ® L has finite monodromy. In particular,
Vr, ®L is of geometric origin.

We can now assume that Vr, is of geometric origin. Pick an irreducible compo-
nent of 9{,F1¢(Z ). It must be an irreducible component of the twisted jump loci

SHX, Vi, 1) = {xe A | dim H (X, Vr,®x) = k}

which is then a torsion-translated subtorus N < A by Corollary 2.18. It follows
that Z = Oy (N). Next, denote H = {x € K(p) | xINV = N}, then since H acts by
translation, N/H is a translated subtorus of A/H. Finally, N/H — 6y, (N) is finite
of degree 1 (since the extra identifications come from the fixed loci of x € K(p) with
XN # N; these fixed loci are closed proper subset of N). As a result, N/H — Z is
the normalization map. 0

Proposition 4.10. Let Z be an irreducible component ofEZ(X, 2), the reduced good
moduli image of 34 (X, 2). If the general point of Z is of type (D). Then there exists
a translated subtorus N < A such that Z¥ ~ N/H with {x € K(p) | xN = N}.



30 QUOC ANH TRAN

Proof. Here we must have Z < 0y, (A), with Vr, a GLo-lift of an isolated point in
Mp(X,PGLy). Hence it is the image under 6y, (A) of an irreducible component of
(X, Vpg, 1) = {xeA| dmH (X, Vr,®x) >k}

hence it is fy. (N) with N € A a translated subtorus by Corollary 2.18 (we lose
that the translation is torsion). The remaining statements are exactly as in the
proof of Proposition 4.9. 0

5. NONABELIAN JUMP COMPONENT

This section will handle the remaining case from the previous section, i.e., Z is an
irreducible component of %, (X, 2) with general point of type (E) (see Lemma 4.1).

Let A = Mp(X,1). Following Section 2.5, Z is contained in some Mp(X,2,det €
€A?%) with torsion € € A. Pick an irreducible component,
Ccd (7)< Mp(X,2,det =€) x A
prll pry (5.1)
Mp(X,2,det =€) A

then by Proposition 2.20, the normalized C¥ — Z% is a finite étale torsor.
First we take a detour to talk about local systems and cohomology on a Deligne-
Mumford quotient stack.

5.1. Local systems on finite quotient curves. We are following the exposition
in [CS08, §2.1 and 2.2]. For more details, see [Noo04].

Definition 5.1. A DM curve is a connected smooth one-dimensional complex
Deligne-Mumford stack, and an orbicurve is a DM curve with trivial generic stabi-
lizer.

In this paper, we work only with DM curves Y of the form ) = [Y/G] where Y
is a connected smooth projective curve and G is a finite group acting on Y.

Definition 5.2. Let § € ) be a point, then we have the fundamental group 71 (), 7).
For y € Y lying over y € ) in the étale map

Y ->)Y=[Y/G]

an element of 71(), §) is a pair (g,7) with g € G and 7 a path from y to g-y. Thus
we have an exact sequence

1-’71'1(1/,:[/) —>7T1(y,g)—>G—> 1

Definition 5.3. A complex local system on ) is a G-equivariant local system on
Y, ie. a pair (V,«) where V is a local system on Y and « is an action associating
to each g € G an isomorphism «, : g*V = V such that

agogtan =g, ¢,hedG
Then we recover the familiar equivalence [Noo05, Theorem 18.19]
Loc?(Y) ~ Locg(Y) ~ Repe(m (I, 9))
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between complex local systems on )} and complex representations of m1(Y, ).

We have similar definitions for constructible complexes and perverse sheaves, i.e.
D(Y,C) = D>C(Y,C) and Perv(Y) = PervG(Y). For K € D%Y,C), RI'(V,K) ~
RI(Y, m*K)%.

Definition 5.4. Since Locc(Y) ~ Repe(m (Y, y)), we have framed character vari-
eties of Y,

RB(ya ga T) = HOHI(’/Tl (ya y)a GLT)

which are affine schemes. Its affine good moduli space is the GIT quotient
Mp(Y,r) = Rp(Y,y,r)//GL, = Spec H(Rp(¥,7,7), O, )"
by the conjugation action.

For y € Y let G, = {9 G |g-y =y} be the stabilizer group. Notice that
replacing y by g-y identifies G, with G, by conjugation, which then gives a canonical
isomorphism

Mp(BGy.r) ~ Mp(BGy,, )

9y

where BH = [SpecC/H]. Denote I, = ker(G — Aut(Y')) the generic inertia, then
for general y € Y, G, = I,,. There are finitely many exceptional points y € Y with
I,, & Gy; pick their G—orbit representatives yi, ...,y with G; = G,.. Pulling back
along the residual gerbes ¢; : BG; — ) gives

L;2M3<y,7”>—>MB(BGj,T’), Oéjgl

where ¢y : BI,, — ) be the residual gerbe of a generic y € Y. Since I, acts trivially
on Y, f does not depend on the choice of general point.

Definition 5.5. For 7 = (1;) € [] Mp(BG;,r), we define the fized-inertia locus
1<j<l

to be
Mp(Y,r,7) = ﬂ v (75)

0<j<y

Since Mp(BGj, ) is finite and reduced for G, finite, we get that every irreducible
subvariety of Mpg(Y,r) lies in one such fixed-inertia locus.

Proposition 5.6. For m:Y — Y = [Y/G] we have the following

(1) If j : U — Y is a nonempty open substack, then j, : m(U,u) — m (Y, u)
18 surjective. Consequently restriction of local systems from Y to U is fully
faithful and preserves irreducibility.

(2) If f: X — Y induces surjection on fundamental groups, then

f* e Mp(Y,r) > Mp(X,r)

1s a closed immersion.
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Proof. Let U = U xy Y then U is a G—invariant subset of Y, and we have a
commutative diagram

1 — m(U,u) —— m(U,u) > G > 1
1 — m(Y,u) —— m (Y, u) > G > 1

where the left vertical surjection comes from Y\U being finitely many points. Thus
we get a surjection m (U, u) — 7 (Y,u). The second statement (2) is exactly the
same as for character varieties of varieties. 0J

5.2. A factorization theorem following Corlette-Simpson. With the nota-
tions in (5.1), let

D = prl(c)red - MB(X7 27 det = 6)7 T = pr2(c)red <A
with T a torsion-translated subtorus, and € € A torsion. Notice that since a general
point of Z has dense PGLy-image, the same is true for D.

Remark 5.7. We can look at the image of D under P : Mp(X,2) - Mp(X,PGLy).
If the image is zero-dimensional, then D itself must be finite since two fixed-
determinant lifts of a PGLg-representation differs by an element of A[2] which is
finite. Since C'is irreducible, we must have D = {V} and C' = {V} x T. From now
on, we assume that P(D) is positive-dimensional in Mg (X, PGLs).

The goal of this section is the following proposition:

Proposition 5.8. There is a proper hyperbolic DM curve Y = [Y /G] and a mor-
phism s : X — Y and an irreducible component Q) of a fived-determinant, fived-
inertia locus Mg(Y,2,det = §,T) such that

(1) sy :m(X,x) > m(V,y) is a surjection.

(2) with the closed embedding s* : Mp(Y,2) — Mp(X,2), D < s*(Q).

Let p : X — X be the connected finite étale cover corresponding to kere <
m(X,z). Then for every p € D < Mpg(X,2,det = ¢), the restriction p
Mp(X€, SLy). Call this map res, : Mp(X,2,det =€) - Mp(X*,SLy).

xe €

Lemma 5.9. The general point of res(D) has Zariski-dense image in SLg, and is
non-rigid.

Proof. We start with some claims.
Claim. If p : m(X,z) — PGLy(C) has Zariski-dense image in PGLy and T' <
m1(X, ) a normal finite-index subgroup, then p(I') is Zariski-dense in PGLy.

Proof of Claim. Let H = p(I') be the Zariski closure. Then H is a normal finite-
index subgroup of PGL,. However, PGLs is connected, hence H = PGLs. |

Claim. On the locus of Zariski-dense representations, the restriction
res : MB(X, PGLQ) i MB(XE,PGLQ)
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is injective on closed points. Consequently, res.(D) has positive-dimensional image
in Mp(X¢,SLs).

Proof of Claim. Suppose otherwise, and py, ps are Zariski-dense projective represen-
tations such that their restrictions to X¢ are conjugate. Since py € Mp(X, PGLy)
only depends on conjugacy class, we might assume that pi|xe = po|xe = p.. For
v e m(X,z) and h € ker ¢, denote

¢y = p2(7) 7 o pi(7) € PGLy

and we have, since yhy™! € ker(e),

¢y o pe(h) o et = pe(h)

Now, by the previous claim, p. has Zariski-dense image. Hence the centralizer
of pe(kere) agrees with the center Z(PGLy) which is trivial. Thus ¢, = Id for all
v e m (X, z). It follows that

res : MB(X, PGLQ) - MB(XE, PGLQ)
is injective on closed points. We have a diagram

Mp(X,2,det =€) —————— Mp(X¢,SLy)

| Ik

Mp(X,PGLy) —— 4 Mp(X¢, PGL,)

where both vertical maps are finite, P(D) is positive dimensional and its general
point has Zariski-dense image, hence by the second claim res o P(D) has positive
dimensional image. It follows that res (D) has positive dimensional image. |

Thus the general point p. € res.(D) is non-rigid. By the diagram, such a general

point has P(p,) with Zariski-dense image in PGLg. On the other hand, let p.(kere)

SLy be the Zariski closure of the image of p., then p.(kere) - PGLy. As a result,

dim p(ker €) = 3 hence p.(kere) = SL. O

For a general p € D, by Lemma 5.9, the restriction p|xe has Zariski-dense im-
age and is non-rigid in Mp(X€, SLy). Hence we have the following as immediate
consequences of [CS08]; see also [Sim91, Theorem 10].

Lemma 5.10 ([CS08, Corollary 3.3 and Theorem 6.8]). For a general p € D, the
restricted projective representation p|xe factors through an algebraic map X — Y
where Y 1s a proper hyperbolic orbicurve.

To get a factorization for p instead of p|xe we have the following lemma.

Lemma 5.11 ([CS08, Lemma 3.6]+¢€). Let f : X' — X be a finite étale map
of smooth projective varieties, and p : m(X,z) — PGLy(C) is a Zariski-dense
representation such that p|x: factors through a proper hyperbolic orbicurve. Then p
itself factors through a proper hyperbolic orbicurve.
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Proof. By taking the Galois closure, we might assume f : X’ — X is a Galois cover
and X = [X'/G]. Let s : X’ — Y be the factorization map for p|x, with Y proper
hyperbolic orbicurve. Let Y’ — Y be the finite cover by a smooth curve. Replacing
X’ with X’ xy Y’ we can assume that the factorization map s’ : X’ — Y has smooth
curve target. Take the Stein factorization, and remove from X the closure of the
image of all fibers of s’ which are reducible or not smooth (passing to an open subset
of X is fine by [CS08, Lemma 3.5]). Thus we may assume that all fibers of s" are
irreducible, and smooth.

The fibers of s’ are maximal subvarieties W of X’ such that p|y is trivial. For
g€ G =Gal(X'/X), fog= f hence g permutes the fibers of s : X’ — Y. Hence
the G-action descends to Y making s’ a G—equivariant map. Thus it descends to
s: X - [Y/G].

[Y/G] is an orbicurve if and only if the G-action is faithful. Let I, = ker(G —
Aut(Y")), then I, is finite, and a normal subgroup of m([Y/G], y). By the previous
paragraphs, p descends to some 0 : 71 ([Y/G],7) — PGLy(C) which must also have
Zariski-dense image. Then the normalizer Npgr,(0(1,)) contains 6(m ([Y/G], 7)),
thus must be PGLy. Hence 0(I,) is finite and normal in PGL,, which gives that
0(1,) is trivial. We can then replace [Y/G] by [Y/(G/K)] which has trivial generic
inertia. 0

Corollary 5.12. For a general p € D, the projective representation p factors through
a nonconstant map s; : X — Y; where Y; is a proper hyperbolic orbicurve.

Proof. Apply Lemma 5.11 to the cover X¢ — X, and use Lemma 5.10 to get factor-
ization on X°¢. U

Notice that if we have a finite cover 7 : Y — Y}, and a lift s : X — Y of s;, then
s; = s*orm*. Hence s : X — Y also satisfies the factorization property. By the
following lemma, we can assume that (sz). : (X, 2) — 71 (Y5, y) is a surjection.

Lemma 5.13. Let s : X — Y be a nonconstant algebraic morphism from projective
connected variety X to a proper hyperbolic orbicurve Y. Then there is a finite étale
cover m : Y' — Y and an algebraic lift s : X — Y’ such that s’ is surjective and

s m(X,x) > m (YY) is surjective.

Proof. By [Noo05, Proposition 18.18 and Corollary 18.20] thereis a cover 7 : Y’ — Y
corresponding to im(s,) < m(Y,y), and an analytic lift s’ : X — Y’ with
surjective. Since X is a projective variety and s is nonconstant, we get that im(s’) =
Y’ and Y” is also proper. Thus Y’ — Y is a finite analytic covering map. By [Noo05,
Theorem 20.4] this is algebraizable. U

Corollary 5.14. For a general p € D, the projective representation p factors through
a map s; : X — Y, where Y; is a proper hyperbolic orbicurve, s; is surjective, and
the induced map (s;)s : M (X, z) — 7 (Y;,y) is surjective.

Proposition 5.15. There is a proper hyperbolic orbicurve Y and an algebraic s :
X — Y such that s, : m(X,z) — m(Y,y) is surjective, and for every p € D, the
projective representation p factors through s.
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Proof. By [CS08, Proposition 2.8], there are only finitely many maps s; : X — Y;
with Y; a hyperbolic orbicurve, and s; is surjective. By Lemma 5.13, we can assume
all (s;), are surjective, thus by Proposition 5.6, we have closed embeddings

s Mp(Y;,PGLy) <> Mg(X, PGLy)

Let P(D) be the closure of the image of D under
P: Mp(X,2) — Mp(X,PGL,)

then by Corollary 5.14, a dense open subset of P(D) must be contained in the

finite union (J;im(s}) which is Zariski-closed. Hence P(D) < [ J;im(s}). Since D
is irreducible, so is P(D) and thus must lie entirely in some im(s}), and we are

done. 0

Next we recover a factorization for every p € D through the projective factoriza-
tion. See also [CS08, Lemma 3.1] for the strategy in the case € is trivial, which we
will adapt.

Lemma 5.16. LetY and s be as in Proposition 5.15. There is a finite gerbe Y — 'Y
and a lift sp : X — Y such that sp, : m(X,x) — (Y, ) is surjective, and every
p € D factors through sp : X — ).

Proof. For p € D, notice that p factors through s : X — Y hence ker(s,) < ker(p).
It follows that for every k € ker(s,), p(k) is scalar, and we can write
p(k) = A(k) - 1d, A, (K)? = det p(k) = (k)
This A, is independent of p € D.

Claim. There is a m (X, x)-invariant character X : ker(sy) — oy, such that p(k) =
A(k) - 1d for every p e D and k € ker(s,).

Proof of Claim. Indeed, for each k € ker(s,) consider the regular function f; €

filp) = 5 r(p(3)

then fi.(p) = A\, (k), f2(p) = e(k) for all p € D. Since Op(D) is integral, fi(p) must
be constant and equal to one of the two square roots of €(k); denote this square root
Ak) = fr. For kq, ko € ker(sy) and p € D,

A(kikz) - 1d = Ay (k) - Id = p(kika) = p(k1)p(ka) = A(k1)A(k2) - 1d
hence A is multiplicative. Similarly, one can check that A is invariant under conju-

gation by m(X,z). Finally, since € is torsion, there is m € Z, such that €™ = 1
hence \*™ = 1, |

We thus have a central (since [m (X, z),ker(s,)] < ker())) extension
1 — ker(s,)/ker(\) — m (X, z)/ker(A) 25 (Y, y) — 1

with ker(s,)/ker(\) ~ im(A) finite. By [CS08, Lemma 2.5], this determines a finite
ker(s,)/ker(A)-gerbe Y — Y with m(Y,y) = m1(X,z)/ker(\). Furthermore, the
quotient m (X, x) — m (Y, y) is a lift of s, : m (X, x) — m(Y,y) which gives a lift
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sp: X — Yofs: X — Y. By construction, sp . is surjective. Notice that every
p € D has p(ker())) = 1 hence p factors through 71(), §) as desired. O

Proof of Proposition 5.8. By Lemma 5.16 we get a proper hyperbolic DM curve )
and sp : X — )Y such that every p € D factors through sp, i.e. D lies in the image
of the closed embedding

8% : MB()/, 2) - MB(X, 2)
The preimage (s§,)~!(D) is irreducible. Furthermore, for every ¢ € (s%,)~ (D),
sh(det ) = det(shy) =€

and s%, @ Mp(Y,1) — Mp(X,1) is also injective hence det(t)) is constant for all
P € (s5)" (D). It follows that 1 € (s%)~!(D) has fixed-determinant, and thus
must lie in a fixed-determinant, fixed-inertia locus by Definition 5.5. Finally, the
construction of Lemma 5.11 gives an proper hyperbolic orbicurve of the form [Y/G].
The finite gerbe Y — [Y/G] from Lemma 5.16 remains a proper hyperbolic finite
quotient curve. ]

5.3. C — T is either a product or generically finite. Recall (5.1) that we
have C' an irreducible component of ®7*(Z) < Mp(X,2,det = ¢€) x A with Z an

irreducible component of the reduced jump loci &, (X, 2) € Mp(X,2). And the two
projections give

D = prl(C)red j MB(Xa 2)7 T = pr?(c)red = A

and by Proposition 5.8, there is a proper hyperbolic DM curve Y = [Y/G] (with
Y smooth and G finite), an irreducible component @ of a fixed-determinant, fixed-
inertia locus of Mp(),2) such that, and a map s : X — Y such that D < s*(Q).
Since C' < D x T, and

(s*,id) : Mp(Y,2) x A —> Mp(X,2) x A

is a closed embedding, there is some Cc @ x T isomorphic to C'. We might as well
work with C' € @) x T'. Denote

S ={(W,L)eQxT | dim H(s*W®L) > k}

then C' = iz We start with a decomposition lemma for the proper map s : X — ).
We have the following diagram

X — T X
s/ s (52)
Yy — & L,y

where 7 and 7’ are both finite étale G-torsor. X = [X'/G], and &' : X’ — Y is
G—equivariant. We have base change for K € D%(X,C),

' Rs K ~ Rsl, (7')*K
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Lemma 5.17. Let IL be a rank one local system on X, then there is G-invariant
dense open j : U —Y and a G-equivariant decomposition

LT L~ @ jUal—aa] ® P 15, V5[ —b5]
o 5

where aq,bg € Z, U, is an irreducible G-equivariant local system on U, and Vg is an
irreducible local system on the orbit G - yg of a point yz € Y\U with G-equivariant
inclusion 1g : G -yg — Y.

For W a local system on Y, let Vg = (Vs),, and Gy the stabilizer of yz. There is
a decomposition of cohomology

HY(X,s*W®L) @Hl (Y, (1*W) ® 5, Us )¢

® @ *W yﬁ ® Vﬁ)
B,bg=i
Proof. We give a sketch here. ' = (7/)*LL has rank one, and thus is irreducible. By
[Sab05, Main Theorem 1], we have a decomposition
Rs, (L'[— dim X]) ~ P PH'(Rs, (L[ dim X]))[—i] (5.3)

where each PH'(Rs,(L'[— dim X)) further decomposes into intersection complexes
supported on closed irreducible analytic subset of Y. Since Y is a smooth projective
curve here, these are either of the form 7,U where U is a local system on a Zariski
open subset of Y, or skycraper sheaves.

Notice that I = (7")*IL is G-equivariant, and s’ is G—equivariant hence the same
is true for

K = Rs(L'[— dim X])

For ge GG, g : Y — Y is an isomorphism hence g* preserves perverse t-structure.

Thus the truncation triangle

Prei K - Pr K — pHi(K)[_i] - p7'<i—1K[1] (5.4)

is also G-equivariant. Sabbah’s decomposition (5.3) gives a splitting of this triangle.
Since G is finite, by averaging we get a G-equivariant splitting. Thus we might
assume that (5.3) is G-equivariant. Each PH'(K) is G—equivariant, hence the G-
action will permute the skyscraper sheaves. Thus the skyscraper sheaves come in
G-orbits, as stated in the lemma.

Next, the full-support part of PH*(K) has to look like jo «(Ug[1]) for some semisim-
ple local system Uy on Zariski open jo : Uy — Y. Let U < U, be a G-invariant
Zariski open subset of Y with G-equivariant inclusion j : U — Y| and put

U =" jos(U[1])) ~ Uolv

then U is a G-equivariant local system on U. It is semisimple since 71 (U) — w1 (Uy).
By uniqueness of intermediate extension, we get a (G-equivariant isomorphism

J+(U[1]) = jo«(Uo[1])
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For the cohomology statement, by projection formula we have
H(X,s*W®L) ~ H(X', (7/)*s*W @ (7')*L)¢
~ (X', (¢ )*1*W® (7')*L)¢
~ H'(Y, m*W® R(s')«(r')"L)"
and we can apply the decomposition of R(s’).(7")*LL to conclude. O
Proposition 5.18. C' is an irreducible component of iz For every L e T, the fiber

iﬂm 15 either @, a finite set, or empty. Consequently, C = Q x T, or C — T 1s
generically finite.

Proof. If an irreducible component C’ of i}f contains C', then
Z = 0.(C) < ®(C") < T,(X,2)

and @, is finite hence ®.(C") is irreducible. But Z is an irreducible component,
hence Z = &.(C"). Finiteness then gives dim C' = dim C’ thus C' = C".

Next, recall that the fiber iZhL is the locus
{(WeQ | dmH (sW®L) > k}
and by Lemma 5.17, it suffices to look at the jumping behavior of each
Hiia(Ya (W) ®j*U)Ga ((m*W), ® V)Gy

with j : U — Y the inclusion of a G-invariant open, U an irreducible G-equivariant
local system on U, y € Y\U with G, the stabilizer, and V' an irreducible G,-
representation. Notice that j : U — Y, U, G, and V' do not depend on W. Also,
since Y is a smooth curve, H=% = 0 unless 0 < i —a < 2.

Claim. The G,-representation (7*W), does not depend on W. Consequently,
dim((7*W), ® V)
1s constant as W varies in Q.

Proof of Claim. We have injective G, < m1(),y) hence each g € G, determines an
element of v, € 71 (Y, y). Thus it induces a regular function on @

W — tr(g!(w*w)y) = tr(pw(vy))

where pw is the (Y, y)-representation corresponding to W. Since G, is finite,
the function defined above has discrete image. Since () is irreducible, it must be
constant. It follows that all G,-representations (7*W),, as W varies in (), have the
same characters hence must be isomorphic. [ |

Moving on, notice that (7*W) ® 7, U = j.((7*W)|y ® U), and denote
hiy (W, U) = dim H'(Y, j.((7*W) |y ® U))“
and x(W,U) = hg(W,U) — he(W, U) + 1, (W, U).
Claim. x¢(W,U) is constant as W wvaries in Q.



RANK TWO COHOMOLOGY JUMP LOCI 39

Proof of Claim. Let Y = Y/G be the coarse space for [Y/G], with the quotient
q : Y — Y which is a finite map. Denote the constructible sheaf
LW, U) = ju(="W)|y @), (W, U) = (q.L(W,1))°

then H'(Y,L(W,U))¢ ~ HY(Y,L(W,U)). Denote I, = ker(G — Aut(Y)) the
generic inertia. Denote £ — Y a finite set of points, consisting of ¢(Y\U) and
images of points on Y with larger then generic stabilizer. Then L£(W, U)lsp 1s a
local system of dimension

r(W,U) = dim((7*W), ®Uy)Gy = dim((7*W), ® Uy)[": yeq ((Y\E)
and for 2z € E, L(W,U)|, is a vector space of dimension
dim((m*W), ® (.U),)*", yeq ()

By the same argument as in previous claim, both of these values are constant as
W varies in (). On the other hand, since compactly supported Euler characteristic
is additive for the stratification Y = F 1 (Y\F) we get that

XG (Wa U) = X(?v Z(Wv U))
= XC(Y\E>Z(W7 U)‘?\E) + Z dim Z(W7 U)‘z

zeFE

= xe(Y\E) - (W, U) + ) dim L(W,U)|.

)
= (2-2g(Y) = |E]) - 7(W,U) + ) dim £(W, U)|.
)
which is constant as W varies in (), as desired. [ |
Next, we examine these cohomology groups more explicitly:
H(Y, ju(T*W) |y @ U)¢ ~ HO(U, (7*W) |y ® U)“
= HomLocG(U) (UY, (m*W)][y)

and by Poincaré duality [Dim04, Corollary 3.3.12]

H*(Y, ju(7*W) |y @ U))® = Homy o6 (7*W)[, UY)”

Since W is semisimple on Y, 7*W is semisimple in Loc®(Y). Thus (7*W)|y is
semisimple in Loc®(U). It follows that the two cohomology groups above both count
the multiplicities of UV in (7*W)| and h%(W,U) = h (W, U).

Claim. hd(W,U) # 0 for only finitely many W € Q.
Proof of Claim. The observation which will be used throughout is that the functor
Loc(Y) — Locg(U), W — (7*W)|y

is fully faithful. If U has rank > 2, then if h%(W,U) # 0 we must have (7*W)|y ~
UY. There is at most one such W € Q).

Now suppose U has rank 1. If h%(W,U) # 0 then UY must be a summand of
(7*W) |y and (7*W)|y must be reducible in Loc%(U). It follows that (7*W) must
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be reducible in Loc®(Y). Since W € Q < Mp(Y,2,det = §,7), 7*W has fixed
determinant 7*9. It follows that

W~ Mo (MY ® 7%0)
and UY = M or MY ® 7*0. Again, finitely many W giving this. |

Each U in Lemma 5.17 gives a finite set of W € @ where hd,(W,U) # 0. Take F(L)
to be the union as U runs over all the finitely many summands in the decomposition
of Rs/, (7")*LL, then F(L) is also finite. To summarize, for a fixed L

dim H°(Y, (7*W) ® 7, U)¢ = h(W,U) =0 ¥V We Q\F(L)
dim H2(Y, (*W) @ 7, U)% = h%(W,U) = h&(W,U) ¥V W e Q\F(L)
and thus for all W e Q\F (L),
dim H' (Y, (7*W) ® ,U) = —xa(W, U) + 2h%(W, U)

= —XG (W7 U)
which is constant for W € (). It follows that there is a constant kp, such that
dim H'(X,s*WQL) =k, V¥V We Q\F(L) (5.5)

dim H'(X,s*W®L) =k, VWeQ
and consequently we have proven:

Claim. For every L € T, the fiber iﬂl is either QQ, finite, or empty.

Back to C' < 3t = Q x T. The map C' — T is dominant by definition. Here we
can assume dim () > 0 by Remark 5.7. Suppose that the general fiber of C' — T
has positive dimension, then on a Zariski open subset T° < T, since i}c o (), iZhL
has fiber (). Hence,

QxT°c i]}c c@QxT
and since ii is closed, we get 3¢ = Q x T. This is irreducible, so C' = Q x T. The
other case is that C' — T is generically finite. 0
5.4. Finiteness of C' — T. In this section, we will prove that if ¢ 22 T is
generically finite, then it must in fact be finite. To differentiate, let the G—invariant
dense open in Lemma 5.17 be denoted j, : Uy — Y for the decomposition of
Rsl (7')*L. Also denote " = (7')*LL.

For U € Y a G—equivariant Zariski open subset, we have a diagram by restricting
(5.2)

/ T
Xy —— Xy
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and we can pick U so that the map sy, : X{; — U is smooth and proper. Then
Hi" = Rm(s'U)*(L’|X;J) (5.7)
is a G-equivariant local system on U.

Lemma 5.19. Let L € T, and suppose that the fiber iZ\L is finite. Let (W,L) €
C < X% with W irreducible in Loc(Y), then, for some m, there is a quotient
HL = (T W)]o)”
in Loc®(U). In fact, (m*W)|Y; is a direct summand of H}".
Proof. Look at the G-equivariant decomposition of Lemma 5.17,

R(s,)L ~ @ jrsUasl—aa] ® P 15.+Vs[—bs] (5.8)
o 8

with U, irreducible in Loc”(Ur). By the proof of Proposition 5.18 (see in particular
the paragraphs around (5.5)), if £i | is finite, then it consists of points (W, L) such
that

dim H°(Y, (7*W) ® jr +Us) > 0
which implies that Homy e, ) (Uy, (7*W)[r; ) > 0. Since W (7*W)|y, is a fully
faithful functor which preserves irreducibility, we have that

U, =~ ((7*W)|,)Y  in Loc%(Up)

Next, by restricting the decomposition (5.8) to U we get that (ji..U,)|v is a direct
summand of ¢ in Loc®(U); in particular, (jr.Us)|v is a local system on U. The
previous argument show that

ULsUa)lvav, = Ualuav, = (TW)|uaw,)
and since restriction Loc®(U) — Loc®(U n Up) is fully faithful, we get that
(jrsUa)|r =~ ((7*W)[)¥  in Loc“(U)

and thus ((7*W)|y)Y is a direct summand of Hj*. Since Hj* is semisimple we get
the quotient statement as well. 0

Let O(T) = I'(T,Or). Pulling back the universal rank 1 local system along
T < Mp(X,1) we get Ly a local system of free O(T)-modules on X. For L e T,

]Luniv ®O(T) K(L) ~ L
where we are taking tensor products with, and over, constant local systems on

X. Again, denote L . = (7')*Lyuniy, then L! . is a G-equivariant local system of

univ univ

O(T)-modules on X’ (the G-action on T is trivial). We also have that
$1iv = Rm(SIU)*(L{le‘X&)
is a G-equivariant local system of O(T')-modules on U, since s, is a smooth and

proper G-equivariant map. Equivalently, fixing v € U with u the image in [U/G],
(Hm. ) is a O(T)-module, and we have a O(T')-linear representation

7T1([U/GL@) - GL@(T)(( gbaiv)u)
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On the other hand, we can also think of (H.;, ). as a Op-module on T'. There is

univ
then a Zariski dense open T°¢ < T where cohomology and base change is available,
i.e., for L € T, there is an isomorphisms of 7 ([U/G], @)-representations

(HnivJu ® £(IL) > (HE )
with H[" defined in (5.7).

Remark 5.20. By Lemma 5.19, a point (W, L) in a finite fiber of C' — T with L € T"¢
and W irreducible correspond to a rank two quotient

(i )Ju ® £(IL) = (T*W)]v),;
as m ([U/G], u)-representations.

Proposition 5.21 ([HS04, Corollary 2.4]). Let T' be an affine noetherian variety,
H a coherent Or-module, and I1 a finitely generated group. Suppose that there is a
Or-linear action of Il on H. The functor assigning to an affine T'-scheme ¢ : S — T
the set

{I1 — invariant locally free rank 2 quotients of ¢*H}

1s representable by a projective T-scheme.

Proof. Since we are on affine schemes, we will abuse notation between sheaves and
modules. Denote the O(T)-linear action of IT on H by

p: I = GLor)(H)
then our functor assigns to a commutative O(T)-algebra R the set of p(II)—invariant

locally free R-module quotients of H&®o(r)R. To apply the cited result, let & = O(T),
A be the singleton set, T'= H, and F = p(II). O

Apply the previous proposition to IT = 71 ([U/G], @) and H = (H™,,).. Let the
resulting projective T-scheme be denoted ¥,,. Notice that a closed point of ¥,,,, over
L e T*, is a m ([U/G], u)-invariant quotient of (H™; ), @K (L) =~ (HT),. If L ¢ T"°

then the quotient is still a rank 2 71 ([U/G], @)-representation. We have a natural
map over T’

O 2 G = Mp([U/GL,2) x T, [(Hifnie)u ® £(L) - V] — ([VY], L)

univ

which has image finite over T" since Mp([U/G],2) is affine.

Proposition 5.22. There is a closed subscheme Fo < Q x T, finite over T, with
the following property: if W € Q and L. € T, and ((7*W)|y)Y is a rank two
G-equivariant quotient of H* for some m, then (W,L) € Z.
Proof. Denote the disjoint union

2 dim X —1

G = |_:|0 <4,

and let .# be the scheme-theoretic image of & : 4 — Mp([U/G],2) x T. Then .#
is finite over 7. We have a closed embedding

Mp(Y,2) — Mp([U/G],2), W — (7"W)|y
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hence we can view ) x T as a closed subscheme of Mp([U/G],2) x T, and define
Fq =T Xuguaxr (@ xT)

which is finite over 7. On the other hand, a point (W,L) with . € T®¢ and
((m*W)|)Y is a rank two G-equivariant quotient of Hj* for some m must be in
the image of ®,, by Remark 5.20. As a result it must be in Zg. 0J

Proposition 5.23. If pr, : C' — T s generically finite, then it must be finite and
surjective.
Proof. There is an Zariski open subset T° < T such that

e 7T° C Tbc;

o iﬂﬂ, is finite or empty for every IL € T°;

e cvery (W,IL) € C with L € T° has W irreducible.

Let (W, 1) be a closed point of C' x7T°. Then 3|y is a finite fiber. By Lemma 5.19
we get a quotient
HL = (T W)]o)”
for some m. By Proposition 5.22, (W,L) € .%¢. It follows that
C XT T° - y@

On the other hand, since pr, is dominant, C' x;T* is dense in C'. Taking closures
in ) x T then gives C' is a closed subscheme of .Z. Since .%(, is finite over T, we
get that C' — T is finite. Since it is dominant, it must be surjective as well. 0

5.5. Etaleness of C” — T. We have that pr, : C' — T is finite. Let v : C¥ — C
be the normalization, and pry = pryov : C¥ — T. Then prj is also finite and
surjective. Let C** € C be Zariski open locus where pr, is étale, and denote

A(pry) = pry(C\C*)pea = T
which is closed in 7'
Lemma 5.24. The set A(pr,) is absolute Q-closed in A.

Proof. See (5.1) for the setup. By the first paragraph of the proof of Corollary 3.11,
but with Mp, we have that C' Mp(X,2,det =€) x Aand T < A are both absolute
Q-closed. In the notation of Definition 2.16, C'” and T are both Q-closed for any
o € Aut(C/Q). By [Sim94, Proposition 7.8] we have an analytic isomorphism

RH : MDR<X, T)an i MB(X, T)an

and Cpr = RH™'(C),Tpr = RH™Y(T) are both algebraic by [BW20a, Proposition
7.4.5]. We also have diagrams

an (prDR’ ™" an o \an (prUDR’ )™ o \an
(Cpr) ~— (Tbr) (CPr) — (T8g)
RH RH RH RH (59)
Can (pra)™® y Tan (Co)an (prg)*" (Ta)an
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where (prjy )™ is induced by (prpg o)™ through an isomorphism of schemes
o MDR(X, 7") = MDR(XU,T’)

which is itself the pullback along the base change X7 — X.

We have that analytification detects étaleness [Sta26, Last paragraph of Tag
025L], i.e. an algebraic map is étale if and only if its analytification is a local isomor-
phism. We also have that (prgy ,)™ is a local isomorphism if and only if (prpg 5)™

is one. It follows that A(pr,)” = A(prg). Thus A(pr,) is absolute Q-closed. O

Lemma 5.25. If pry is not étale, then there is a prime divisor E < C" such that
prh is ramified at the generic point ng of E. Furthermore, pry(FE) is an irreducible
component of A(pry).

Proof. The existence of ng follows from (5) of [Sta26, Tag 0BMB] since pr} satisfies
all (1-4). Since pr} is ramified at ng, pry must not be étale at v(ng) because otherwise
C' is smooth at v(ng) (since T is smooth) and v is an isomorphism at ng. Thus
prs(E) < A(pry). A finite map preserves dimensions, so pry(F) is a prime divisor
in 7" hence must be an irreducible component of A(pr,). O

Proposition 5.26. The finite map pry : C¥ — T 1is étale.

Proof. Suppose otherwise, then by Lemma 5.25 we get a prime divisor £ < C¥
such that pr} is ramified at every point of F, and prj(E) = Tj is an irreducible
component of A(pr,). Since A(pr,) is absolute Q-closed, the same is true for Ty and
by Theorem 2.17, T} is a torsion-translated subtorus of A.

Since C" is normal, the singular locus is codimension 2, and C" is smooth on a
Zariski open subset of E. Tj is a torsion-translated subtorus, hence unitary points
are Zariski dense in Tj. It follows that there exists a point ¢ € E < C" lying over
(V, L) such that pri(c) = L € T} is unitary. We have a C*-action on Mp(X,2)x A >
C'. Now, C'is the good moduli image of a Hodge substack of Mp(X,2) x A, hence by
[BBT24, Corollary 8.24], C' is C*-stable. Now look at the C*-orbit of (V,L). Since
L is unitary, it is C*-fixed, hence the image under pr, of this orbit is just L. But
pr, : C'— T is finite, so the C*-orbit is finite, thus (V, L) must be C*-fixed to begin
with. To summarize, we have ¢ € C¥ a smooth point lying over (VL) with both
V, L underlying weight 0 variation of complex Hodge structures. By Corollary 3.19
and Corollary 3.14 we get a morphism of pro-T(0)-MHS-algebras

pl”gf :OrL — Oc¢,wvi) — Ocv e
which is a finite local map between regular complete local rings of the same dimen-
sion. By [Sta26, Tag 00R4] it must be flat, hence faithfully flat. In particular plrg:fE

is injective. Next look at the map on cotangent spaces

d(pry)y : mpp/myy — mew /M. .
which must have nontrivial kernel since pr§ is ramified at c. Take the functorial
Deligne weight splitting (similar to the proof of Lemma 3.15) to talk about homo-

geneous elements. Notice that mp, /mZT’]L is pure of weight —1. Pick a homogeneous
weight —1 element in the kernel of d(pry)y. Its image must either be 0 or also


https://stacks.math.columbia.edu/tag/025L
https://stacks.math.columbia.edu/tag/025L
https://stacks.math.columbia.edu/tag/0BMB
https://stacks.math.columbia.edu/tag/00R4
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homogeneous of weight —1. The latter is impossible since m¢, , < W_Q@CV@, and

the former is also impossible since Orj, — Ocv . is injective. Thus we reach a
contradiction, and prf : C¥ — T is étale. 0]

Corollary 5.27. C% is an algebraic torus.

Notice that H¢ (as in Proposition 2.20) acts on 7' by translations, and the map
C” — T is Hc-equivariant, hence Z"/He is finite étale over T'/He, which is an
algebraic torus. Thus we end up with:

Corollary 5.28. 7" ~ C¥/H¢ is an algebraic torus.
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